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PREFACE TO THE FIRST EDITION 


This book is intended to serve as a companion volume 
to my Text-book on Differential Calculus and has been 
written to meet the requirements of the B.A* and B.Sc, 
students of Indian Universities. The treatment of the 
subject is in keeping with the modern theory of functions, 
but is at the same time simple. The integration of the 
ordinary functions has been systematically and fully dealt 
with. The book has been divided into sections accoiding 
to the function to be integrated and not according to the 
methods to be employed, as the beginner is not able to say 
which method will be applicable in a given case. 

All the elementary methods of integration have been 
dealt with in the first chapter, so that after studying it the 
student may have no difficulty in following discussions 
in physics or applied mathematics where integration is 
involved. The chapter on applications deals with the 
problems of finding centres of gravity, centres of pressure 
and moments of inertia, and will be found fairly complete. 
In differential equations only equations of the first order 
and linear equations with constant coefficients have been 
fuUy dealt with. A few other types have been briefly dis- 
cussed, but equations with non-constant coefficients of an 
order higher than the first and partial equations have been 
entirely omitted. The historical and biographical notes in 
the book will, it is hoped, prove interesting. The infonna- 
tion they supply should be supplemented by the historical 
sketeh given in the Text-Book on Differential Calculus. 

As in the case of the companion volume, the present 
work also contains just a little more than is necessary for 
the usual course. No hesitation need be felt, therefore, 
in omitting some of the articles. The niimber of exercises 
also will be found to be ample. Of these some arc origin^ 
many have been taken from the examination iff ^ 

various universities, and others are such as are common 
to practically all text-books on the subject. Often, where 
a particular university is mentioned, the object k to indicate 
what types of ^u^tions are generally set in the examinatioiis, 
raffier than to indicate the original authorsh^ ofikjt problem. 



I am grcady indebted to Mr. Harish Chandra Gupta 
M.Sc., a former pupil of mine, now Jecturer in 

Oxrist Church College. Gawnpore who has read wth^gr^^^^^ 

car. d.. proof, of .ho »holo f >he of .he 
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INTEGRAL CALCULUS 


CHAPTER I 

ELEMENTARY INTEGRATION 

1*10. Litegratiost. Integral Calculus deals 
with integration, a process which is the inverse of 
difierentiation , and with its applications'! IT was 
invited in an attempt to solve the problem of 
finding areas of curves and volumes of solids of 
revolution. 


1 ‘ 11 . T}^^xa.iion3,If-^F{x)—f{x),wesaythat 
F(xS is an integral of fix). We write 
[f{x)dx^F{x). 

Thus fcosa;fi&:=:sin*, 


Thus Jcosa;fi&:=:sin*, 

because dsm.xldx=cx)sx. 

Similarly jx^dx—lx^, 

etc. 

Now, if dF{x)[dx=f{x)^ 

and C is an arbitrary constant, we also 

; ; dg^i:e)+C}ldx^M- 


I am grcady indebted to Mr, Harish Gha-ndra Gupta 

M.Sc., a former pupil of mine, now lecturer in Mathematics, 
Christ Church College, Cawnporc who has read with great 
care the proofs of the whole of the book, verified most ot the 
examples, and made many valuable suggestions. _ thanks 
are also due to my colleagues. Dr. B. N. Prasad, Ph.D.jD.Sc., 
and Mr. R. N. Ghoudhuri B.A. (Cantab.), to my friends 
Dr. R. S. Varma, D.Sc., and Mr. J. L. Sharma,M.A., and 
to several students of my B.Sc., and post-graduate classes, 
who have all very generously helped me m reading toe 
proofs or verifying the examples or have offered valuable 
criticism and advice. 

University of Allahabad, Gorakh Prasad 

Februafj, 1939 

preface TO THE EIGHTH EDITION 

This edition differs the earlier ones only in minor 
points. 

1961 G. P. 
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INTEGRAL CALCULUS 




CHAPTER I 

ELEMENTARY INTEGRATION 


I'iO. Integration. Integral Calculus deals 
with integration, a process which is the inverse of 
differentiation, and with its applicationsT" It was 
invited in ^ attempt to solve the problem of 
finding areas of curves and volumes of solids of 
revolution. 


1*11. Definitions. we say 


that 


F{x) is an integral of f(x). JWe writ e 


^f{ x)dx^F(x). 


Thus 

because 

Similarly 


JcosA:i&=sinr, 

dshxxjdx—cosx. 




jx^dx=lx^ 


\e^ dx=e^; etc. 

Now, if dFix)ldx^f{x), 
and C is an arbitrary constant, we also have 
d{F{x)+C}ldx=fix). 
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ELEMENTARY INTEGRATION 



It follows that, if dF(x)/d3C=f(x), 
then Jf(x)dx=F(x)4-C. 

Just as there are two square-roots, and •— of a 

given number x, whereas there is only one square of Jf, 
and again there are an infinite number of values of sin"^« 
although mux has only one value, similarly the integral 
o{f{x) has an infinite number of values, obtained by giving 
to C in F(jr)+C different values. We cannot find a more 
general value for the integral than F{x)-^C. Hence we 
call it integral of 

The process of finding the integral is cdMtd integration. 
We arc said to integrate /(ip) when we find the integral of 
f {x)^ If there is any likelihood of doubt as to which symbol 
is the variable, we make it clear by saying some such thing 
as *%tcgratc/(sr) with regard to (or with respect to) x^\ 

The function which is integrated is called the integrand. 

We notice that 



sJ/W-fa-ZM, 


showing that differentiation and integration are inverse 
processes* ■ 

l^x) dx IS read as ^^intcgral of f{x) dx*^ The symbols / 
and dx may be regarded as something like a pair of brackets 
between which the function to be integrated is inserted. / 
and taken separately, must be regarded as having no 
meaning. When the variable is something other than ^ we 
write that variable in place of sr in the& also. Thus 


and 

whereas 


Ja cos X dX ==?§ A* ydx 4-C, 
J A cosxdx s=Asin x +C. 
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THE CONSTANT OF INTEGRATION 

In the second example the variable is A, and x is regard* 
ed as a constant; in the third x is the variable and A is 
regarded as a constant. In the second example we are able 
to assert that 

fAcosx^A=|A*cosx+C, 


because we know that J(|A^cosx)/iA=A cos AT. 

We have said above that J and dx may be regarded as 
something like a pair of brackets between which the func- 
tion to be integrated is inserted. But very often, when the 
function to be integrated is a fraction, the afiv is written in 
the numerator, and the factor 1, if it occurs, is dropped. 
Thus we often write 


and 


fsmxdx . , j r fsmA?. 
J log A? Jlog^ 

instead of 


1*12. The constant of integration# The 

general practice is to omit the constant of integ- 
ration C. 

Thus, almost invariably, we write 
JcosA:iAr=sinjr, 

instead of JcosjV(&==:^smA?'^^ 

When this practice is adopted, it must be 
borne in mind that two integrals of a function may 
differ by a constant Thus ^^+1 and a:^+ 2 are 
both integrals of 2 a:, because 

d{x^+l){dx=2x^ 
and also d{x^~\-2) jdx ==2a:. 

But a:^+ 1 and a:^+ 2 are not equal. They 
differ by a constant - ;.4;: 





4 . : ' ' ItBHEOTARV INTEGRATION 

Sometimes this fact is not quite apparent. Thus, because 
i(sin~^ jf) == 1 /v/( 1 jc*) , 
and also cos“^ 

it follows, when we omit the constant of integration, that 

Jvrra)* 

IS equal to sin^^ jp and also to — cos““^ Ar. We must not infer 
from this that sitr’^x and —cos^^x are equal. The correct 
inference is that, when the arbitrary constants Cj and are 
properly adjusted, 

sin--^^+Ci== — cos‘"^;r4-C2. 

It is easy to sec that this, in fact, is the case. If we 
take 0j|— Cj to be equal to |7r, we see at once that the above 
is true; for, by trigonometry, 

jr !== — cos*“^ JT. .. 

^ The arbitrary constant of integration may be imaginary, 
i.e., may involve %/(*— 1). Very often such a constant is 
added to make the result real. 



f 2 ^dxi 


is taken to be 


1 x—a 

2 a ^ x-^a 


i I a “flf 

or o-Iog-— - , 
2a 


whichever is real. The student vnil easily see that these two 
values of the integral differ by inj2a. 

From now onwards we also shall omit the con- 
stant of integration, unless there are special reasons 
for not doing so. 

M3. _ Standard forms. The integrals of 
several simple functions follow at once from the 
standard results in differential calculus. Thus we 
have 




PRODUCT OP CONSTANT AND FUNCTION 
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Ix'^dx =a:'*+V(«+ 1) J secA:taiijif<^|secfl; 

J (1/jf) dx =logA: J cosec;ifcot;if <&c= — cosec* 

I e^dx =e“ J {1 l-y/{l — *®)} dx =sm*"^ * 

[a^dx =a’‘[loga J {lf(l+*®)}<ic =tan“'* 

f smxdx ——co&x j {llx\/{x^—l)}dx=stc~^x 

^cosxdx =sin* J (1/^(2*— *®)}<&i; =vera~^* 

^sec^xdx =tan* J cosh*<& ^ =sinh* 

I cosec® * dx=—cotx / sinh xdx - =codi x 

etc. 

A more complete list will be given later. It 
should be noticed that in the first formula n should 
not be equal to — 1 . This formula can be express- 
ed more conveniently in words as follows : 

To find the integral of x^, increase the index of x bj 
unity and divide by the new index. 

1*21. Integral of the product of a constant 
and a Ainction. 

Let ^f{x)dx—F{x). 

Then, by definition, dF{x) Jdx —f(x) . ’ 

Now, by diff. calculus, d{aF{x)}ldx=af{x). 

Hence by the definition of the integral, 

j{af{x)}dx=-aFix)^aj f{x)dx, 

i.e., the integral of the product of a constant and a func- 
tion is equal to the product of the constant and the integral 
of the fanction. 



SLEMENTAItY INTEGRATION 


3 cosxdx=^S I cosxdx^Smnx, 


1*22. Integral of a sum. 

Let J fi{x) dx=Fi{x) and j dx=F^{x). 

Then d{Fi{x) +F^{x)}ldx=:dF^{x)}dx-}-dF^{x)ldx 

It follows, from the definition of the integral, 
that 

J {/l W +/2 W) =^1 W +^3 W 

=J/iW dx-\- J fz{x) dx. 

It is evident that this method is applicable also 
to any expression consisting of a finite number of 
fimctions connected by the signs + or — . Thus 

... ±^(x)}dx 

= Jfi(x)dx±J^(x)dx± ... dbjf„(x)dx. 

£x. 1. J(cos*+*’*)(£if=Jcos*(£it+jA:''i* 

=smje+*«+i/(n4.1). • 

Ex. 2. f(2sin*4-l/x)<fc=— 2cos*4-I<3gx. 




METHODS OF IKTEORATION 7 

Examples 

Write down the integrals of the following ; 

^ 3*+4a:*, (5Ar+7)/*. 

4. 5 cos *4-2 sec* jf—lO. 

2/(l+**)+3fl*. 

8L^sec 4t tan *— 5 cosec* *. 
m l +x+x*/2 ! +*»/3 !-l- . . . . 
lZ^''a/x*-i-6/x-fc. 

14. (2x»+Sx-7)x-^^. 

16. (*-[-a)*/v'*. 

1*3. Methods of integratloii. Gorr«^jid- 
ing to the various rules in the differential calculus 
for differentiating sums, products and functions of 
functions, we have more or less similar rul^ in the 
integral calculus. These give rise to the following 
methods of integration: 

(i) corresponding to the rule for 
differentiating a function of a function. 

(ii) Integration by parts, corresponding to the 
rule for differentiating a product of two functions. 

(iii) Decomposition inU> a sum. 

(iv) Successive reduction. 

The various rules in the differential calculus enable us 
to differentiate almost any combination of the various ordi- 
nary ftmetions. But it is not so with integration. In fact 
the integrals of some even fairly simple functions cannot be 
found, i.e., cannot be expressed in terms of the functions 
which arc known to the student at this stage. For example, 
J\/(a**+iJ«*+c*+A:) ^ is not expressible in terms of the 
algebraic, exponential, logarithmic, or circular functions^ 
except when the coefficients a, b, e, k have very special values. 


II, A. x\Zx*,2x-K 

'f' 3.. «*+2sin*— 3cos*. 

iy 10*-l-3e*-t-**. 

7. -^/VCl^'+Ssec**. 
9. 2cos*/(3sin®*)+l. 
a)^-^bx*+cx-{-d. 

' 13. (4;e*+3x+2)/*«. 

"Iv (a:*+8)®/a;*. 



ELEMENTARY INTEGRATION 


l*31t Snbstitutioii. 


where the functions F and / are related by the 
equation 

midt-m, 

it follows that 

where 

In applying this formula it is more convenient 
to adopt the following rule : 

To evaluate ! fU(x)\ 6' (x)dx. 


whact is the differential coefficient of ^{x) 
These substitutions will evidently give us 


in place of jfy>(x)}<^^(x)dx and this when evalu* 
ated will give us F{t), i.e , showing that the 

substitution (2) is equivalent to the formula (1). 

In the examples which the student gets for integration 
me functions /’{^(x)} and ^'(x) are generally so mixed up that 
the substitution has often to be obtained by guess 

rather than m accordance with some plan. ' 


SUB8TITOTION 
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Ex. Evaluate 

Patting and consequently 

i.e., xdx^\dt^ 

v/e get |xcosx^ix==||costrfi==|sini==|sinx^ 

Note. 1. It is not necessary to attach any meaning 
to the dx or the dt in the equation which occurs in the work- 
ing rule, viz., in the equation j/{x) dx^dL The working 
rule may be regarded as a convenient method of passing 
from j /{^(x)} f (x) rfx to J 

2. Another form of the theorem is the following : 

jf(x)dx=jf(x)gdt. (3) 


To obtain this, write f for ^(x) and dtjdx for in the 
formula (1). We get 

Interchanging x and we obtain the required result at 
once. 


With the help of this form of the theorem we can avoid 
using the symbols dx and dt to which no meaning has been 
assigned. Thus if we want to evaluate 


|xcosx®(&, ^ 

we put so that 2x dx/dfs^h Hence 

|xcosx*dxs= Jxcosx^ ^ rf#, by formula (3), 

==s|J cos f 

«|8inif=isinx®. 
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ELEMENTARY INTEGRATION 


1*32. Typical examples of the method of 
sahstitation. 

(i) Function s of a linear function of Ilo integ- 
rate a Tunction of ^ + ki put CLX-^b=t and therefore 
dx={lla)dt. . 

Then (sia(ax-^b)dx=((smt)(lla)dt 


= -log(ax-l-b); 


Then Jsm(a;if-fi)<ir=J(sin#)(l/<z)dr 

'w =(l/<j!)Jsinfdif=— (1/a) cos#. 

jLe.f Jsm(ax+b)dx=— icos(axd-b). 

Similarly J(ax+b)"dx , 

=ii«g(«+b)i 

Je“dx 

J cos (axd-b) dx — ^ sin (ax-f-b), 
Jsec® (ax +b) dx= i tan (ax-f-b) 5 etc. 
In general, if J/(x)d»=i<'(;c'), then 

J J^{ax-i-b')dx— —F(ax-^b'), 

Fm:, puttbg and a(5&c===£&, 

he., (ie=(l/a) dt, we have 

jM+i) *=/yi») *= =jf{<«+j). 


TYPK3AL EXAMPLES 
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fill Fu rwtions involving When the corres- 

ponding intend involvihglf jg Jj^own, the proper 
substitution is to put Thus -^4 

/?+3*“la’‘+aV“ * 

SimUarly =sm-^(;), 

The formulae in heavy type are standard results and 
can be freely used to write down the result of integration 
without making any substitution. 



Examples 

Integrate with respect to x i 

fed- 2 )», (2;^+3)», ( 35 - 2 )*, ( 2 -^»)». 

„ 1 1 L 1 I 

(J+3p’ (3*+4)»’ (8-3 a:)»’ («-**)*• 
^ V>^> » V'(2iH-3) , VfS ^2;c) , -s/ia^bx) . 

4^' V^, V(*+5) *, ®, V(ar-7) », V^-b)>. 

Ux, l/(»+l), lliZx+l), 1/(1^), l/(«*+i), 1/(6-^). 
^ a»3^, 10^. 

Tj^ sia^i sin ij^injpw, si«(I^^i«r)r' 
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ELEMENTARY INTEORATION 


y{r^V{ra*}V0-(2^“i»’ 

1 1 
V{l-(3^-2)"}’ y{l-(a^+6)2}' 

1 I 1 1 

1+ii*’ r+K’ T+aV’ I+(a;«+i)*’ 

1 II 1 1 

r+*“/a*’ 7+x^‘ 7+4*®’ a^+W* 

10. cos 3x, cosec* 5^, sec* 2x, cos (3a:+ 4), sec* (7;f+2). 

11. l/{9;c+l), cosiA;, sec* 3a:, tanS* sec3«, 

sin2xlcos^2x. 

12. sinh 2a:, cosh(aA:+6), scch^(3A:— 7), cosech*(a— ^a;). 

13. 4sin2A+8sin3A;. 14. Stf'-J-Ga cos(5a:+2). 

15. 2(A-i)-»-3(A:-i)-*. 

16. cos J(a— A)+sin J(a+A:). 

1*33. Typical examples of the method of 
substitatioia 

(iii) Functi ons o f x". Functions of x" multiplied 
by can be simplified for purposes of integration 
by putting x’'=t. 

Thus fA:*smAt*i»:=|J'sin 1 A, putting a:*=/ and 3 a:* 

—dt,i.e.,x^dx=idt, 
=— J cos i=— J cos a:*. 

T 2x* fdt 

**=^> 4A«»d»==dt, 

i.c., x^dx=idt, 
=»i . J tan-* Jt, by § 1'32 (ii), 

=itan-*M 

(iv) Pm^s of functions. Any power of a func- 
tion multiplied by the difierential coefficient of the 

■ '■ — 


TYPICAL EXAMPUES 
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function can be immediately integrated by substi- 
tuting t for the function. 



Thus I X co% X dx=l t^ dt, by putting sini«=t and 

C 05 xdx=dty 


Examples 

Integrate with respect to a;: 

1. xe^^, xa^^, X sin x^. 

2. xV(l+A«), [D«Z., ’62] 

3. x{a^-\-x^)'^, xl‘\/{a^—x*), xl{a^-}-x*). 

4. x*ix^-ly/s,x^|^/(a^+x^),x’^l■s/(a^-x^). 

5. x'^-^j{a+bx^), x'^-^l{4;+x'^), xP-'‘-/-\/{2—xP). 

6. sin® X cos x, (log x)^lx, cos® x sin x. 

7. tan® a; sec® A?, cos® xjsin*^ x, (sin-® at) ®/V( 1 — **) • 

8. (sin x) “® cos x, sec® a; sin *, cosec" x cos x. 

9. tanl’A:sec®A;, (cot-®Ac)/(l+*®),secr®Af/Ar-v/(A:®— 1). 

10. (1 -f-logA;)®/Ac, «*(a-|-6e*)", (1 +sinAf)® coSAf. 

11. (a+^sin^fcosAf, (a— 5tan*)<3 scc®A;, 

(a-f-isin-®x)’"/V(l-**). 
19 ^a:® 4a:® 4*® 

* V(l-«*)’ 1 -fA:*’ V( 3 -JC»j’ 24 ^* 

18 1 ^ _ 1 

a:-v/(«®-1) ’ a;v'(**-1) ’ V(**-4) ' 

14 ^ ^x I 

* V (1 - 2 ac«) ’ 1 + 2 a« ’ 7 V( 2 F=T] • 

in (sin-®Af )® (tan-® Ac)« (seer®*)® (vers-®*)* 

V'd-*®)’ 1-j-*® ’ V(**-l) ’ V(2*-**)‘ 

2ic 





ELEMENTARY INTEGRATION 


:J^^=logi=log/(;v), 


1*34. Typical examples of the method of 
sahstitadon (continued). 

(v) Fraction in which the numerator is the differ- 
ential coefficient of the denominator. Putting the 
denominator equd to t, we see that 

i.e., the integral of a fraction in^which t he n um erator is 
~^liffer7ntial coT^nt of 'thefferwminator is iqml.to the. 
^garithm of the denominator. 

Thus f®^^=-f--®^d.=-lGgcosx, 

Jcos;i; J cos^ 

i.e.j Jtamxdx— — logcosx 

Similarly j'fcotxdx=logsinx, 

(vi) Other cases. The method of substitution is 
the most powerful method of integration and a 

variety of substitutions is used. Experience 
will enable the student to think out a suit- 
able substitution, but some more standard substitu- 
tions will be dealt with in the succeeding chapters. 
Sometimes two or more substitutions in succession 
are used. _ 

Integrate A;*(tan~^A;®) /(I -fAT*). 


logsec;*;.^ 




INTEGRATtON BY PARTS 


15 


Examples 

Integrate with respect to x : 

. ^ 3*® ^ 2x+3 w ax+b ax^^ 

sjr x^+3x+2^ ax^+2bx+c’ x'^+b' 

o .. ’'^^1 io^*+io='-iog,io 

% , cosec^x I , i 

1 +cot X 1 +a:^ tan~^ x * 

4 _J_ sinATCos^ 

^AjlogAr’ jcos^;^+^sin^;e' 

^ sin a: sin a? sin (^J+^iog A:) 

* 1+cos^a;* a^+32cos2jj.> 

^ sin A? 1 1 

^/^a^'-cos^x) ^ Arcos2(l+logAr) ^ A;(f+logJpi* 
^garctanx ^ ^ siny^A: a^tccosx (taxr'^x) 

7. 39];-^ , V(It:^> -r +.« « 

8* Ap cos® Ac^ sin Af^ tan^ Ac^ sec^ a:*. 

1*35. Integral of the product of two func- 
tions. Integration by parts. If/(A:) and ^(x) be 
two functions of a; we loiow that 

4/W • ^Cf)}/*=/M • f M +/' W • «*). 

Hence, by definition and § 1-22, 

fix) . = j/w . m dx+jfix) . 4ix) dx, 

or f/(^) ■ ‘^=/C*) • ^C*) ~ J /'W • ^x) dx. 

To write the result in a more symmetrical form, 
replace /(a?) by^(Ar) and write^(A:} for i^'Cat). Then 
for ^(ai) we shall have to write Jj^(a;) dx. The above 
equation then becomes 
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ELEMENTARY INTEGRATION 



J/.WAW W/AW *}*. 

i.e., the integral o f the product of two Junctions. 

^s=first fimctionXintegrail of second 

— integznl of {diflf. coefif. of first x integral 

of second}. 

Integration with the help of this rule is called integration 
by parts. The success of the method depends upon choosing 
the first function in such a way that the second term on 
the right-hand side may be easy to evaluate. Often it 
makes much difference which function in the product is 
regarded as the first function. So care must be taken in 
choosing the first function. 

It is important to note that : 

(i) Unity m ay b e taken in _ certain cases as 
one of the factors. 

(ii) The formula of inte^ation by parts can 
be applied more than once if nece^“afy~7 

(iii) J.f iiie integral on the right hand side 
_ Leverts to" ^e bridal jTorm, the value of &e integ- 
ral can be immediately inferred by transposing the 

J|of to the left-hand 'side._I, '. ~ ‘ - - 

Ex. 1. Jxcos*(fAr=!jf .sin*— Jl .sinx<& 

=* sin *-l-cos*. 

E:..2. Jlog,*=J{log,).l& [£75,;,, .62] 

=?(iogAr) dx^x log log {xjd). 


BREAKING GP INTO A SUM 


II 


Ex. 4, Integrate sin x* 

l^%iiixdx^^e^c.osx^l^co^xdx 
^xcos^f+e^ sinx— 

Transposing and dividing by 2, 

sin rfAT — (sin a: --cos at) . 

Examples 

Integrate : 

1. ;cjlogAr {Madras, ’60]; (logxjfx^; Ar^logAf. [O^m., ’60] 

2 . x^,xe^^,xsmhx» 

3. APCOSA?, ATCOS nA?, Afcosec®^. 

4. tan*^ AT [Gorakhpur, ’60] ; cot*“^ x; sixr^ x. [patihati, ’49] 

5^ xHinx [Ujjain,* 621; x^cqs2x; xh^^^ {Baroda, ^b9‘\ 

6. (logAf) ^ [Andhra, 1 950] ; (log x) ^ [ j7/M, ’56] 

7. cos X, tf^’^sin x [Andhra, 1962] ^^cos2Ar. 

1«36« Brealdiig up the integraud iuto a 
sum* We have proved before (§ 1-22) that the 
integral of the sum of a numb^ of functions is 
equSi to the sum of the integrals of the functions. 
An important method of integration consists in 
breaking up a given function into the sum of a 
ntmaber of smtable fm and then applying 
this theorem. This method is particularly useful 
in the case of rational algebraic fractions and 
certain trigonometrical products. (See Chaps. II 
and IV.) Thus, we know that 

^ I ^ 1 / 1 1 

2a \x — a r+a 

Hence 

=(l/2a){log (j:— fl)— log (x+a)}. 



18 


ELEMENTARY INTEGRATION 


i.e,, 


h 


,dx= 


1 - X— a _ 

log^,X>a. 


2a 


intt\ 

TCSi 


li x<a, this formula gives an imaginary value for the 
jral, but we can add the constant (1/2^) log (—1) to the 


and write 


I. 


1 , 1 - <2— AT ^ 

-s — zdx=:^log —7—, x<a^ 
2a ^x+d" 


which is real. This is also the result which we obtain on 
writingl/(a^— a;^) as 


\a--x ^ a+xf 


2a\a 

and integrating. * 

Also, we know by trigonometry the values of the inverse 
hyperbolic tangent and cotangent in terms of the logarithmic 
function. Using these results, we can also write : 

dx 


dx 


Ex. Integrate cos mx cos nx. 


1 

-~coth“^'-, x>a; 
a a 

-^tanh“~^-, x<a. 
a a 


jeos mx cos nx dx^\ J{cos (m+t 2 )x+cos (m — dx 


4{ 


sin {m+n)x , sin {m —«) x 


}• 


Note. The inethod of breaking up a given rational 
algebraic fraction into partial fractions is considered in 
detail in the next chapter. As regards the simple fractions 
which occur in the examples of the present chapter, they 
can be broken up into partial fractions by supposing them 
to be equal to 

where {x--^a){x-—0) is the denominator of the given fraction. 
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and comparing the numerator of the given fraction with the 
numerator in the value of (1), i.e., with a). 

We get two equations which determine A and 

^ 1*37. Reduction formube# A formula wh ich 
comiects an integral with ...^.other^^ 
integrand is of the same^typo, but is of lower^ 
degree or_order„or is otherwise easicL.to. integrate^ 

Is caUed a reduction formu la.. Usually the reduction 
formula has to l3e used repeatedly to arrive at the 
integral of the given function. This method of 
integration is cdXLtd. integrafion by successive redmtton. 

Reduction formulae are obtained by one or 
the other of the preceding methods— very often by 
the method of integration by parts, and are useful 
when the integral cannot be otherwise immediately 
obtained. Various reduction formulae will be 
^obtained in the chapters which follow. 

Evaluate J sin® at dx. lAS^^i 1959] 

on integration by parts, 
s==--sin^^A:coSA;+(n'---l) Jsin’^""^jr(l --•sin®;v) div 

I)Jsin’^^x 

Transposing and dividing by 

which is a reduction formula. Applying this successively 
fsin®^ct&===— 

coSx+|{~| sin®;ecosAr+|Jsin* ^ ^ 

sin cos 

= sin® a: cos a: — sin® cos ^ ^ sin ^ cos 
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■'A -.■9 
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Integrate 


Examples 
lx 7 


(*— l)(;ic— 2)’ (a:— i)(x+3)* x(A;+2j ' 

1 X 1 


**-2*-3’ xH*-6’ 

3. sinAJsinSx, sin®A;,sm®x 4. sin 2x cos 4*, cos* x, cos® x. 

l*4t Addition^ standard forms. 

dx ^^stc^\xdx 


( 1 ) jcosecxdx=j 




2 sin l^cos tan 1 -;^ 

'Jt’ tan|jf=# and 


?• 

/, 


1 sec® ^x dx=dt, 


=logt, 

1 

l.e,, 

Jcosec X dx=logtan 


(2) 

Jsecar&= Jsec(;— Jtt) putting x=t—^ 

I 


and th=dt, 

r- 


= Jcosec/^/^=Iogtan by the above, 


i.e., Jsecxdx=logtan(|x-|-|jr). 


Alternatively, |sec a: & = J — "JlT"" dx 


sccx - j-tsinx 

=log (see x+tans), 


by §1*34. It is e^y to show by trigonometry that this result 
is the same as the one obtained above. 
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(3) =^dt=t, puttmg;ir=asmhi 

and &=a eosh and remembering that 
1 -l-sinh^A;=cosh 2 ;c, 

r fly 

W f = J putting ;e=a cosh f 


=f, 


and dx =a sinh t dt. 


i.e. 


( 5 ) J -y/ (<2 ^— a:®) (iA:=a^Jcos®f^/f5 puttings: =asin# 

and cosiif, 

J ( 1 +COS 2 f) 

=\aH-\-\a^s,m2t 
=\asmt . ac(^t-\-^a% 

i.e., J V(a®— X®) dx=|xv'(a®— 3 K^)+|a^sm~^(x/a), 

(6) J ^/{x^-^aF) dx J cosh^ t dt, putting x— 

(2 sinh# and &=« cosh#<&, 

=|<2^ J(cosh 2 i+ 1 ) dif 

sinh 2f4-i<z®^ 

=|a sinh f . <2 cosh 

i.e., Jy (x24-a2)dx^^^ -f la^sinh-^Cx/a). 
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(7) Jy'(*®~a®) &==a®Jsinh®#i#, putting a:== 

acQ^ht ■ajo.d dx-~amih.tdty 

—^a^j (cosh2l — l)di 

=1^2 sinh 2f — |a% 

=|asiiih L a coshi— ia% 

i.e., J V(x2-a2) dx =^x^(x^ -a^) - Ja2cosh-i(x/a> 

1*41. Alternative forms and alternative 
proofs. 

As sinh-i(«/a).=log{^+y(~+l)|, 

i.e., smh-^(;v/a)'=log{r4-'v/(^^+®®)}~log<*> 
and cosh-^ (x/a) =log (r +V(x2 — a®)} — loga, 

and we can omit the constant —loga in stating^ 
the result of inte^ation, the results (3), (4), (6) and 
(7) of the previous article can also be stated as 
follows : 

=l»g{*+V(*"+a“)}, 

f dx 

Jv'fx^+a^) dx =^xV'(x® +a2) 

+ia21og{x-fV(x®+a®)}, 
JV(a®--a®) dx=|xv'(x2— a®) 

-|a®log{x+v'(x®-a®)}. 


and 
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Moreover, if we wish to avoid using the hyperbolic 
functions, we can infer the value of J &/ by 
differentiating log 

Also J VC^^+a®) dx dx, 

on integration by parts, 

+a^^dxj's/{x^+a^) — J ^/{x^+a^)dx. 

Transferring the last term to the left and dividing by 
2, we get at once the value of S\^{x^+a^) dx. Similarly, we 
can get the value of dx by integrating by parts. 


[ 


1*42. Integrals of e"' cos bx and sin bx. 

■ i cos cos bx dx, 

on integration by parts, 


ed'^^inbxdx- 


1 


: — ve'^’^cos 


vbx *4“ T * T 

0 

-li' 


,ax 


sin^A: 


sin bxdx 


on integration by parts again. 

Transposing the last term and dividing by 

l+a^lb^, 

^ I 

a {a sin bx — b cos bx) . 


1 


je^smbxdx--^^^^^ 


To simplify the result, put a=rcos6 and b— 
fsin0, so that r=-\/(a®+^^) d—t3xr^(bla). 

We can always give to r the positive value. Then if a 
and b are positive, 0 is an acute angle, but if a is negative, 0 
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is an obtuse (and not a negative) angle, because a/r, i.e. 
cos®, is negative. Non-observance of this rule will give a 
wrong result in numerical cases. 


We get J e®* sin bx dx— ^ sin {bx —6) , i.e. , 

Je“ smbxdx=^^7^p^e“sm(bx-taii->5). 


We can prove similarly that 


Je" e“cos (bx-tan-'^). 


^ 1*5. Table of standard results to be com- 
mitted to memory. 




.n+l 


J~ dx=logx 

Je^ dx,=e’‘ 

Ja^dx 


,” 7^—1 


logo 
^daxdx=~cosx 


J tanxdx — —log cos x 
JcotArijf=logsinA; 
Jsec*<£v=logtan (|A:-fi7r) 
=log(sec^+tanAr) 
r cosec a: & —log tan |a; 


J 
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!vi^‘ 


ix=cosh“’-- or log{x+\/(A:^— a®)} 
dx=\x‘\/ {a^—x^) 4-^a®sm“^ 


jy^(a^+x^) dx=\x^/{a^-\-x^)-{■\a^&mh~'^ 
jV[x^-a^) dx=ixV(x^-a^) -ia^cosh-'^ (0 

h 
h 


1 




1 J 1 

I 77o 2\ ^ =ver s“"^ - 

}'\/{ 2 ax—x^) a 


j*e“*sin^;v dx={a^-\-b^)~^f^ e“’'siii ^x — tan“^ 0 
^ d‘'’^cos bx dx=={a^-\-b'^)~^^^e°'^cio& tan~^ 0 
We have also 
Jsinh X dx=cosh.x 




Jcosh 'X dx !=?sinh. x 
Jsech® ;if dJv«taiih x 


IsVi* — ‘log{»+S)^ 


](ix+b 

^(f^dx 


=leO^ 

a 


Jcosech®*<£if=— coth;i;, J sva.{ax-\-b)dx= — icos(<w+i.. 


etc. 


etc i 

r 




'':x 
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Examples 

' Integrate 

L 2 cosec;?!r+3 sec at. 

3, sec(2A:+3). 

^ ' X 


2 , 5ArsecAr^+7. 
4, cosec (jAr+^)* 


V(^+4)* 

7* cos X i/ (4— sin^ x ) . 
9. 


8. x^(x*+9). 

10. secAT tan A? -\/(sec*;tf 4 ”l)* 


[jfW+c]‘ 


U 1*6. Definite integ^rals. We define 

f'f(x)dx 

J a 

to mean F(b)—F{a), where F{x) is an integral of 
/(*)• 

is often used to denote E(^)—J5’(a). 

It should be noted that 

'' =TO+C}-{F(a)+C} 

and thus the value of [F(;«)+cjVandso o{j^f{x)dx 

does not depend upon the value of the arbitrary 
constant C. 

rb . : 

j ^ is called the of /(r) be- 

tween the limits a and 

^ “integral from a to 6 of 
/(*} dx . We call b the upper limit and a the lower limit. 

_ It must be remembered that the use of the word “limit” 
m the present sense is entirely different from the sense in 
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which we use it when we say that ‘‘the limit oif(x) mx tends 
to is -4.” 


1^3 dX 

f7r/2 . 

Sin 

Jo 


i^=[i^*]*=i(16-l)=15/4. 

rv/2 

sin^ J (1 —cos 2x)\dx 

=l[*— isin2A:jJ^^=j7 


-|sin 2^ 


=1^—1% 


Note, In the last example, tan~^ V'S and tan^^ 1 both 
have an infinite number of values, and so tan-^V^S— tan“^ 1 
also has an infinite number of values. In all cases like 
this, where F(^) is a many-valued function, a better definition 
of the definite integral is required than the one given 
before. This will be given in Chapter V. Till then, the 
student should, in determining F{a) and F{b)^ always take 
the principal values of the inverse circular functions, viz., 
those values of sin“*^Ar, tan~^ cot“^;r, and cosec-^;r which 
lie between — and ^ (both values inclusive), and those 
values of cos^^ x, sec~'^x, and vers-^Ar which lie between 0 
and TT (both values inclusive). 

' -^1*61. Substitution in the case of definite 
integrals. When the variable in a definite inte- 
gral is changed, it is usual to change thetlimits also, 
in order to avoid the necessity of transforming the 
result back into the original variable, which is often 
troublesome. 

Now, if we put <f>{x) =i, the integral 

J /{^(x)}<^V(x) transforms into J/(i) & 

Hence 

ph 

f{<l>{x)} ^'(x) dx must transform into f{t) dt; 

J a ^ J ^ia) 
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r 


for, if 

the latter integral = |^i^(/) ^=F{(f> il>)}—Fy>(a)} 

and the former integral 

which is the same as before. 

We see that when the variable is changed from x 
to ty the new limits are the values of t which correspond to 
the values a and b of x. 

„ (^2xdx r^’^dt , „ 

= [logi!]^ =:IogI0— log5=logg2. 

Here the new lower limit is 5, because when *=2, 
then I— 2^-f‘lj i.e.j 5. Similarly, the new upper limit is 10 
because 1=10 when ;e— 3. ’ 


j by parts in the case of 

definite integmls. Integration by parts does not 
present any new difficulties in the case of definite 
integr^s. The following example illustrates the 
procedme, the validity of < which is apparent from 
the defrnition. 

Ex. Evaluate J" x cos x dx. 

J'"* X cosx &=[x . sin xdx 




=isr-I. 
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1‘63. Integrals with infinite limits. We 

' define an integral with one of its limits infinite as 
follows : 

/•oo 

f{x) dx=^]im^_^A f{x)dx, 

J a J a 

provided the limit is a definite number. 

/*ib fb 

f{x) dx =lim^ 

J "“00' 

provided the limit is a definite number. 


a>J 


Ex. I. 


J 1 X* 


^ dx 


i'- p)-i- 

Ex. 2. =limb^„£ ^=Hmb^„2(Vi-l). 

Since liin{,_^„ is not finite, and so is not a definite 
aumber, the integral under consideration is meaningless. 


Examples 


Evaluate 

•1 5dx 


1 . 

3. 

5. 

7. 

9. 

lU 


i; 

I 


0 1 +a:S' 
s dx 


2 . 

4. 


1 2 x +3 
1 dx 


JoV( 4 -xS) • 

sin dx. 
Jo 


rr /2 ^ . 

(sm +COS A?) dx, 

r dx 

U2(l+^^ 

^r /4 

6 . J COS (x+l^) 

R f" d* 

Jo 9 +x*' 


5:^dx 

JoV'(l-x®) 

f'/s cos*<i«r 



3+4sin 


10 . r(!+! 5 l£iv 

Jl ■X ■■■■ 

■ 

’50] 14. 
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cos*xdx. 


sin^A:& 


18 . coz^xdx. 

. 0 



1*7.* The integral as a sum. Integrals 
enable us to find the values of the limits of certain 
sums. The theorem is as follows : 


\f{x)dx=F(x)+C, 


Iim„ ^>[f(a)+f(a+h)+f(a+2h)+ ... 

+f(a+(n-l)h}]=F(b)-F(aX 

■where h=(b~a)/n, 

f{x) is a continuous function of x in the domain {a, b) 
and a and b are fxed finite numbers. Of course, h will 
tend to zero as n tends to infinity. 

We can prove the theorem as follows : 

Since 

it follows that {F{x-\-h)—F{x)}lh=f{x)-^€, 
where €->-0 as A->0. 

Giving to x the values a, a+A, ... in suc- 

cession, we get 

E(a) =hf[a) 4-Aei, 

F(<z-i-U)-Fi<i+2h) =S/{e+2A) +& ” 

etc. etc. 

F{a -\rnh) —F(a 4-(k — 1 )A}= hf(a +• (n — 1 )A}-p;,e^. 

♦May be omitted at first reading. 
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By additsion, since weget 

F{b)~F{a)=^hUia)+f(a-hh) 

+ • • • + (fi “~1 )^}] 

+^(^1+^2+— +^n)- (1) 

Let be the term in +^2 + - • +^n "which has 
the largest numerical value. Then 

As €^->0, Hence (5— a){€^|-^0. 

Therefore 

^(^1 "h^2 ^ 

The truth of the theorem to be proved is now 
obvious from the equation (1) on taJcing limits as 
;2~>oo. 

Note. The sum A[/(fl)+/(ii+A)+.‘*+i{^+(^-"^ 

IS really a function of n, for We have deter- 

mined above the limit of this as n tends to infinity. But it 
should be carefully noted that n is not a variable of the type 
which can take up every numerical value, because n can have 
only positive integral values. However, the student should 
not find any difficulty in following the above proof, he 
must be familiar with functions of the integral variable 11 in 
Algebra, specially in the theory of infinite series. 

We have used above the proposition that as &->0, 
But in the present case, k can take up only such values as 
are obtained by giving integral values to n in the expression 
{b‘—a)ln, whereas we knowTrom Differential Calculus the 
truth of the above proposition for that case only in which 
h can take every numerical value between 0 and some positive 
number. However, it is almost obvious that c will tend to 
zero also when A takes only the values (A— fl)/n. 

Some other points also require examination, but the 
discussion will be too subtle for the beginner* 


32 


ELEMENTARY INTEGRATION 



1*8.* Areas. The propbsition of §1 "7 enables 
us to find certain 
areas. 

Let DC be 
the curve 
CA and DB the 
ordinates at x—a 
and x=b respec- 
tively. 

It is required 
to find the area 
ABDC, viz., the 
area funded by ° * 
the curve, the axis of x, and the ordinates at x=a 
axidx—b. 


Divide AB into n parts, each equal to k, so that 
b~a=nk. 

Let M, jV be the points on OX whose abscis- 
sae axe a-f-rA and «-}-(r-l-l)A respectively, and let 
P and Q^ be the corresponding points on the curve. 

We assume, for the sake of convenience, f that 
f{x) goes on increasing^ as we go from A to B. We 
^ume also, _as an axiom, that the area MMQP 
lies in magnitude between the areas of the rect- 
angles MNRP and MMQS^ i.e., 

hf{a -f rA}<area M}fQP<hf{a 1)A}. 

By writing similar inequalities for all the strips 
into which the area ABDC is divided by the ordi- 
nates at x=a-!-A, a -4-2^ a-\-(n — 11^. and addinsr. 
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+/(^+^) +••• ABDC : 

<A[/(^+A) + 4/(^+^ • • (1) 

Now the limits as n^co^ of the right-hand side 

4'/{^+(^ — 1)A}] 
by adding and subtracting hj{a ) , 
^F(b) — jF'(^) +O5 by § l-T, where J/W dx'=^F(x) +C. 

The limitj as n ->oo^ of the left-hand side also 
is, by I T7, equal to F(b)'—F(a). 

It follows, therefore, upon taking limits in the 
inequality (1), that 

I 

iareaABDC=: 

If f {x) goes "^ on 
decreasing as we go 
from A to 5 , we can 
show similarly that 
the proposition is 
still true. 

If, however, f{x) 
increases in certain 
parts of the interval 
AB and decreases in 
Other parts, as in the 
marginal figure, then 
the area JSi)C sssthe area 

+the area EiEg^F^F ^+ ... +the area Ej^BDF^^ 

where jE^Fx, E^F^^ ^ire the maximum or minimum 

ordinates of the curve {n being finite). If the abscissae of 
•^15 E^ are 

the area ABDC 


J /w 

J a 


dx 



cotx 


[Aligarh^ *60] 


logsm’i 
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Hcrcc the proposition is still true, provided that the 
curve has a finite number of turning points. 

The area bounded by the curve CD, the ordinates at 
C and D, and the ;r-axis is often called the area under the mrm 
CD. , 

Ex. Find the area of a quadrant of the circle 

The quadrant of the circle may be ■ 
regarded as bounded by the curve 
the x-axis and the ordinates 
at and x=5=L 


Hence the required area = 




— ar*) j 

=|(sin-M-0)=7r/4. “ 

Note. Very often, in the application of the integral 
calculus to physics and to other subjects, an argument 
similar to the following is used : 

To find the area ABDC (see figure on page 32), divide 
it into n strips each of breadth dx. Then the area of any 
one strip MNQP is approximately PM . dx, i.e.,/(x) dx, 

th 

Hence the total area, viz., the area ABDC^ f f{x) dx. 

This procedure must be regarded as merely a rough 
abbreviation of the procedure we have adopted; otherwise 
it has. no 'meaning. ' 


Exahrles ON Charter I 

Integrate with respect to x : 

1. 2. 1/(1+#) tan*^^^»:. 

g <»t(Iogx) ^ 




EXAMPLES 


[i4%./60] 8. 


9. [Alld., 1953} 10. [Gorakhpur/m} 

1 1 . sec 4x. 12. X sin x. [San. Geo.^ *57] 

13, X tan”^ X, \Alig.^ ’ 60 ] 14. scc^a:. {Agra, 1951] 
1 5 . sin X sinh x. x sixr'^ x. [Rajasthan^ *62] 


xtz.xr^x 


ulU.P.For.; 60 } la 




^ (I .* t//., ^ wj 

19, ;v^log^. [Sagar^^SOI 20. -r“’^log;!f. IMagpur^^SSl 

21. 22. 

23. x%logx)K [Utkd/5Q} 24, x^sinax. 

25/ [Banaras, Geophys{cSil956] 

26. x%t3irr^x) 1(1 +x^). 1960] 

fJVa^., ’53] 

Evaluate 


5^r.T+5*- [“•'■■“J [;««., 56] 

33. P-2!?-'*. fiLk. 34, f-^-. 

J cosa; ^ Jsmli^v 

f . fir/2 

Jsin 2 Arcos 3 .v/i!v. 36 . J ^^(sinAr+cos;*:) di. 

37 . > 8 =^ sin 4 a: dx. [Pmjab, 1954 ] 

3 gfj V( 1 +sin x) dx. [AUahabad^ 1 962 ] 

[Hint : Notice that y^(l +sm a?) ^coslAf+sinlA: 

“V^ 2 sm(iA:+} 3 r )4 
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39, Integrate and evaluate 


« r 


cos^xdx^ 


r 


40. Show that 


£^^=ilog(^)log(ai). 


tAjcfiX 

^ Evaluate the following : 

' ' •P’l ^ 

J(^+l)^ 

Integrate by parts. 


tm^xdXf 


(iii) i; 


xe^ dx. 


dx» ^ ILucknow. 1962] 

01,1 b J) ■ : . , 

taking xe^ as the first 


[Hint 
function]. 

42. Integrate x^l{x^+l)% (a) by the substitution ^== 
tanS, (b) by the substitution «=a;^ 4-1> ^.nd show that the 
results you obtain by the two methods are in accordance. 


v/"- 




43. Prove that 


dh 


dx^u 


dv du 


"2* + 




II 
i'i' 
tit ' 

i it 


Sc^ ^ dx 

^ Lucknow y 1944] 

44. Prove that if the integral of a function is known, 
the integral of the inverse function can be deduced. Ulus* 
tratc graphically. Find 

r 

t^xr'^xdx^ 




[Put the inverse function, say equal to t, so that 

x^f{i)y dx'=f*{t)dtyZ.nA integrate the resulting function by 
parts. Graphical representation is very similar to that in 
S5-5(iii).l 

45. Find a reduction formula for sin 

46. Find the area, between the curve, the j^-axis and 
the ordinates at ^s=l and ;(ra=s2, of 

{i) ^^x\ {ii) 

47. Find the area between the x-axis and the curve 
jraassin X from x^Q to 

^ 48, Show that the area between the curve y=^ce^, the 

jr-axis and any two ordinates is proportional to the differ' 
cncc between the ordinates. 


CHAPTER II 

INTEGRATION OF RATIONAL FRACTIONS 


2*1. Partial fractions. The fraction 

-\-a^ 

V" +^1^"“^ + • • • +^n ’ 

in which gp, gj, ^o, b-^, ... axe constants and m 
and n positive integers, is called a rational algebrfic 
fraction. Such fractions can always be integrated 
by breaking them up into the sum of an inte^al 
part and a number o£ partial fracUpns, i.e., fractions 
in which the denominators axe linear or quadratic 
functions of x and the numerators are of a lower 
degree than the denominators. 

Let the numerator of the given fraction be 
written as F(x) and the denominator as 4(x). If 
F(x) is not of a lower de^ee than 4'{x), ^divide 
F(x) by <f>{x) till the remainder, say /(x), is of a 
lower degree than (^{x). If the quotient be QJ,x), 
then the given fraction is equal to 

Qlx) , being the sum of a number of tarms like 
Cpc', can be integrated at once. We proceed to 
consider how jr(A:)/^(a!) can be broken up into 
partial fractions. Henceforward it will be as- 
sumed that the numerator of the fraction under 
consideration is of a low^" degree than the denom- 
inator. 

First resolve the denominator into its^ real 
prime factors. These factors will be either linear. 
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«^ay occur 
algebra that 

JWIm can be resolved in one and only one way 

teg'^lr“^' “f a*' 

In xi,®r^^Fy"°"'^cpcated linear factor (x— a) 

(ii) To every linear factor repeated r times 

i.e., to every factor of the type (x~bY corresoond 
r partial fractions of the form ’ orrespond 

+ ^3 , , 

{x~bY^ (x-b)^'^ — 


x~b 


(x-b) 


r • 


W “®«-^cpeated quadratic factor 

^-J^r+gr corresponds a partial fraction of the 

(Cxi-D)l(x^^px-j-q). 

(iv) To every quadratic factor repeated J times 
1.C.3 to every factor of the type ^ 

pond r partial fractions ofX 

A.'b'c \Sllf coefficients 

fc fees 

f "n *! 

denominator 

■PW. and let ={r_a)^(*). ^hen 


NON-REPEATED FACTORS ONLY 
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ffx) A 

7-~Yrry^ [-partial fractions not con- 

taining x—a in the denominator. 


Multiplying both sides by x—a, we have 
f(x)I>lf(x) =A~\-(x—a) xpartial fractions not con- 
taining x—avn. the denominator. 
Putting x=a in this identity, we get 
f{a)l^{a)=A, 

A . M 

** X—a {x—a)i^{a) * 


Since the right-hand side can be obtained from 
the given fraction by putting in it x everywhere 
except in the factor at— ^ 2 , we get the rule : to obtain 
th partial fraction comspondins to the factor 7 n 
^^^ ms ^miorY ptj£x =a 

irrtfje^factor x —altself. 


All the partial fractions can be written down with the 
help of the above rule when the denominator of the given 
rational fraction contains only non-repcated linear factors* 

We note that ; ^(x) 

Hence 

Therefore ^'(a)s=^(a). 

Hence the value of A can also be written as 

Ex. Integrate (x®+x+2)/(a?— 2) (a?— [J?amf«, *60] 

Since the numerator is not of a lower degree than the 
denominator, we first divide out. We thus find that the 
given fraction is equal to 
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Now, by the above rule, 

— 4x2 , 4x1 

(«- 2 )(*-l) (*-2)(2-I)“ + (r- 2 )(A;-l) 

U. _^ f ^+2 / 2 I\ 


Hence [■-^'+^+2 __ rr / 2 I 

=*+4{2 log (*-2) -log (a;— I)} 
=jf+4 log{(*— 2)»/(«— 1)}. 


Examples 

Integrate 

1/ ^+ 1 )/(JC»_I). 2. ^l{x-l){x+2)i2x+Z). 

3. **/(^+I)Ca;— 2)(*+3). {Banaras, Geophysics, 1957] 

4. )c^l{x-\-l){x+2){x+i). [Jamnju, 1954] 

5. ArV(^_I)(3;._l)(3;,_2). [Pato, 1937] 

6 . >fil{x^~2x^-^x+G). 

7. xl{x~-a){x—b){x—c). 

8. {x-a) ix~b)(x-c)l(x-a) (x~^)(x~y). [Baroda, »59] 

2‘3, Rep^t^ factors. Next we consider 
denominator of the given 
mnr^ linear factors, some of which dccur 

fraction is 
To find the 

partial tractions corresponding to mit 

x-a==j> m the given fraction. Theni(x)/^(rj, L, 

, M ■ _ .f (a +y) 

(x ayift{x) y ift[a -f^y) 

— J •^ o+Aji '+^ay^ 4 -... 
y Fo +Fi jT-f -f . . . ’ ®ay, 


REPEATED FACTORS 



when the numerator and denominator are arranged 
in ascending powers of Now divide Ao-i-Aijy 
4-... by 5 o4--5iJ+-” and continue the process M 
y becomes a common factor of the remainder. 
Suppose the quotient is 
and the remainder is y(Do+DiJV+...), so Aat 


~b‘" 

^0 + J5i7+B2 +7. . 


=Q)+Cij))+...-l-Gr_iy ^ 

y(i)„+i)ij>+...) 


Then 


f(x) _Cq I 4_ i^T-i 


^0+-PlJ'+— * 


gp 

(js —a)’’ 


Q I I ^r-l 


Thus the partial fractions which have (x^^ay‘^% 

etc* in their denominators have been determined. The 
fraction, 

{D^+Di(x-a)+...}li>{x) 

can now be further broken up into partial fractions by the 
method of the present article or of the last article^ as the 
case may be. 

Ex. Integrate 

Put Then the given fraction is equal to 

y ii+yK-2+jy 

Divide the numerator of the fraction which is the fector 
of 1/y* by its denominator, as shown below. 
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- 2 -;>+/) -1 % 

¥-y+tfy-t §/ 

-!iy+!i/‘ 



VVe see that the given fraction 

4-?i 43 ~ f§+^§7 

2 y* 4 j® ‘ \Gy'— 2—y-\-^ 

_ 1 7 21 43 

2(iTl)* 4(*+1)®'^8(3;+1)® 16(7+T] 


, -854-43(Ar+I) 
16(^+2)(3:-1)* 

. Now the last term 

43^r-42 _ -128 1 

*1 6(* -j.2j(i'- 1 ) 1 6 (a: +2) ( -2 -T] 16(1 +2)(a;-1) 

3(x+2)^48(a;-1)' 

Hence the integral of the given fraction 
1 , 7 21 43 , , . 

*~ 6 (^+i)» + 8 ^)*~ 87 ^+T)“ l 6 

+f log (3;+2) H-j^tlog {*— 1), 


Examples 

Integrate 

1 . xl{x-\)%x-\-l). 

2. (**+l)/(;t+I)»(3r-2). 3 

4 . I/Af(*+I)*. 

, **+2 . 


[Bamm,G€ophyskSt 1956 ] 
3. (ar+l)/**(Ar-l). 




GENERAL CASE 
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2*4. General case. If there axe quadratic 
facto*^ in the denominator which cannot be re- 
solved into real linear factors, a good plan is as 
follows : 

Equate the fraction to a sum of partial fractions 
of the correct form in accordance with §2‘1. 
Find first the constants which can be determined 
by the methods of the previous articles. To find 
the remaining constants, multiply both sides by 
the denominator of the given fraction and equate 
the coefficients of like powers of x in the resulting 
identity. Choose tlie simplest of the equations 
thus obtained which will give the values of the 
unknown constants, and solve them. 


Ex. Break up into its partial fractions. 

1 I 1 . Ax+B 


*3+1 (*+i)(*3“-*+i) “(*+i)(i+i+iy‘''**--*+i 

__i(;«"-*+l)+(«4*+B)(*+l) 

(* + l)>3_*+l) • 

Therefore J+i4=0, -J+.4+B==0, and J+J5=L 
The first and the last equations give 
A^-h S=|. 

1 1 x~2 


Hence 


*3+1 3(*+I) 3(*»-*+I)’ 



2*41. Labour-saving devices. After equating the 
fraction to the sum of partial fractions of the correct form, 
and finding the constants which can be determined by the 
methods of articles 2*2 and 2*3, we can get a sufficient 
number of simple equations for determining the remaining 
cocflficients by giving to * a number of convenient special 
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values, or by allowing x to tend to infinity after multiplying 
the equation throughout by a suitable power of x. 

Ex. Break up l/(x^+i) into partial fractions. 

As in the Example of § 2*4, 

I I I m 

**+1 ~3(a:+I) • • w 

Multiplying throughout by x and letting X“»oo, we get 

0==§+A . • • . (2) 

Again, putting x=0 in (1), we get I • . (3) 

Equations (2) and (3) determine A and B. 

Note, Had there been more constants on the right- 
hand side of (1), we would have required more equations 
like (2) and (3). These could have been written down by 
giving other convenient values to X. 

Ex, Resolve x^j {x* +x^ + 1 ) into partial fractions. 

As 2 -ssume th^^ 

__ x^ _ Ax-^B Cx+B 

X+1 * 

Multiplying by x and letting x~>oo, we get 0=^1 +C', 

Again, giving to x successively the values 0, I, — 1, 
we get 

These four equations give ^ = B=0, C==:|, D^O, 

and thus the partial fractions are completely determined. 

To compare the present method with that of § 2*4, 
compare this solution with the one given in Ex, 2 of |2'6. 


2*5. Integratioxi of l/(ax^ + bx + c). To 

integrate we mmt put the denomi- 
nator in the form Thus ^ ^ 
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dx 


or 




x+l ’ 


on omitting a constant. 


2*6. Lategratioii of (px+q)/(ax2+bx4-c). 

The iate^ation of {px-}-q)[{ax^-i-bx^c) k ejSected 
by brealmg it up into two fractious such that in 
one the numerator is the differential coefficient of 
the denominator, and in the other the numerator 
is merely a constant (the denominator in both 
cases being Thus 

f (P^ H) f 2 ax+ b , f q-{bpl2a) ' 

j a3^^bx-\-c 2a] aX^-\-bx^c ']ax^+bx-\-c^ 

==:i^ log r/7»-2 J-Ar4-/-'l 4- 

2a ^ 


dx. 


-- ' - ' ' }ax^+bx+c 

The integraJ on the right can be easily evalu- 
ated by §2-5v 

Note. It will be futile to break up the given integrand 
into two others both of which contain in the numerator, 
^e student will have no difficulty in breaking up the given 
integrand in the correct way if he remembers that in the 
first part (viz., in the part in which the numerator is the 
differential coefficient of the denominator) the coefficient 
of X in the numerator is made equal to the coefficient of x 
in the numerator of the original integrand by multiplying 
md iimding by suitably chosen numbers, and the numerator 
of the second part is the constant in the numerator of the 
given integrand increased or diminished by a number so chosen 
that the sum of the two parts may be equal to the original 
fraction. 


EXAMPLES 
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EXAMPLES ^ 

Ex. I. Integrate {3x+l)l{2x^+x+l). [Baroda, ’60] 

r 3"^+! j .sf 4^ + 1 ^ , r 1-2 , 

hx^+x+l^ ^hx^+x-\-l^'^]2xf+x+\^'‘ 

=|log (2 a;H*+ 1) § 2-5, Ex. 1. 

Ex. 2. Integrate Ar®/(«*+A:*+l). 1950] 

Since A;*+x24-l=(A;a+l)s«-A:2=(;c*+Je+l)(*^-*+l), 

assume that ^ m 

**+Ar2+l ^:®+a:+l^«*-*+l 

Then «®=(Ja:+5)(;r*»-A:+l)+(&+D)(:r*+A:+l). 

Hence .<4+0=0, — ^+£+C+D=l, 

■A. — jB+O+J!!)=0, B~j-’I)=0, 
Therefore ^ = -J, 0=|, B=0, D=0. 

f-Trfe=if-T^^-if-Tr^, 

J**+**+l| *J**— a;+1 ®Ja;*+a;+I 

_i f(2 x—l)dx , , f dx _j_ f(2x+l)dx , j f dx 

= J log (x^-x+l) +i rs -i log (x*+^+l) 

+W{(*+i)*+|} 

^2 J J ^ X — “ i 1 m X *4“ i 

- L°s ;i 5 :j:^r + 573 


x^dx - [■ xdx f xdx 

ir * J **- A !+ 1 **+*+1 


|.i(^+*+l 


— ^log ** I tan-^ 

* ^x»+x+i^2v'3 I-x*' 

Examples 

Integrate 

1. I/(2^»+*+3). 

2. l/(*»+2*+5). 

3. (3x+l)l{2x^-2x+3). 

4. (5x-2)/(I+2a:+3**). 

Evaluate 




IJammu^ 1956] 

[Sagar, 1954] 
[J^^gpur, 1956] 

(x^ 3 )dx 


\ 
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/ p }i?dx 

■ ]^{x^^\){x^+lx+l2)’ 

ft r 
Integrate 

9. l/(jt®-l). [iioor., ’62] 10, 

11 . ix^+l)lix^+n. 12 


[Allahabad, 1955] 


iP.S.C., U.P., Forest, 1955] 


2*7. Integration of l/(x^+k)”. We can integ- 
rate 1 /(a; 2+^)" by the method of succ^ve, xeduc- 
tion. To obtain a reduction forihula, we integrate 
by parts, taking unity as one of the 
factors. Thus 


Dividing by 2(n— 1 ) ^ and transposing, we get 


^(2n-2)Aj(;v2+A)"-i’ 
which is the required reduction formula. 

Ex. Integrate I/(a!*+ 3)*. By the reduction formula 


12(x«+3)»^ 12J (jr®+3) 



INTEORATION OF {px+q)j{ax^-\-bx-{-c)’^ 


2*8. Integration of (px-fq)/(a3t®-4-l>*+c)”* 

The inte^ation of (px-^g)I(ax^-\-bx-^c)'^ is effected 
by breaking it up into two parts in one of which 
the numerator is the differential coefficient of 
ax^+bx-{-c and in the other there is no ji: in the 
numerator. Thus 

f {pX-\-q)dx _p I* {2ax-\-b)ix C {q~bp[2a)dx 
] {a}(^-\-bx-\-cY~2a] {^■\-bx^cY~^] 


2a{n —1 ) {w^-^-bx+c) 


{^+{bla)x+cla^ 


J W+{b!a)x+claf “ J {{x+bj2a)^+cja-b^l4aY 

Putting r+^/2a=t and writing ^ for cfa~b^l4a^, 
the integral takes the form and so can 

be evaluated, as in the last article, by successive 
reduction. Thus f((px-\-q)l(ax^4-bx+cY)dx can be 
completely evaluated. 

Ex. Integrate {x+2)l(2x*+4:X+3)*. lAllahabad, 1950] 
f {x+2)dx C (4*+4)4fe f i2-l)dx 
i (2A:*+4Ar+3)a"^J (2 x*+4a; +3}*"'‘ j 4(a:*+2*+|)* 


4(>2**+4*+8) 
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■ 4(2Ar»+4*+3) 

J +i[(l^^':p|+V2tan-n(V^)(*+l» by § 2-7. 

Special cases, (i) In certain cases a 
substitution materially diortens the work. This is 
specially so if some power of say is a factor 
of the numerator, and the rest of the fraction is a 
rational function of 


(ii) In fractions in which there is no odd power of a? and 

in which the denominator can be broken up into factors of 
the form it is not necessary to resolve the denom- 

inator into linear factors. The partial fraction coires- 
ponding to each factor or should be obtained 

by regarding as the variable. 

(iii) If the denominator of the integral is of the form 

and cannot be resolved into real factors of the 
form and the numerator is of the form ax^-^by the 

substitutions x+clx^^^t and x-^cjx^u will simplify the work. 
For, on dividing the numerator and denominator by the 
new denominator will be x^+k+c^lx^y which can be written 
as {x+clx)^+k---2c and also as {x-’clx)^+k+2c. Hence we 
can assume that 


^ Ajl-^c/x^) B{l+clx^) 

^+kx^+c^'^{x+clx)^+k--2c’^{x--clx)^+k+2€* 
and easily find A and S by comparing the numerators. 
The terms on the right can now be integrated by putting 
and Xj^ljx^u in them respectively. 

(iv) Sometimes it is more convenient to break up the 
denominator completely into linear factors, athough this 
may introduce imaginary numbers. After resolution into 
partial fractions, or after integration, the pairs of terms 
corresponding to . conjugate roots can be combined and 

^reduced to a real form by the help of De Moivre’s theorem. 

(v) Very often expressions involving x'^+a^ can be 
integrated more conveniently by the substitution x^atznO, 
Examples of this method will be given in Chapter IV. 
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EXAMPLES 


5,1 


Ex, L Integrate 

dx r , r dt 


. [Barodaj 1960] 

, where 


f ^ „_r _i f 

J -J -ij 

-i[{- -i'os-?-- 


Ex. 2. Integratex®/(ji;®— 1)(*®4-2)* 
f x^dx ff 'I 1^1 

J (x*-l)(x=>+2) “J l3(«*^l)±3(**+2)f 


dx—ttc. 


Ex. 3. Use the substitutions x+llx=f, x—\jx=u to 
solve the worked out Exanaple 2 of § 2‘6. 

C x^dx dx f(l-l/x*)<ir r(l+l/*2)& 

}x^+l+llx^~'^}x^+\+llx^'^^}x^+l+ljx^ 
ni-llx^) dx ■ r {\+llx^)dx 

^ J (A:+l/;r)2-l ■+■*] (Ar-l/«)*+3* 

Now put ^ in the first integral and x—lfx—u in 

the second; then (1 — llx^ydx==dt and (1 4 -l/x®)(£*— da. So 
r x^dx dt r du 

J + 1 J + *J 


-llog 


t-l 


t + l 


1 . 1 a 

2^2 tan 

x+llx—l , 1 ^ ,x—llx 

“‘'°S^wfe^l + 2V3 “V3" 

=HosS=l'14 + A.ta„-”’-' 


[This answer differs from the answer obtained before 
merely by a constant, because 
tan-i IV^x} === --tan*“i {(I -x^}IV^x} 

==._cot“i{i/3A:/(l -AT^)} ===-«. j7r+|7r--.cot-*i{V3Ar/(l -at*)} 
==— |inr+tan“^{'\/3Ar/(l ---A;^)}===:---j7r+thc previous result] 
Ex. 4. Integrate l/(x^’^+I). 

The roots of = 1, Le., x^^5=cosflr+* smir, are 


cos 


(2^+l)ir (2/>+l)fr 


2n 


2 m' 
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where jl& takes the values 0, 1, 2, (2n*— 1). Hence, writing 

r for 2jj&+l and B for 7r/2«5 the roots are cosrfi±^ sinr^, where 
r takes the values 1, 3, 5, (2n— 1) * Let a denote the root 

cosffl+isinrd and JS the root cosrB—isinrB, Then if we 
denote by ^ (at), the partial fraction corresponding to 

aisjby § 2 * 2 , 


---a)^'(a) a) 2na^^{x--a) — 2 n(Ar— a)’ 

Hence the sum of the partial fractions corresponding to 


x^—2x cos ^ 2 k (x—cos r ^)®+sin^ rS* 

So Jd!3e/(AJ®^+l)=s!— (l/2K)2'cosf^log{A:^— 2Arcosr^+i) 

+(l/«)ii' sin tan*^^ {(Ar—cos r^)/sm f^} 

where r takes up the values 1, 3, 2 k— 1, and 0=77-/2«. 


Examples 


Integrate 

L ll{x^+l)^ 2. ll{2x^+l)K 

3. I llx^+x+l)K 4. (2A?+3)/(A;H2Ar+3)^. 

5 , 2xlil+x){l+x^y. 6 . x^l(x^+l)K 

7,: (.r^+4)/(^^+l)(^H3)* 8. l/(Ar2+^^) 

(**+l)/(*« + l). [Put x~llx=t.] [Delhi, 1959]£ 

>rt). (x*~l)l{x*+x^+l). iPntx+llx=L] [Allakabad,1962}i 
11. C**+l)/(^-^Hl)- /^12y *V(**+«*)r [Lucknow, ’57} 

14. 2x/(**+l) (4:»+3). 

iSy 1M**+1)».[^/W.,’53] 16. lM^+1). [%•., 1957]J 

^ Evaluate 

”■ fr ,7ra- 18yf' U(a„-45] 
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^ r '' Examples ON Chapter II 

Integrate 

1 . ll{x^-x~ 6 ). 

2. 1 )/(a:®+x®— 6;c). {Panjah, lBhT\ 

(«*+l)/(;e®— 1)®. [GoraAA/ar, 1960] 

^V> l/(ic-l)®(x- 2 )(*!“+ 4 ). [PanjoJ, 1954 ] 

5 . l/(;e-l)®(xHl)®. [Som.,’ 50 ] 6 . l/( 2 +**)(l-x®). 

W7. l/(**-l). l/(x*4-l). [%‘-v60] 

(x+a)/A:®(;r-a)(A:® 4 -^!i®). '-^ 0 . 1 /A(;t"+ 1 ). [irar.,’ 59 ] 
*/(x«+Jca+l).[-D«fttV58] J2. (1-*®)M1 +**+;«*). 

^ 3 . *'/(*•-!)• 14 .^*- 1 )*(*=>+I)r. [Gor., ’ 60 ] 


^ 3 . *'/(**-!). 

(5x +3) /(2x** +Ar +2) *. 

17. (xa-2)/(x*+2)». 


16. (;r-<i)/(**+a*)*. 
1ft f* ^ 


Evaluate 


'f 

^ ‘19. 


’C 20 . 

Xu.: 


j'*^^\/(tan 6) [Put tan [Rajasthan, 1961] 

J’^^VCcot 6)d6, l-Agra, 1955] 


23. Show that 


*•'’2 cosxdx 
0 (I"+iin*) (2+sin *)* 

.3 


(2*+l)(x~l)(x+l)' 


[Agra. 1955] 
[Gorakhpur, 1960] 
[Allahabad, 1958] 


I ^ dx^ * TT f 

J o (**+3^*) (Ar*+^2) (**+f*) “2(«+*) {h+c) {c+«) * *• ■* 

24. Prove that 

. dx 2 g{ a 4 -^ ) 

J (x^ +‘3^'+'^'^) 4*^*) ( V^) ab (<ac^ * 
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INTEGRATION OF IRRATIONAL 
ALGEBRAIC FRACTIONS 


Since by supposition / is a rational function 
of X and it follows that on the right 

hand the integrand is a rational function of t, and 
so the methods of the last chapter are applicable. 

Rational functions of x, (ax+b)'’-'^ and can 

be similarly evaluated by the substitution tP=ax+b, where 
^ IS the lowest common multiple of m and n. 

Ex, 1 . Integrate */(*-3)V(Ar+ 1), [Baroda, 19601 

Put x+l*=t». We get 

f .-.((f-mtdt ^ 




INTEGRATION OF ll-\/{aX^+bx+c) 

Ex. 2. Integrate (1 +x^/^). 

Putting *=i*, we have 
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Therefore 


#- 


-t*+t»+t^-t—i- 


±hi' 


dl. 


t’ -ft* 4-|f«+2«*-3t®-6t 


+3 log (t*+l) +6 tan“^ i, where 
Examples 


Integrate 

L xVV(*+5)- 2. VxKl+x). [JVhgfar, ’53] 

3. x®/V(^-l). 4. (x+3)/(x-3)i/». 

5. x»/(*-l)V(^+2). [Aligarh, 1947] 

vj&f'VC*® -«*)/*• VTf l/xV(^+l). 

8. (1+V*)/(1+^"'*)- */{(l+*)^'*-(l +*)*'*}. 

ri5 ^ 

Evaluate 1944] 

'^'^•2. Integration of l/v'(*«“4-bs:+c). We 

can integrate ll'\/{ax^+bx+c) by throwing tn:*+ 
ftAT+c into theform as in §2*5.^ The 

result win assume Afferent forms acrording to 
the signs of a and In the following discussion 
it is supposed that the positive square root is taJcen 
everywhere. 


Case 1. a positive. 
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IP c{a—-b^(4:a^ is positive, i.e., P<.4ac, we take 
tibe first form, and get 


/ 


dx 


1 


■^{ax^-\-bx-\-c) y/a 


smh“^ 


x-\-bj2a 


y/ [cja —b^l^a^) 


L-s inh ~^ 2<u-|-^ 

~V« V{ 4 :ac-b^)’ 

If cla—b^l4:a^ is negative, i.e., b^>4ac, we take 
the second form and get 

^ ^ coA-^ 

[y/iax^+bx+c)~y/a^ y/lb^-4ac)' 

Case II. a negative. Here y/{ —a) is real. So 

dx ^ f dx 


h 


/: 


V(ax^+l'x+c) ~y/(-f) J V{-f/a-(*®+%)} 
_ 1 r dx 

~W~^)\7WW-^I^) ~{x+bl2aY} 


1 


VC-n) 

1 


sin 


x-\-bl2a 


y/{b^l 4 a 4 -cla) 
_i —2ax—b 


~y/{-d)^ ^/{U^- 4 ac) ’ 

since the positive square root of b^JAa^—cja is 
y/{b^—4cu:)j{—a) when u is negative. Gf. Ex. 2 
below. 

Ex. 1. Integrate 1/v'(2a:®—x+2). 
r dx 1 r dx 

J V(2^*-^+2) "" :;;;2j 

■■t f . ' dx ' 


» sinh'"^ i- — 

V 2 ' V 15 / 4 ”“V 2 


1 . , j 4 x--l 

sinh-^ 

V io 




INTEGRATION OF {px+q)l'^/{ax^+bx-\-c) 


57 
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Ex. 2. Integrate l/'\/{2-^x-Sx^), 
dx If dx 


-^x - 
1 


-Sx^) 


1 r 

x/3JV{l 


V3JV{|-G^^ 

dx 




V3J VB+in~ 


^1; 


dx 


1 . - A* 

=73^“ ■ 


} V3 J Vlii-(^-i 

1 . ,6a-1 

'73®'” 5 * 


«)*} 


V/ 3*21. Integration of The 

integration of ‘\/ {ax^-{-bx-\-c) can be accomplished 
by reducing ax^4-bx-ir<^ to the form 
as in the last article. 

Ex. Integrate ■\/{l-{-x—2x’^). 

^•\/{\-^x—2x^) dx=-\/2^\/{\—{x^—\x)}dx 

= 72[7{i+ A - - i)=*} <^72 fvifu - f*-i) *} * 


J 


=V2 . K^-i)7{i®E -7-i)*}+72 • sin-H(x-i)/(i)} 

=i7-i)V(l+^-2**)+’A{72sin-ii(4x-l)}. 

''‘■'^•3. Integration of (px+q)/7(ax^+^>x4-c). 

We can integrate % hreaJk- 

ing it up into two parts iu one of which the 
numerator is the differential coefficient of ax^-\-bx ■\-c 
and in the other the numerator does not involve x. 
Thus 

{px-\-q)dx 


i 


■\/{ax^-{-bx^c) 

~P f (2ax + b)dx r (g—bpf2a)<ix 

~~ 2 a J 7 ( ax ^^^ bx - j - c ) -v/(aJC^+^^+r) * 

The first integral on the right is evidently equal 
to 2(J>f2a}\/(ax^-j-bx-i-(;). Ihe second can be 
evaluated by the method of § 3 ‘2. 


7 


C <L f 
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Evidently, also can be integrated 

by a similar method. 


Ex. 1. Integrate (x+l)|^/{x^^x+l)* 


i 


(x-i’l)dx 




(2x—l) dx 






V(*>-»+l)+j|-775^ 


y'ix^-x + l) 
dx 




= VC*** -* + 1) +1 sinh-i 




Ex. 2. Integrate (x+1) VC*^— ■*+!)• 
J(x+l)v'(x»— x+1) <i* 

=i|{2*-l) V(**-*+l) *+|(l +i)-v/(x*-x+l)<& 

=i . |(**-x+l)s/*+S \V{{>c-W+l}dx 


H-M.isinh-x^ 


;=3\t(8x*+10x-l)V(x*-x+l)+^,sinh-i{(2x-l)/v'3}. 


Examples 


Integrate ■, „ , 

, llV{^+2x+S). 2. 1/V(1 

1/V(2x*+3x4-4). v''(2x*+3x+4). 

^(4-3*— 2x*). xf^{x^+x+l). lMg.,’52:i 

(2*+5)/'v/(**+3x4-I). IBanaras, GeopfiysicSf lQSS] 
(x+l)V(2x»+3). 9j (3x-2)V(*H*+I). 

CP ■ 

EvMnate J ^/{(x-<a)(fi~x)}dx. [Utkal, 1956] K 



i 

I 

I 



p 
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3*4. Integration of 
(CoX"4-CiX"-^ +. . . +c„)/-v/(ax2+bx4-c)* 
Tointegrate 

•we assume a suitable form for Ae result, diffe- 
rentiate both sides, and by comparing coefficients 
of various powers of r obtain the value of the un- 
known coefficients occurring in the assumed form. 
Thus, suppose 

■\/{ax^-i-bx-^c) 

{ax ^ + ’ 

where the C’s are constants. 

Differentiating both sides, and multiplying by 
-v/(ar^+5x4-c), we have 

CoT'' -H . . . + c„ ={(n — 1 ) 

4- («— 2) .. . +C„_5j(ar2+ 

+(CoA;"“^+..,-+C,^i)(ar+ Ji) +C„. 

Both sides are now rational integral functions 
of X. Equating the coefficients of like powers of x, 
we have b+ 1 equations which give us the values 

of the B+1 constants Co, Cj, C„. 

.0 

Also we know how to evaluate 
f <s6c 

J-\7(flj?+fei6+^' ' 

Hence the integral will be completely determined. 


I 
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Ex. 1. Integrate (6 x®+15a:®— 7a;+6)/\/(2x^— 2.v-|-l). 

f 6 A:H 15 x®- 7 x+ 6 . 

!>• J'v(Ei--s+rr* 

r d,x 

V(2-v^-2^+l) +C, J 

Differentiating both sides with respect to at and multi- 
plying by '\/(2A:^—2Ar+l)> we have 

6A:®+15Ar^-7A;+6==(2CoAr+Ci) (2 a;2^^ 

+ +^ 2 ) + 

Therefore 6Co==6, ---4Co+2Cx+2Ci-Co=^ 

2Co-2Ci+ 2C2~Q=:-7, Ci-C2+q,=6. 

HLence 

Also f ^ ^ f ■ dx 

— _.J sinh-if-^— —^sinh-i^Qx— I). 
V * t V 

+2v'2smh-^(2,r~l). 
Ex. 2. Integrate (Ar2+l)/i/(^^+3). 

We can proceed as above, or more simply as follows: 

==i.*V(x*+3)>(-§sinh-^ (x/-\/3) — 2sinh~^ (a’/\/3) 

s=jAr\/(**+3) — i sinh-i (x/yS). 

Note. This method can always be applied when the 
numerator is of the second degree. 


Examples 

Integrate ' 

1. (x»-x+l)/V(2x*-x+2). 

2. (;c*4-I)/V{*®+4). 




[Mgpur, 1952] 
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3. (**-2)/v'( 3-*=®). [%ar, 1954] 

4. (.v®+2«-}-3)/y' ( a;* +* + !)• \Rajputana^ 1950] 

5. («»+3)/V(*Hl). iP.S.C., U.P.,Forest, 1955] 

6. Evaluate j — -^dx. [Allahabad, 1950J 


0 V(2*-;t^)' 




Integration of l/(x.— k)’‘y'(ax®+bx+c). 
T^e substitution x ~k =1 ft reduces the integration 
of ll{x—ky'\/{ax^+bx+c) to the problem of in- 
tegrating an expression of the form f-^fy(Afi>^Bt 
-\-C) . It is supposed tliat x>k, so that t is positive. 
If x<ky it is best to put k—x=llt, so that t is 
positive again. 

Supposing now that x^k, and x—k—ljt, we 
have 

f - __r ~{ l jt^)dt 

J (x— j f) 

_ r dt* 

___f 

~ jv{^p 

f -^dt 

~ J ^/{{ak^A-bk+c) + (2^A +i) t +4 

where ^ 

*** If I is negative, this expression will not be equal to the 
previous one; we must, in fact, change its sign.. The reason 
is that we have multiplied the denominator by and 
so the numerator must be multiplied by t or — whichever 
is positive. The student will have no difficulty about sign* 
in numerical examples. 

5io 
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This caxi be integrated by the method of § 3*2 
ifr=l, or by the method of § 3'4 if r> 1. 

Ex. Integrate l/(x — ■*>!• 
r dx r 

j (x — 1) J (1/i) 

putting x—1 =l/t and &=—(l/i®) 

_ f dt _ f dt 

f dt _ 1 f dt 

“ JV(3«*+3t+i) V3j\/{(«+i)"+i-i} 

Note. If f{x) is a rational fraction and its de- 
nominator can be resolved into real linear factors, 
it is obvious that f {x) j'\/{ax^+hx-{-c) can be integ- 
rated by first resolving /(;*:) into partial fractions. 

Examples 

Integrate the following, supposing the integrand to be 
positive : 

v/ 1. l/(x— l)'s/(*®+l)- [Andhra, 19411 


J 1. l/(x-l)V(**+l)v 
kJL. 1/(1+x)V( 1+J«-**). 
v«* l/(*+l)V(l+2*-**)- 

!/{*-«) V(x*-a*). 
\J. l/(x*-l)V(I+x*). 


[Andhra, 1941] 
[Andhra, 1960] 
[J.4.5., 1960] 
[Jfagpur, 1956] 
[Allahabad, 1940] 


[Break up !/(**— 1) into its partial fractions.] 

6. l/(x_l)V(l-^). 

7. l/;,(* + l)V(x*+X-l). 

vZ-a. Sh,».tha 


[Rajasthan^ 1962] 


‘nUi't: ' ; ' -J , 
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3*6. General case. Expressions which are 
not already in one of the forms previously consid- 
ered can often be easily changed into an integ- 
rable form by rationalising the numerator or the 
denominator. Some expressions can be broken 
into two or more, each of which is integrable or 
can easily be reduced to an integrable form. 
The following discussion shows how this can be 
effected in the case of a rational fimction of x and 
■\/(ax^i^i>x-j-c). Article 3*71 will show that any 
such lunction can always be integrated in terms of 
the elementary functions alone. 

Let f(x, ■x/X) be a rational function of * and 
where X=ax^+&x-j-c. Then, since every even power of 
is a rational integral function of and every odd 
power of i/X is equal to ■y/X multiplied by a rational 
integral function of at, the most general form for f{x, -\/X) is 

P+dVx: ... 

R+s^xr • ; • “ 


where P, Q,,R and S are rational integral functions of *. 
Rationalising the denominator by mrJtiplying by iJ— 
we find that (1) reduces to 

PR-Q^X+(RQ,~PS)VX 


R*--S>X 


i.e., to 


PR-QSX , (R(l-PS)X 
R*-S*X (B^-S*X)-y/X' 


We can integrate the first function (which does not 
involve -v/X) by methods applicable to rational functions. 
To integrate the second part, we can break up (JRQj—PS)X-t 
into partial fractions. Then we shall have to 
integrate terms of the type 




^+J5 XAT+iB 

(**+<w+i5)V^ 
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The integration of the first three of these forms has 
been considered before. The last two forms occur only 
rarely, and can be dealt with by the method of § 3*71 when 
they occur, but an easy special case 6an be dealt with in a 
different way, as shown in § 3*7. 

Ex. Integrate 's/{x+l}l{x+2)'s/iA^+S)* 
f fx+l ^ 1 

j (i+2)V(^+3)'~ 

_ r ^ r dx 

“ J ^(**+4^+3) J(a!+2)V(*H4;«+3)* 

These integrals can now be evaluated by the methods 
of §§ 3-2 and 3-5, 

3*7. Integration of l/(Ax®<r^B)y’(Cx^+D). 

To integrate ll{Ax^~{-B)'\/{Cx^-\-I>) we jSrst 

put x—ljt. Thus 

f dx f —{l}f)dt 

J {Ax^^BWiCx^^D) J 

_ f tdt 

~ liAJrBt^WiC^Dt^y 

Now the substitution C+n#==a^ reduces it to 
the form J dul{u^Ai<^^)‘ 

Ex. Integrate 1/(1 +*») V(1 -**). [FiAram, 1961] 

Putting x=3l/f and cEif=— (l/<®) dt, we have 
f dx r -(I/t*)di _ f tdt 

J (T+x*) v(i “ J (i+i/F) v(i -m ~~J W+IJW^) 

== — putting 1 =u^ and tdt—udu 


.-Ltan-iVCizf!) 
V2 xV2 


.^tan-»— ^ 
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RATIONAL FUNCTION OF 
Examples 

I Integrate 

; vl. V{(1 +*)/(! -**)}• [C/IM, 1951] 

- a/2. V{i^+l)lix-l)}, 

IVS. {1 +;c+V(l+*TO+*-V(l +*’“)}• 

}\^4. x^/[il-x)li\+x)}. 5. l/{x+V(^®-l)}- 

i\^6. 1/(2x!*+3)V(*®-4). imal,l950l 

W 7. (x+1)/(x»+4)V(«^+9). [/. ^. 5., 1953] 

^ /v/8. 1 /(a;2+1)v'(«®- 1)- .Hbnoaw, I960] 

3*71. Integral of a rational function of x and 

\/(as;®+l»E+c). By taking out -^a or VC ”«*)> whichever 
is real, as a factor, we can write the other factor of 
“ one of the forms 

I ^/ix^+kx+k), 

or 

Hence we need consider the integration of rational 
functions of a? and one of the above two expressions only. 
We shall show that in each case, by a suitable substitution, 
the problem can be reduced to that of integrating a rational 
function of the new variable. 

I. The substitution 

x+'\/(x^+kx+k)^t 

will transform a rational function of x and ^/{x^'\-hx-\-k) into 
^ a rational function of L 

For, transposing to the right, squaring, and solving 
.for we get 

*“A+2f’ di~ (A+2i)* • 
aud \/{x>>+fm+h) 

It is obvious, therefore, that the new integral will involve 
only a rational function of I. 

^ II. If the substitution 

} V(— +?) ={x—a)t 
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1 \ 


■ 


will transform a rational function of x and\/( — x^-{-px-\-q) 
into a rational function of f. 

Foron squaring, replacing —x'^+px+q by —(x—a) (x—^), 
cancelling out (jf— a), and solving for a:, we get 

dx 

t^+l ’ dt~ ‘ 

and 

It is obvious that the new integral in this case also 
wilHnvoive only a rational function of t 

Note 1 , The above investigation proves that any 
rational function of at and A/(ax^+b^+^) can be integrated 
in terms of the elementary functions, and only one or the 
other of the two substitutions given above need be used. 
All the forms involving which have been 

considered before are rational functions of x and 

and therefore can be integrated by the method of 
the present article also. But in actual practice the methods 
given earlier, if they are applicable, are far more expedi- 
tious. 

2. The roots of ^x^+pX’\-q^Q^^ viz., a and must 
be real; for otherwise —x^+px-{-q will, for all values of a:, 
have the same sign as the coefficient of i.e,, will be 
negative, and so will be imaginary for all 

values of Ji:. 


V/ Integratiaii 

evaluatioii of 




j:d^{a,+bx''ydx, 


where m, n and p are not necessarily integers, can 
be easily effected in three cases. The method of 
successive reduction also is applicable in these 
cases (as well as in some other cases), as shown in 
the next ardde. 
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I. p a positive integer. 

In this case we can expand (a+fix")*’ by the 
Binomial Theorem into a &iite series. Thus the 
integrand is resolved into the sum of a finite num- 
ber of terms, each of which is easily integrable. 

II. (mi+l)/« an integer. 

het where j is zero or an 

integer. Then m=jn4-(n—l), and the integral 
under consideration can be written as 

{x'^y {a+bxy dx. 

It is evident that by putting x’' equal to t we 
can reduce this to the case where only a linear func- 
tion of the variable is raised to a fractional power 
(§3‘1). Therefore, if p—r[s, the proper substitu 
tion after this wiU be to put a+bt=u\ We can 
combine the two substitutions into one by putting 
directly 

which gives bnx''~^ dx =si^-^ du. The integral will 
then be equal to 

which can be easily evaluated by; expanding («*— 
by the Binomial Theorem if j is positive, or by 
the method of partial fractions if j is negative. 

III. py-(m+l)ln an integer, p not an inte^. 

In this case put Then the integral be- 

comes 

it, i.e., -Jf-w+'iCJ+j/")'* 


J 
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I I 

ii/ 


I 




Hence this will come under Case 11 if 
—{m-]-np-\-l)[n is an integer, i.e., if />-f (m+l)/« is 
an integer. 

Ex. Integrate 

Comparing with x'”'(a-\-bx"')P, we find that here /i+ 
(m+l)/n is an integer. Putting we have 


4.;yl/2)-8/3^,.==_p2/3)+(6/6)-a (il/2^1)-6/3^it 


Putting 1 +P/2=MS, andfi-i/8di=3a2 (fK,we find that the 

integral 


= -6j'a-®a»da=3ir2=3(l 
=3(1 

3’81. Redactioni formulae for Jx"*(a4- 
bx'’)^’dx. The integral fx^(a-\-bx'^)Pdx can be 
connected with any one of the following six 
integrals : 

(i) jx”^-''{a+bx-ydx, (ii) jx'^ia+bxy-^dx 
{Hi) jx^+''{a+bx'')Pdx, (ivy jx”' (a +bxy*^ dx, 

(v) jx’^-^a+bx^^^dx, (vi) jx'’'+^(a+b:d')P-^dx. 

We get thus six reduction formulae, the first 
two of which can be obtained, as shown below, by 
integratingby parts, breaking the new integral into 
tw'O, transposing one and dividing by a constant. 
The third can be obtained from the first by writing 
jB+s for m and the fourth firom the second by 
writing /+! for p. The last two formulae can be 
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obtained at once by integrating by parts. (See 
equations (1) and (2) below). 

(i) Integrating by parts, we have 

dx=-^^ j'^jjTn-n+i _ nbx'^'^ {a-\-bx'^)^ dx 

m~n+l f „ i ? n\r i i. n'hj 

... ( 1 ) 

— m+T) ■ “I 

Transposing the last term to the left and dividing by 
l+{m—n + l)ln(p+l)^ 
we get the required reduction formula : 

— A ZL V ^ 4., 

(ii) Again, 

r*'" (a +bx'^)p dx = dx 

. . . ( 2 ) 

— i" rx"'{-a4 (a+jA-")}(a+JA")i’-i ife. 

m+l m+lj z ^ 

It is easy now to break up the integral on the right into 
two, transpose one to the left and obtain another reduction 
formula for J {a + dx by division by a constant, Wc get 

(iii) The remaining reduction formulae can be easily 
obtained by the methods indicated above. 
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i' Ejcamples 

r| Integrate 

;; I. **/»(! 2 . a;®(I ’621 

-4' \/3. (a-f iA!")?. , a:(1 +a:S)i/®, 

5. **/(14.2a:«)»/4. 

; * ^ 6 . n and r being integers. 

\_/ 7 . Prove that 

[.d%arA, 1955 } 

S' Apply the method of reduction formulae to find 
^{x^fa^Y'^dx. lAUgark, 

[Find first a reduction formula for l{a^+x^)'^/^dx by 

S taking unity as the second function and integrating by parts] 

y^- If 7 „=jA;''(a—j()t/* dr, prove that 

(2n +3) J„ ==2an4_i -2A:n (a - a;) 3/2, 

i Evaluate 1960 ] 

10 - If «i be a positive integer, find a reduction formula 

J ;| j *'"V(2« -* 3 ) d*. [P. 5 . 0 ., i! 7 . P., 1959 ] 

i ' Hence obtain the value of 

I ; f*a 

*®V'(2a*-A;3)d*, [Hajasihm, ’60} 

I [Hint. Notice that x^-^(2ax—x^) —x’^+^ti^(2a—x).] 

H! H. If i 7 „=Jx"y'(a*— A;®)dr, prove that 


A"-^(a3-ie2)3/2 «-I . 

n-f2 


Evaluate 


**%/(<!»— a:®) dx. [Poona, 1 957 } 


SUBSTITUTIONS 


n 


12 . Investigate a formula of reduction applicable to 

J**" ( 1 +**)"/* d*, 

when tn and n are positive integers, and complete the integra- 
tion if m =5, b =7. 

3*9. Substitutions. Fimctions involving 
■\/(a^—x^), -\/{a^-^x^), or ■\/{^—a^)y and no other 
radical, can often be most conveniently integrated 
by a trigonometrical substitution. We can put * 
—a sin0, or a tan0, or a sec ^ respectively in the 
above cases and we shall get rid of the square root 
Many examples to which this method is applicable 
will be given in the next chapter. Some simple 
ones are given below. 

Since can be easily reduced to 
one of the above forms, trigonometrical substitu- 
tions are applicable also in the case of functions 
involving •<^{ax^+bx-{-c). In cases where some 
power of say x'^^ is a factor of the integrand, and 
die remaining part is a function of x'^ alone, the 
substitution of a new variable for a;" will often 
simplify the integration a great deal. The student 
should be on the lookout for such cases. 
Ex.l.Integratel/**-\/(^+**)" 

Putting A:=tan 0, we get 

C dx _(■ sec®0d5 ^cosQdd 

'~Jtan®0.secfl~J sin*6 ~ 

= — \/(l +«*)/*. 

Ex. 2. Integrate 

Putting ar® =t, we get 
f f tdl 


— i V(1 +**+**) — 4sinh~^{(2A:*+l)/v/3)}« 
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Examples 

Integrate 

l/(a«-iV)s/2. 2 . j , 

5. ix^+l)lx^/{l+:^). 6. l/x^-s/(x^-l). \ 

^ 7. Evaluate [^sHaraj, ’ 58 ] 

■ -r • Examples on Chapter III 

V^l. Integrate I/(j:+i) VC^+a). [Gora^^ar, 1960] 

2. Evaluate f" — 

Jo-v/(j+r) ■ 

Integrate 

3. (2—3x)/x\/'(l-l-x). [JVflpAar 19531 

4. (2^»+3)/v'(3-2^_^^). ^ ^1^^1953] 

5. (x+a)/^(x»+b^). 

^6. l/(x-a)^((x -a) (b~x)}. .>i--'-^'' 

- 

vio. l/{V(l+^)+V*}. [AlMabad, 1962] 

V/ll. Evaluate f* 

J g (5jr— 6— A;*Ji7a • 

^2. Evaluate f- r^r- . 

JV{(x-a)(x-/?yr 1960] 


{Gorakhpur, 1960] 


{Nagpur, 1953] 


. {Lucknow, 1962] 
{Dacca, 1940] 

{Allahabad, 1962] 


^2. Evaluate f- * r.;.. . 

W{{x-a){x~fjy iUjjatn, 1960] 

[Hint. One method is to proceed ac in s q.o a 
easier method, however, is to pS S-„=fS ^ 

integral reduces to / 2 ^//^(fa+a-jS).] ^ ‘ 


BV.W 



[Rationalise the numerator and apply § 3 * 5 , note,] 
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\^14. Prove that 

r“ dx 2— v/2 

1958] 

v^5. Integrate 1/(1 +A;4'^^)/(Ar+l}. 

16. Show that 

p/VS TT 

- J, lAllahahad,'Q2l 

17. Evaluate JJ 

18. Connect {a-{-bx^)P dx with (tz+5xn)f'i» 


\Secmd part, Banaras, ’57} 


r dx 

and evaluate J [Second part, Bamras,'5T\ 

(W’f' ri 

19. If 4 denotes J^A!’(l—A;^)'‘iA;, where p, q and n are 
positive, prove that 

(^n + 1 )4 =?« /„_i. 

Evaluate 4 when n is a positive integer. [Pflajh5,’44] 

20. Prove that 

J%-1/4(1 _^l/ 2 ) 6/8 dr dx. 

[Allahabad, 19^1 


GHAPTERIV 

INTEGRATION OF TRANSCENDENTAL 
FUNCTIONS 

4*1. Integration of sin"* x cos" x. In every 
case in which tn and n are positive integers, 


Jsin"* X cos" x< 
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may be evaluated by the m ethod o f s uccess ive 
^reduction, or by expressing sin”' a: cos";v as the sum 
of sines or cosines of multiples of x. But if m ov n 
is an odd positive integer, or if m+K is an even 
negative integer, the integral can be evaluated more 
easily by a substitution, as shown below. 

I. m or n an odd positive integer. 

Let m be equal to 2r+l, where r is zero or a 
positive integer; then we can integrate sin*"^ cos” a: 
by putting cos whatever n may be. Thus 

J sin’” cos” X = J sin®'' « cos" X sin a: 

= J ( 1 — cos® x)’' cos” x sin Afdx 

= —J(l —i®)’T where i =cos x, 

which is easy to evaluate by expanding (1— ■i®)’'by 
the Binomial Theorem. 

Similarly, if b is an odd positive integer, we can 
put sinAf =f. 

Ex. 1. Integrate sin’ X. [jBaroJa, 1960] 

Jsin’ * J ( 1 —cos* *) * sin X ffe = — J ( 1 — t*) ® dt, where t =cosx, 

--COS a: +COS® AT —f AT cos’ AT. 

Ex, 2. Integrate sin* a: cos® Af. 

4^^ jsin®^*AfC0s®Af^&3=Jsin*^®A?(l--sin®Ar) zosxdx 



, , . . »■ 

siiiiiiii. 
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—1^) where 

=J(iB/e_2l7/6) _^^{23/6 

=^j X — 3|*g sin*®^® 

II, ?«+« an even negative integer. (It is not 
necessary that m and n be integers). 

Let m-{-n=~2r, where r is a positive integer; 
then we can integrate sin"* a: cos" a: by putting tana: 
=#. Thus 

Jsin”* a: cos" a: ia; = Jtan”* a; cos'"'^"a: d!* 

= |* tan"* X sec^’’ xdx= j tan"* x sec^<’’~^^ x sec® xdx 
where #=tan*, 


-i 


which is easy to e valuate by expanding (1 by 
the Binomial Theorem. 

Ex, L Integrate l/sin® at cos^at. lAliahabad^ 1953] 

f,. ^ 

Jsm^^cos®:^ Jtan®;t J tan®x 

=|(/, + |+3<+l‘)* 

sa ---- 1^•2 4-3 log I +1^^ + 

ss= — I cot® ^ +3 log tan x +f tan® x +i tan* x 

Ex. 2. Integrate sec®^® A? cosec*^®x, {Baroduy \^&S\ 

f Aia J fscc^^^xdx 

., |see®^®'xcQsec*^®x&===^ 

J X 
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4*11. Reduction formulae for J'sin" xdx 
and Icos’^xdx. The reduction formula for 
has been given before (§ T37). The 
reduction formula for Jcos"A;ix may be obtained 
similarly, or from the one for / sin” a; dx by writing 
AJ+Irr for X. The formulae are 

r^. n r sin"-^A;cosA: , n— 1 f . 


A:smA; , n 


4*12. Redaction formula for J sin’” x cos”x dx. 

r . 

I sin’”rcos"A;a&i; 


a: cos a: cos' 


gjj^m+i ^ cos"“^ AT sin a; fifr, 
on integration by parts, 
sin'"A:cos"“^A:(l — cos^A:)d^ 


a: cos -"a: , n 


xcos^~^x 


“ -—r-T stn'"Ar cos” a: ix. 

Transposing the last term to die left and 
dividing by l-f(nT-l)/(m4-l), i. e., by (OT+«)-r 
(«+l), we get the reduction formula 

f . m _ , sin"*'*’^Af cos”~^a; 
ism'”xcos”A:(ix=— r— - — 




A mmnrm integral. 


// 


If n is even, by repeatedly using this formula we shall 
reduce J sin”' x cos’' x dx to |sin”' x ix^ which can be evalua- 
ted by § 4’IL 

Note. By writing 

Jsin”';\? cos" djv as | sin*""^ cos" sin ^ 
and integrating by parts we can obtain the reduction formula 
|sin”' cos" jff dr 


sijQm-~i^cos"’^^;c 






m+ny 


^ ^sm"'“®A:Gos";r d!r, 


which diminishes the power of sin instead of that of cos ir. 

By writing f2d-2 for a in the first formula, and dividing 
by (fi+l)/(??i+w+2) we get the reduction formula 
J sin”' cos" X dr 

sm’"+^rcos"+^r , m+;2+2f . _ , 

= - -ir+r + lsm«*cosn+»*<&. 

Similarly we can connect 

/ sin™ :* cos” with J sin*”+* * cos” * 

by writing OT +2 for min the second formula. The last two 
formulae may prove useful when »i or b is negative. 

Notice that in the above, on integration by parts, we 
get an equation connecting / sin"” * cos” ar with either 
Jsinm+*;p cos""* * dr or J'sin’”*cos”+**d»:. These are also 
reduction formulae. 

fxji 

4'13. The integral | sln"’zcos"zdbE. 

It is convenient to quote the value of this int^ 
ral in terms of the Gamma Function. We shall 
not require the value of !'(«) — read as Gamma 
X — ^for values of x other than a positive integer or 
half an odd positive integer. So the Gamma 
Function is sufficiently dejSned for us by the three 
equations 

r(p+i)=pr(p), , . (1) 

and r(l)=l, IXi}i=^/ir. . . (2) 
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Repeated appHcations of (1) will enable us to express 
the value of any Gamma Function in terms of r{ 6 ), where 
6 lies between 0 and 1; and because r(l) and P(|) are 
given numerically by (2), we shall be able to determine the 
numerical value of every r{x) we shall come across. 

In terms of the Gamma Function the value of 
the integral is given by 


sia^xcos^xdx: 




We shall verify the truth of this important result by 
applying the formula of the last article, viz,, 

f . „ j sin^'*'^jrcos’^“‘^A: 

\un^xcos^xdxs =:, — ^ — 

J m+n 

j!j I r 

+ - — which gives 

m+lj 

« J rsin’^+^Arcos’^“'^;fl*'^2 
Jo L m+n Jo 


« — I ^ 9 J 

4 ~ sin^ 

,Vi sin^ xcos^'^^x dx. (^) 

m + n ^ 

and the formula of § 4*11, which gives 

, m-l r »/2 . _ . 


sin’^;f& = 


g X dx. 


Wc shall have to consider separately the four cases 
which arise by m and n being odd and even. 

Case L Let m and n be even positive integers'. Then, 
applying formula (3) repeatedly till the power of cos x 
becomes zero, and after that applying formula (4) repcated- 
, wchave 

%m''^xco%‘^xdx 


A DEFINITE INTEGRAL 
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_ fn — l)(n— 3)(n— m~\ m— 3 1 
■(m+n)(m+n-2)...(m+2) ’ Ijr"' Jo 
fn—l\fn—3\fn—5\ 1 fm—l\fin—S\ 1 

_V 2 A'T'A'2~r-2-lT~A~j-2 „ , 


’m+n\fm-\-n—2\ 


(”-?)( 


... (5) 

The relation (1) gives, if « is a positive even intcgeFj 


— 1 /n — 1\ n—l n— 3 „/n— SX 

V 2 — r-~^[-r) 


■r(i, 


2*2*2 
n — l n— 3 n— 5 1 

2 ‘ 2 2 *•*2 


Hence, fay (5), 


frf2 . 
SI 

Jo 


sin*^ X cosP'xdx- 


2j’(5iJ±?) ■ 


Case II. Let n fae an even positive integer and m an 
odd positive integer. Proceeding as in Case I, we find 

r*-/* 1 


sin’^^cos’^jedaf 


(m +n)Xm +« —2) . . . (m +2) 

m— 1 m— 3 2rir/a! . , 

. — n-*-o smAfdsf 

m m— 2 3Jo 

l\/#i"-3\/«— 5\ 1 /m — lyw— 3 

~r A~ 2 ~ A "!- 2 • i~ 2 ~ A~T~, 

\ 2 A T~~}“’2' 


1"2~A“i — A" 

r(=±l)r(^) 

■ • 


I 
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Case IIL n odd, m even. The integral can be trans- 
formed into the one considered in Case 11 by writing 
for Hence the formula (6) is valid in the present case also. 

Case IV. n and m both odd positive integers. 
Proceeding as in Case I, we have 

1 2 


f»/a . ^ - n 

I sin”';(?cos’^;cfl£r 


m+1 * m+n— 2***m+3 
f t/2 

^Jo 

m- 


sin”*;rcosArdr. 

(;z-“!)(n-- 3)(n— 5)...2^ m— 1 m— 3 2 

(m+n) (m+n— 2)^.(m+ V;n+1 *7w—l**’4 

fir/2 . , 

X sinArcos;rd«# 




r(?+i)r(=±i) 

It is easy to see that the formula (6) is true also when m or 
fi is zero. Hence in every case 


r 




2r{^) ■ 


Alternative Formula. The value of the integral under 
consideration can also be written down from the formula 

»/i . 

siii^xcos^ardbc 

(m-lKm-3)(m-5)...x(n~l)(n-3y... , 
(iii+ii)(m+n— 2)(m+n— 4)... 


I 


mBmxvvnm 


8 ! 



where the last factor in a product like 2)... is 1 if 

the other factors are odd, but is 2 if the other factors are 
even; and k is unity except if m and n are both even, 
when i===|7r. If m or n is zero, then also this formula 
holds, provided we omit all negative factors in the numera-^ 
tor, and regard 0 as an even number in determining the 
value of k. 


4*14. Trigonometrical transformation. 

It is possible to break up products of powers of 
sines and cosines into a sum by trigonometry, and 
thus integrate such powers easily. 

Ex. 1* Integrate sin^xcos^x. 

Let cosx+f sin then cosjf-~isinAr=sf^i. 

Therefore 2 cosA?=^+^\ 2i sin A? 

Also by De Moivre’s Theorem, 2 

Theitfore 2®2^i®sin^;vcos*x=(^— 

+2(^+^) 

=2 cos 6x +2^ cos 4;!? —2 cos 2x — 4. 

Hence v 

Jsin*;c cos^ sin +ism 4;^ — | sin 2x— 2;if) . 

Ex. 2. Integrate sinm;e cosn^r. 

Since sin J72XC0snAr=J{sin (m-fw)Ar+sin(wZ“~n)x}, we have 

rsm»wcos«f<&= cos(w-n)^ 

jsin»«cos«td* 


2(m+n) 2{m~n) 

4*15. Substitution. Various integrals ran 
be reduced to the forms considered in this chapter . 
by suitable substitutions. Some substitutions of 
this nature have already beefi* given (§ 3*9). * ««• 
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)*/* dx. 


Ex. Evaluate dx. 

Put x=‘as,in6, dx=acos6dB. 

Then 9==0 when *=0, and when x=a. 

f (X 

x%a?—x^)^i^dx=aH sin® 0 cos* 5 

" ... 
2r(4) 2. 3. 2.1 ® 

Exampues 

Integrate 


I. 

sin® AT. 

2. 

COS*^ Af* 

3. 

cos^ATsin^A:. 

4. 

cos®^*A;sin*Ar. 

5. 

coscc^'^^a; cos^Af* 

6. 

I/sin 0 COS* 0. 

7. 

sec Af tan® AT, 

8. 

l/'\/(cos®Arsin®Af). 

9. 

sin® AT. 

10. 

sin* A?. [Baroda^ 1957] 

11. 

sin ® AT cos* AT, 

12. 

sin* Af cos® AT. 


Evaluate 




f*'/* - 

j sm®0cos®^<f0. 


|^^m, 1959] 

yi4. 

rw4 . ^ 
sm* BdB. 


lAligark^ 1956] 

15. 

f »/* . 

sin*A;fik* 

’61] 16. Jeos^ATtfa. ITravan., *41] 

/1 7. 

•v 

18. 

fr/a . 

J sm* AT cos® AT e&. 

J ^ sin® A? cos* A? dAr, 



19. 

Show that J^Af®(l- 

-*»)»/*&=w/32. lAgra, 1958] 


^' 20 . Eraluatc *■ 1956] 

' '< l!u\ ‘ ^ 

' . . ..r 
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V 21. Show that 




dx=^j^. lAUanabad, 1958] 


’^22. Evaluate j 1954] 

\yi3. Prove that dx=Zvim. lAlld., ’59] 

r-r/s 

24. Evaluate cos^4;v£fo. \BanaraSy Geophysics^ *56] 

, J 0 


K?r and n>0, prove that 

- y 1 o/ 


J - 

r x'^dx / 
j(4+^)^’ r-" 

Jo (l+COS^)^Y 


,28. Evaluate \cosmxco$nx dx, 


IGorakhpur^ 


V 26. Evaluate J- 
\ 27. Evaluate J 


X.29. Evaluate |coSArcos2A:cGs3js;dl3C. 

If m and n are integers, show that 


sin mx sin nx dx=0 if and s=s|w if m^n* IMad,^ *50] 


31. If W2 and n are integers, prove that 

1 \ cos mx sin nx d!y^ — v or 0 

V ■ Jo 


according as n—m is odd or even. 


lUjjain, 1960] 


^•2. Itttegratioia of tan^x a»d eof^au 

tan” a; and cot” at are also integrated by successive 
reduction. Thus 

f tan” a: « f tan”^;rtaa 
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==J taxi"“2A;sec2A: lilji;— J tani"-2 X <&:. 

Since ^t^n'^^xstc^xdx—{tajx'^-'^x)l(n~l), as is 
easy to see by putting tanx^i, we get the reduc- 
tion formula 

J tan" X dx ^ — J tan"~^ x dx. 

Similarly, or by putting r+i?r for x in the above, 
. f cot" a: !&=——— fcot"~^rfi?r. 


9:*Zi. integratioii ox sec’‘x and cosec" x 

We can derive a reduction formula as follows: 

fsec"jcfi&:= fsec"“^r . sec^rfiJr 


=sec"“*A;tanr— (n— 2)J sec^-^r (sec^x—l)^* 
=sec''-®r tan r -j- (n — 2) Jsec"-2 a; 

— (n— 2) Jsec"Ai:«iii;. 

Transposing the last term to the left and divid- 
by n— 1, we get 

f._ n J sec"“^ rtanr . n— 2 f « » , 


which is the required reduction formula, 
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J a(cos^ f AT+sin® Ifjc) + i (cos* 

I* ^ 

~"jJa+Fj^c^^x^^a—S)sn? 


’ scc*^x <& 
(fl-j-^ " 4 “ (< 2 ~”i&) t 311 * 

r it 


J {a+b) 4{a-b)t^’ whe^ to 


Similarly, or by putting 4- for jc in the 
above, we get 

f n j co%txf"^^xco%x , n~2 t « « » 

j cosec^xdx—- — ———I "': — ~“ + ^^ZZJ. [ cosec’^%^. 

If n is a positive integer, and Jcosec’^;r& 

•can be completely evaluated by repeatedly using the above 
formulae. 


Examples 

Integrate 

L tm^x. [Mh] 1956] 2. tan* at. [Fasi Panja6, ^51] 

3. cot* AT. 4. COt^AT. 

Evaluate 

5. [ffor.,’60] 6. f-^. 

Jo Jsin^^ 

sec^xiAT. ’58] 

V 4*3. Integration of l/(a+b cos x), 

dx 
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|:\i 

f .4, 

li 




/: 


G&se l. {a-^b)l(a~b) positive. In this ca^e 
dx _ 2 -\/(a~b) 


a+?cos;f a-~b‘-\/{a-\-b) 
_ __ 2 
“VF 


tan' 


-1 


.1 

^{a-\-b) 


¥) i (a+b) 




Case n. (a+b) I {a— b) negative. In tliis case 
the integral 

__ 2 ^/{b—a) , . ^A~^/ {{b+a)j{b--a)} 

^a-b * 2V(^^) ^ 

1 . ^(b^—a^) tan^^+^ +^ 

The value of the integral of 1 /(^ 4 '^ sin a: cos can 
be easily deduced from the above, for if we put b^^sinO^ 
and cos l 9 , then a+bsin x+c cosx assumes the form 

<a:+^cos(A?— 

where ^ and ^ are constants. 


Putting now equal to, say, the integral assumes 
the form already considered. 


Ex. Evaluate 


r 

0 


*•/« 


dx 


4 4*5 cos ;r* 


ICakuUdf 1960 ] 


f - -=l 

* dx 

j 44 - 5 cosx , ; 

( 44 - 5 ) cos^ |jr 4 -( 4 “- 5 ) sin* 


tan |a? 4 * 3 ' 


Therefore 


j: 


tan* 

ai ^-3 

S'“ 8 r +3 

«*/* dx 
0 4+5cos^ 


4 log 


tan |x'— 3 * 

j}ioei±|- 


■<.^1 


=Jl0ge2. 




WNCTION OB SIN X AND COS X 


4"3L Integration of l/(a4-bsinx). The 

value of 

C dx 
Ja+^sin^; 

may be easily deduced from that of J dxl{a-\-b cos x) 
by writing a;— for a: in the latter. • 

We may also obtain it independently. Thus 


r _ 

r dx 


! fl(cos^|Ar+sm^|-^) +2J sm|Arcos|:v 


r stc^^xdx 
\ a -{-2b tan tan^ ^x 


=II^2($)7+T> 


there being two cases, according as i<a or >a. 

'gV 4*32. Integration of any rational function 
of sin sand cos X. If#=tan|Ar then 

_ 2sin|A:cos^A; _ 2tan|A? _ 2t 
®^n ^ ~cos2 +sin^ Ia: ~1 + tan^ ~ 

^ _cos^fAf— sin2|A;_l— tan^^Af 1— 
cos gQg2|^_|_g|jj2 ~ l+tan^lAr'” 

Abo t=2Ptan-'()=j-^. 

It is evident, therefore, that if the given integ- 
rand be a rational function of sin a; and cosAf, the 
new integrand, after substituting taxi^x^t will be 
a ration^ function of t, and so can be evaluated 
by breaking it up into partial fractions. 

This method is not very convenient in practice, because 
the function of i thus obtained is a itecticm whose denominator 


mmmmrn 
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is geaerally of a high degree in L Very often it is possible to 
devise some other method. Thus, by dividing by a suitable 
power of sin x or cos x it may be possible to convert the 
given integrand into the product of sec^^ and a rational 
function of tan at, or of coscc^a; and a rational function of 
cotx. It is easy after this to evaluate the integral by putting 
tan^t or cotjie equal to a new variable. 

Or, it may be possible to put sin at or cos^ equal to a 
new variable and simplify the integral. Also two terms may 
often be combined into one by changing the constants. Thus 
n sin cos x may often be profitably combined into one 
term r cos(a?— a) by writing r sin a for a and / cos a for k On 
the other Ixand, in some cases the integral may be broken up 
into two or more parts each of which is easily in tegrable. 
For example, we can write 

/+msinx+«cosx 
a+^sinx+rcosx * 

as gsinx) . ^ 

^z+isinx+^cosx*^ a-f-isinA^+^cosx"^ * 

where the constants B, C can be determined by converting 
the second expression into a fraction with the denominator 
a+i sinx+f^cosx and comparing its numerator with /+ 
msin cosx. 

Of the three terms in the new expression, the first and the 
last can be integrated at once, and the middle term can be 
integrated by putting sin a, <r==r cosa. 

Ex. Integrate ll{usin^S+bcos^6)^, 

- Let 

r dd r stc^Bde 

^ _ I [ b+at^+a--b ,^ 

J (b+afl)* ’ J (a+Jti)* ^ 
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Examples 

Integrate 

1 . 1/(5 4-4 cos a;) . {Panj&b^ *57] 

de 


3; Show that 


i 


2. l/(54-4sm^) 
1 


4, Prove that 
v'S. Prove that 


0 l+ 2 cos^ 

de 


Jo 5+3COS0 

P de 
Jn < 


log(2+V3)- 

1956] 

l^Ban.^ GmpL^ *57] 


6 . Prove that 


1 


0 cosa+cos^ 
dx 


= cosec a log sec a 


1959] 

IT TT 


or 


~V 


7. 

8. 


Evaluate 
dx 

Jo 4+5sin;r’ 
dx 


i; 


0 1 — 2 a cos A? + < 2 ®““' 

according as a<or>L 
IRajasthariy *60] 


[Sagar, 1960] 


Ir+sr,- If 


Integrate 

10 . ll(a^--bHos^x),a>b. 

11. cos xl {a+bcos x ) . 
i| 12. sin A?/i/(l4'SinAr). 

13. 1/(2 sin Ar+cosAr)^. 

14. l/(a®oos^ A?+6*sin*Af). 

15* l/(asin cos at). 


dx 

+3sinaA: * 

[Banaras^ (}eopL^ 19^3 


% 16. (2sinAr+3cosjr)/(3smA;+4cosA?). 

dx 


[Rajasthany 1959] 

[Ban.y Geoph.y 1961] 
[Allahabady 1960],^2-. 

{UAaly 1950] 
[Allahahady 1956] 
[AUg(^ky 1958] 


[Ujjmny 1960] 


! \^.17. Show that 


i; 


Jo S+2sinAf+cosAf 

Integrate 

18. l/(a+i tan^)}. 

19. 1 / (sin a; + sin 2Ar) . 

20 . 1/(3 +2 cos at) sin at. 


itr. [Femjaby 1949] 


[Lucknow y 1950] 
[Andhray 1960] 
[Pmii(Ay 1954} 



. 1 
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2L (l+sin;i:)/sin^(l+cos;>£r). 1959] 

22. smxlsm{x'-a)» [Hint. Putjs:— a=t] 


taxixdx 


23. Evaluate ' 

\ 24. Integrate sin 2xj{a+b cos x)^. 


,b>a. \PMjC., C/:P., ’55] 


25. Evaluate 




y dx 
(5+4 cos a:)®’ 


[Agra, 1943] 


4*4. Iktegration of x’' sin mx or x" cos mx. 

Integrals of the form 

J;!c" sin jwcd!* or jx^cosmxdx 

can be evaluated by the method of successive 
reduction. The reduction formula is easily found 
by integrating by paxts twice. Thus 


^mnmxdx^ 


x^'^cosmx 


m m) 

^ — — \x^“'^sm.mxdx\; 

ml m m J } 


ie,, Jat^ 


smmxdx= 


x^'^cosmx , nx^^'^-^smmx 


— J " sin mx dx^ 


which is the required reduction formula. 

In the end we shall have to evaluate either | a? sin mjcfl&f 
or JsinmAfflJAr. The latter is immediately integrable and the 
farmer can be evaluated by integrating by parts once. The 
case of cos mA? & is similar. 

4-4L Integratioit of x” sin bx or 

^«5c Integrals of the form 

^ [od^^^smbxdx and [x^e^'^co^bxdx 

jf j 

can be easily evaluated by repeatedly integrating 
by parts. 

i' 


‘ f#'. 
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' ^ Ex. '' Integrate sin 4;^* 

Since je^^ sin 4x rfe===:(3^44^)“^^^^^*^ sin (4 a:— • tan“^ |) , 
we get, if 'a=tan**^'|,, 

■ ;J,A.%®^'sin4A: ^ ^ — |jA:<g^^sin (4 a;— ‘ a),«fe' 

A:^/?^^sin (4 a:— a) „ (xe^^sin {4x’—>2a) 

— J J<?^^sin(4;tf— 2a)fi&c|- 

==^^5?^^{25A:2sm (4Af— a) — lOArsin (4 a:— 2a) 

+2 sin (4 a;— 3a)}. 

4*42* Integration of sin*" bx or e^^cos^ bx. 

The mtegrals 

^e^^mfbxdx and bxdx 

can be evaluated by transforming sin” bx or cos” Ax in 
to a sum of sines or cosines of multiples of x (§4*14) 
or by successive reduction. The reduction for- 
mula can be obtained by integrating by parts 
tw.ice. 

Thus. ", ■■ ■ . , 

1 0 ^^ sin’' bx dx = — ~ ^ J bx cos bx dx ^ 

cos 

a at a 




— {(?i — i) sin^^^A: cos*4a;— sin’^ 

Now the integral on the right can" be written 

J"{ (ft — 1 )siij^"*® Ax ( 1 -rsm^ 

(n — 1) bx 0^ 
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Transposing the second of these two integrals, multi- 
plied by its proper coefficient, to the left and dividing by 
1 we get 


which is the required reduction formula. 
The case of cos^bxdx is similar. 


Integrating by parts, we have 

f ' • , COS"^A?CO 

1 cos*^ X sin nx ax 


cos’^-^ cosn^sin^ci!jf. 

nj ■ ■ ■ - .. 

Replacing cos nx sin x by sin nx cos a: —sin (n — 1 )xy and 
thi:^ breaking up the integral on the right into two, trans- 
posing one of them to the left and dividing by a constant, 
we get the reduction formula 

f ,n • j cm^xcosnx 
. , I cos^Arsiniwir<ic»— ^ — __ 


Integrals involving cos”^ ap cos fWf, sm^^Arcosarj 
sin’^APsinpp can be treated in the same way. 


Integrate 

L Af*»in23ic, 

3. Prove that 


r Andhra, *60] 
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4. Evaluate v*)(cos-i(*/a)}*!£«. 

' - tWift 

5. If x^sinxdx, 

and n>l, prove that 

Un+n{n-^l)un„^^n{wl2)^‘^K [Baroda, 1960] 
Hence evaluate J ;v®sinxdJ¥. [Banaras^ 1962] 

Integrate 

0^ 6. 7. e^^sin^x, 

8. e^(;vcosjc+sin^). 1940J 

9. Evaluate Artf“*2x cos [PXC., 

10* Integrating by parts twice, or otherwise, obtain a 
reduction formula for 


e-^sin^xdx^ 


where m>2, in theform(l+m*)J,ji=5:m(in--l)/y„^jj;and hence 
evaluate [AUahabad, 1962L MTb2§ 

f v^lL If/(;7x, «)=J cos^ X cos ax <£r, prove that 

' /(ot, a)s={m(m~l)/(m*— n). lAiiahahad^ I960] 

•y 12. Prove that . 

] J ^ CQS*^^sinnx^£x 

1 t in fir/2 ^ , 

[JV«^r, 1959] 


\y 13. Prove that 

f»/a . i 

J cos^"* X sin nxdx=:i («> 1 and integral) , \Alld,^ •60]^ 

Prove that, if « is a positive integer, 

^ ^ ^ ^ ^ cos"*cos«cd:»»^. [i>««, 19S0(J 
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4*5. Other transcendental. functions. 

There are no general propositions which will enable 
us to integrate every function of sin .;^, cos;v, etc., or 
of e*, log a:, etc. The naetlaods of Chapter I should 
be tried. Very often some suitable sutetitution will 
reduce a given function to some easily integrable 
form. In particular, an integral of a rational func- 
tion of is transformed into an integral of a 
rational function of t by the substitution 

In some cases a function of x may be expanded 
in powers of x and the result integrated term by 
term. The student must, however, remember that 
■this process is not always justifiable: but the consid- 
eration of the conditions under which this can be 
done is beyond the scope of the present volume. 

dx^ n being a positive integer. 
{Rajasthan^ 

Integrating by parts. 


,Ex. I. Evaluate 


Now lim. 


Thcrefoie j 

Jo Jo 

Applying rednctipn formula repeatedly, and remem* 
bering that/f — we get 



^/| /j| ^ 'examples 
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Ex, 2, Integrate !/(l 
Putting '^^=^1, we have 


f __ f * 

J l J^(l+l-- 2 l») ^ 


=ete. 


Ex. 3. Find a reduction formula for J A’^(Iog x)^.dx.. 

lAgm, 19571 

Integrating by parts, 

|A;"(IogA:)"'«fe= 

which is the required reduction formula. 


'= - a;" (log^)^-^^, 


A^Ex. 




j^A. 4.' . Evaluate, „ i'log|-^dir. , 
The integrand ■ 


==(1/^) ,2(;v+x^/3+;^*/5+-«*^ 
, ==2(1+^V3+^^5+...). 
Hence the In tegral'; ^' 




n 
*4" 

jfl 


s>, 

..e 


3«^5* 

.2{l+|s+i + ...}=^*/4. 


Examples ■ 

Integrate 

1. 1/(«k-1)(«*+3). 2. ^1/(1 +«’')(! +«-*)• 

3. l/(e='-I)*. [Sagar, *50;y|*'' 

5. 6. e*(l 4-^)/(2+;r)*. 

7. «*(x*+l)/(l+x)*. 8. e*(**+3Ar+3)/(x+2)*. 

y 9. If 3^"denotcs show that 

^ Vx („+i) ! J„«/,+«ift(n«*+2!^+...+n!««+i). 
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Integrate 

10. log(l+A:®). [£aB., ’56] logA;sin“^«. ’60] 

12. log{;f+V(jcS-a«)}. 13. {Iog(;(+l)}/^\ 

14. e='(*iog>:+l)/Ar. [Pafea, 1950] 

15. secA:log(sec«+tan«). [£>«&', iPoBt., 1960] 

Evaluate 

16. f sin-1 ArVx. [Pfltefl, ’40] 17. T log (1 /at- !)<£«:. 

\y Jo Jo 

poo V //v p 

L^ira,’43] 19. <k. 

^ 20. Evaluate! ^x^log{l’--x^)dx^ \Rajasthan^%0^ 

and deduce that 



23. un{l/x)^ 24. 

Integrate 

,^5. sm-VM«+^)}- 

26. ^/(e^^+ae^. 

27. 1/cosh® (Put cosh ;v=:sccjj.) 

28. cos cosher. 

^/ 29 . icoshx+$mhxBix^)l(l+co$x), 

30. Find a reduction formula for 


[^^a;i 958 ] 
IBombaj, 
[WM, 1949] 


tanh*^;if42»f. 


±^±JL^ 1 4 . . 

1 5*2 7'*‘‘‘3 §*•••' 


Integrate by expanding the integrand 


\VS2. sin mxjx. 
24. ^"(€08 x ] . 


mxmpiM 


m 


31, Prove that 
dx 


Ja+i cosh*- V(6*-a*) { V(*+i H’ 

y/U^-b*) {7(a+^) H’ 


according as b>a or <a. 


[Hint. Remember that cosh* -sinh* i9=:l, cosh* ^+ 
sinh* l=cosh 2^; so the method of § 4*3 can be followed.] 


Integrate 

32. (tan“i a?) /(I +x)K e43. smlogxj^. lU.PMJ,, *54] 
V34. CQS’^^xlx^. 

35. (sin-^ x)l{l ^x^^K \[Patm, 1950] 

36 . (sin-^;^)*. 37 . V(secA:-l). [i 2 aj./ 57 ] 

38 . tan“^ V^AT. VyS^. cos 2 Ar log (1 +tan at). 

! 40. sec AT coscc A?/log tan Af. [De/H, jybay., 1960] 

j 41. l/y'{sin*Afsin(A?+<x)}. 1958] 

[Hint. IntegTand==»cosec*A?d!»r/\/{cosa+sinacotAr}. Put 
, cot.Ars=s^.] 

43. 1/cos ^'\/(a*cos*^+^**i3n*^+<^*). 


lAlkhabad, 1962] 


'A£ 

iT 


Evaluate 


i: 


»/! 1 4 - 2 cos;r 


dx^ 


y 


(2+casAr)*^ 

-- ^ shar^ X dx „ 

45. Prov<=that 


IJfagpuTf 1956] 
IMadras^ 1951] 


Exampi-es on CKAPraE IV 


Integrate 
1. sin^APOcm*#. 
3* sin*^* M ooi* Jr. 


V 2. sin* jr cos* je. 

y/ 4. 1/sin* AT cos* JT. [4IW.,*51] 





TRANSGENBEOTAL FUNCTIONS 


Evaluate 


\GorakhpurylQW\ 


\Bafoda^ 11956] 




\AUahahad^ 1950] 


show that ; j>[n) +^(n— 2) /(«—!), \LuckmWy 1962] 

and deduce the value of ^(5)*; \GQrcdchpur^lB&G\ 

13. Show that f“— llBaroda, 1960] 


Evaluate 


[LucknoWi 1945] 


p^tmxdx. [Pmjah^ 1937] [[Hint, Expand tan#.] 


j __ ^ 1960] 

pKnt. Integrand ={cot (#-“«) —cot (#— ^)} cosee («•—£).] 
r ' ■ ■ r 3+4 sii]L #+2cos# , 

' J ■■3'+2'S’#+cos# 

j f«+^cos5+/rsm® r/>sin#+^cos# , 

l+“sk« 
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■V, 


20 . Find ,h. value of 

'21 . Use the substitution 


to evaluite 


tan +«)/C^ 

f d0 

J( 


J (1+<?C0S^)^* 

y„={(„-l)Mi7„-,+l/«*. 

^ Deduce that U, =^§. \[Gorakhpur, 19593 

23 If 4= r^^^sin (2jfi + l)*‘y*, prove that 
’ J® , v «_1 


T 1 ”(»-^) J ,=(-l)P 

4 + (2j)+l)*^'‘-* ^ 


n-1 


n and p being positive integers. 

Evaluate 

Q \ 24. j'^%®sin3Ar<f«. 

r x^dx 

, (jj j {xsiax+cosxj*' 

• ^ [Write numerator as x cos_* . a: sec a: and integrate by 

^ ' parts, taking a; sec X as first function.] 


[Madras, 1942] 

[JVagpur, 1950] 
[Poona, 1956] 


cos jSx cos y.« where a>0. 

^ 27. 'fiovcha. £ 

■ 28. Evaluate [Allahabad, I960] 

^ 29. Find tbe reduction formula Tor 4i„, where 
(7y J„^„=|'^*(cosx)"‘sin^Ar(^x. 
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■ 


1 ( 2 ® 2 ® 2 ^^ 

Deduce that /„m== ^( 2 +^ + 3 - 

' 30. F„_f''*(’'SSy*, 

CJ Jo smx ’ Jo Xsinx/ 

(n m integer), show that * 

Fn=‘S'^+l- 

c %J': If ffi and « are positive integers and 

/(m, n) ===| (log a:)^ 
prove that f(m^n)=^'^{m/n)f{m--l,n). 

Deduce that /(m, n) [Vikram, 1961] 

(5 V 32- Integrate llxl{x) P{x)P{x)..J^ix), 

where /’‘(at) means log log log. ••at, the log being repeated t 
times. 

., 33. Show that f‘‘^*=_f‘!25ii±£)*=_^,12. 

\ . Jol+^ Jo * 

34 . If n is an integer greater than 1, prove that 

^ f® dx n 

Jo 


CHAPTER V 

DEFINITE INTEGRALS 
5*1. l^finitions. As already defined, 

■ ts{^)dx 

„ .. . J a ■ ' , ■ 

meamF(&) —F(a)t where Fix)i~Jf(x) «&, i.e., where 
dF{x)ld:^==f{x). 
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f{x)dx is called the definite integral otf{x) 

from a to 6 or between the limits a and b. 

a and b axe called its lower and upper limits. 
The interval (a, i) is called the range of integration. 

To distinguish it from a definite integral, the function 
F{x)t i.e., Iftx^dx, is sometimes called the indefinite integral 
o£f(x) . It should be noticed that an indefinite integral can 
be written, if necessary, as a definite integral. For 



is equal to F(x) —F{a), and, therefore, is identical with the 
indefinite integral of /(*), viz. F(x)-j-C, if C=— F(a).-' 

5*2. General properties of the definite 
integral. Let 

J f{x) dx,^F{x), so that jy(x) dx=F{b) -F{a). 
Then 

(i) f f(x)ds= f f(t)dt. 

J fl J a 

For both sides are equal to F{b) ~F{a). ^ 

(ii) ““J{, ***• ^ 

For F(i)-/(a)=-{F(a)-jF(i)}. 

(iii) J f(x) dx 

For the right-hand side is equal to 
F{c)-F{a)-\-F{b)---Flcy 
which Is equal to F{b) —F{a). 


= r f(x)dx-f-f f(x)dx. 

J a Jc 
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We can generalise this into the following : 


f /W ^'== f Vw f dx+ ( Vw dx 

J <3. J a J Cl J 

4-...+ I ^ f{x)dx+ I f{x)dx. 
J Cy-j J Cr 


For the right-hand side is equal to FM —F(a) 
4-F(^) —F(c^), which is equal to F{b) —F(a). 


(x) dx.= j f(a— x) ilx. 


For, putting a~x—t, the righ-hand side becomes 
equal to 


. /V(<)4=/‘ /(<)<*= J“/w 


(v) J f(x) dx — 0 or 2 J f(x) dx, 

according as f{x) iTaiTodd'orluiTveh^^ x. 

For I* f{x)dx^{ f{x)dx-{- \ f{x)dx. {\) 

J J —a JO 

^0 f 0 

Now j f{x) dx ;/— — j f{ —t) dt, where i——x, 

J —a J a 

= !“/(-<) dt, by (u), = (“/(-«) dx, by (i), 

JO Jo 

~~ I /W ^ ^ ^ odd fimction of x, 

JO 

or + j* f{x) dx if f{x) is an even function of 

J 0 '.' 

Substituting in (1) we get die result at once. 




J 



EVALtfATION OF DEFINITE INTEGRALS 


lOS 


(vi) |“£(x) dx =2 f(x) dx if /(2a ~x) ==f{x), 
I " =0° ii f{2a-x).= -M. 

For I*”* f(x) & = I ^ fix) ^ /W 


and 


j u 

= r /•(jc)<ic- r /( 2 a -/ dy, where *= 2 a-jr, 
Jo' J a 

=|V(;.)i;c+|V(2a-*) ir=2j^/(*) <^*or0. 


Also 


^f(siiix)d3K==2! 
n M 

’^^*£(sinx)dx* ^ 

f *^^(cosx) dix==0 or 2 j 

C3 J 

’'^*<^(cosx)d%| 


Ex. 1. Evaluate 1 ■ V 


5*3. Evaluation of definite integrals. In 

many cases it is possible to evaluate a definite 
integral by special methods, although it may not 
be easy or even possible to find the corresponding 
indefinite integr^. 

fx x sinx 

■ J , r+co 3 ?i 

f*' *sinar 
iolTcSs*/"- 

Then 

Adding the two 'values of I, we get 
^ Jj 1+cos** J 


Let /e 


Jjr+coa*^? 

-jrftan"^COS*l =*-“»■( — iff— !«■). 


Jo 

Jw 






Hence 
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Ex, 2. Evaluate f’^sm^jcd's. , 

Jo ^ 

sin*;¥^<£t, by (vi), § 5-2, 

^mmi) 14 -^ , 

2r(3) 

Ex. 3. Evaluate log sin a: [Banaras,\9&l'], 

rw/2 

/== logsin^fa&f, 

rm rw/2 

Then /==J^ by (iv), § 5*2. / 

Adding the two value of /, We get ' 

f«*/2 

2J=J^ (logsinAT+logcosAr) rf/ 

= [^^* {log (2 sin a: cos at) — log 2} 

r»/*, 

=J^ logsm2A:ife— Jirlog2 

=ijj logsinarfa— Jjrlog 2, where A;=|a. 

Now logsin«rfa= JJ^*logsina(/tt, by (vi), § 5*2, =J. 

Substituting this in the value of 21 obtained above, we get 
2 /=/— Jtt log 2. 

Hence J^^Iog»iiixd*=— JirloggS. 

N.B. This result is required in solving several of the 
examples which follow, and should be committed to memory. 

Examples * 

Evaluate 

1. JJsin**(*f. 2. |'cos«xd*, 

S. |%in*e{I+2co3«)(l+cose)*rfe. [JVfl^ar, 1953] 






INTEGRAL AS THE LIMIT OF A SUM 
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^^4 f' 

* Jo 


' " Jo a*cos*;f+6SsmV ^sin- c;a<.. 

' ' Show that ■ ' 

, tv 12 sin^AT 1 ' ^' ■■■ 

’’■ J. Br,+5SI*-V2‘°®''^^+''- 

L'iS^^=’'<i’'-‘J' ['’•■'•C- V.P., 1960) 

9. Show that J' *logtan;fi«=0. [Banaras, 

^ 10, Apply the substitution A:=ir-~^ to the mtegral 
^ ^ sin«x cos^jf flfx, * 

and hence obtain its value. {Gorakhpufy 1960] 

^ IL Find the value of f 1960] 

j ^ X 

vV' 12 . Show that log (i +tan e}</d=|wIoge 2 . 

[Agra, 1962] 

\y i 3. Show that J'log ( I +cos.if) log* ], [AUd., ’60] 

^ 14. fll/'aluatc ) IRajosthan, 1961] 

[Hint. Put XMtan ^.] 

4^5. Show that ^ ■^</«=^wIog«2./* [iic;., ’60] 

Jb l-f-X V / V 


sin* 0 is. 


[Agra, 1960] 


[Kajasthan, 1961] 


w iategral as tfa.6 limit o£ a sum. 

We have so far looked xipon iote^ation ‘as Ac 
operation which is the inverse of differeatiatiQn, . 
and we defined the inte^rai cf a fiinctiQn^ji;) as the 
function which when differentiated will give mf{x). 
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But it is also possible to regard the definite 
integral, and hence also the indefinite integral (see 
§5'1), as the limit of the sum of a finite series of 
numbers, when the number of terms of the series 
tends to infinity whilst each term of tlie series 
tends to zero. Thus we can 

Jy W <& 


by tlie equation 

I f(x) dx fr[f(a)+ 

where b— a—nli, 

and establish the equivalence of the two definitions 
in what is known as the Fundamental Theorem of 
the Integral Calculus, which asserts diat the opera- 
tions of differentiation and of integration (as now 
defined) are inverse operations** The truth of this 
theorem is obvious from § T7. 

The problem of integration in various problems of geo- 
metry and other branches of knowledge generally presents 
itself in the form of a summation. (See for example § I'S, 
in which the determination of areas was considered.) 
Historically also this method of regarding integration is of 
prior origin. Thesign ofintegration J is merely the old form 
of the initial letter of the word sum. 

For the purposes of modern rigorous mathematics too 
the viewpoint which regards the integral as the limit of a 
certain sum is of the greatest importance. We say that a 
function is integrahle if this limit exists, even though we may 
not be able to express it in terms of the known functions. 
The object of modern theories ofintegration is so to modify 
the above definition as to include more and more com- 
plicated functions in the class of in tegrable functions. 

♦It is supposed that the function which is integrated is 
continuous. 


SUMMATION OF SERIES 
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Tlie new definition of the Integral provides an answer 
to the question raised in § 1*6, but it will be more con- 
venient to investigate this point later* See § 6*1 ! (iii). 


5*41. Integration from definition as the 
limit of a sum. In some elementary cases it is 
possible to find the value of an integral dii'ect from 
the sum-definition. The process is naturally tedious, 
but is instructive. Before the invention of the 
calculus, a similar procedure had to be applied in 
every case when an area or a volume was wanted. 

rb 

Ex. Evaluate I directly from the definition of 

the integral as the limit of a sum. [Ludnow, 1962] 

£A-V^=lim„_^„A[a*+(a-l-A)*-l-(«+2A)*+... 

where 6— a=nA, 

=lim„_^a>A[na*+{l -[-2-{-3+... -+-(«■— i)}2aA 

-f{l*+2*+...'+(»-l)*}A*] 
=^lina,i_>„ + i«(« — 1 ) 2aA + — 1) (2n - 1 )}nA*3 

=lim„_^„[nA . a*-i-nA . («“1)A . a 

-hJ.(n-13il.(«-J)A,nA] 
=a(A — fl)a* + (A — a) * a +§(A — a) • 
=i(A-a){3a*+3(A-a)a+A»-2fflA+a^‘l 
8)(a*+aA+6*) =-J6*— Ja*. ' 


5*42. Summation of series. > 

of the integral as the limit of a sui^ 
express the limits of sums of seril^ 
type as definite integrals and thus 
The value of the required limit I 
down by the formula of § 5*4, viz., 


^!4cfinition 
fldes us to 
certain 
^te them. 
^ written 
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liran-^»T {/(a+^'^)}A= /W^> 

■^«rw0'.. ^ a f t 

where M=£>— a, 

or, more conveniently, by the formula derived ifrom 
the above by putting a<=0 and i^l, viz., 

i=j'f(x)dx. 



In order that a series may be capable of being 
summed by this formula, it must possess the 
following properties : 

(i) It must be possible to write the terms in 

the form j> so that 1/n, which tends to zero, 

is a factor of every term, and, apart from this 
factor, ail the terms are the same function of rjn, 
which varies in value from term to term in arith- 
metical progression with the common difference 
Ijn. 

(ii) The number of terms should be n; but 
since each term tends to zero, the addition or omis- 
sion of one or two terms (or any finite number of 
terms) will not alter the required limit; that is, even 

provided k and I are independent of i?. 


An easy way to write down the definite integral corres- 
ponding to a given series is to write the latter as -2^{/(r/«)}(l/«), 
and therefore the required limit as 
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To write down the corresponding definite integral, replace fin 
by X, its common difference, viz., IJn, by dx, and by 

and insert the values of rjn for the first and the last 'terms {or the 
limits ■ of ' such values) as the lower and upper Imiis respectively in 
the integraL 

This procedure will evidently give us !f{x) dx taken be- 
tween the proper limits. 

Note, It can be shown (by putting cn equal to a new 
variable «') that the rule given above in italics is applicable 
even when the number of terms in the given series is 
a constant instead of «+ a constant. In this case the upper 
limit of the integral will come out as c instead of 1. 

\ Ex. 1, Determine by integration the limit to which the 




tends as n is indefinitely increased. \Baroda, 1959] 

«l/2 , \jfi 

The (r+I)th term IS 

We, therefore, require the value of 

^n-l ijn 

(l+3r/n)»/*' 

ri dx 

By the rule given above this is equal to J 

Ex. 2. Find the limit, when n tends to infinity, of the 
product (1 +l/«)(l +2/«)^^^(l (1 +nln)^tn^ 

{Lucknow, 1958] 

Let the required limit be A* Then 
log A =lim^.^«{log (1 +l/«) +i log (1 +2/«) +— 

+(!/«) log (!+»/«)} 

=lim^«>« r(l/r) log (1 +rM 




4*"**‘" 


Therefore 




Examples 

From the definitiori of a definite integral as the limit of 
a sum evaluate 

1. [^xdx. [Baroda,'m\ 2. [Sanarto, ’62] 

J 1 ’ S 

3. j* cos X dx, 4. f sin ^ [Paowa, ’56] 


4. j sin B dB. \Poona^ ’56] 
6. t\dx, iCal.,'m 

i n X 


Find the limit, when b-s-oo, of the series 
\ 7. (1/b®)(1+4+9+16+-+«®)- 
- 1 , 1 , _L , .1 

\ * a+l n+2 b+3 2b 


[Lucknow, 1945] 
[Allahabad, 1959] 


11. ysin*’‘^+sin*’'|^+sin**'|^+...+sin*’‘^|. 

\^, 12 . Evaluate liinfl_»„ 2 ^_^ ’ 62 ] 

1 3 . Find the limit, when n tends to infinity, of the series 


1 L ^ 4, .. - 4- .4— L 

q:^»+ 8qp-,+ 27+„3+"-+r»+n®^ ^2fl’ 
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\ 14. Show that the limit of the Slim 

when n is indefiaitely increased, is logg 3, ILmkmWs 1955] 

[Here the number of terms is 2n4‘l; so consider it as 
the sum of two series, 1 /n + . . . + 1 /2« and l/(2n+l)+.*,+l /3?i, 
and evaluate the limit of each separately.] 

{ 1 12 4 

+ ~2®^c*^+--4-hecMl. IGujrat, ’57} 

\\ ^ 16. Find the limit, as n tends to infinity, of the product 

17. Prove that 

{(l + i)(l +|)(l +y ... (l 

is equal to 1960] 

1 8. Apply the definition of a definite integral as the limit 
of a sum to evaluate [P.iS.C., i7.P., *37] 

5*5. Creometrical meaniiig* (i) We have already 
seen that y . 

^ 

can be interpreted as the area 
where FRQ^ is the curve 
and PA^ QJB arc the ordi- ^ 

■ , nates at ATssa and ■ 

, If the abscissa of iJisr, the formula- ^ ■■ ^ 

of §5*2 merely expresses the fact that 

the area JiSQ/*«the area ^ICfflP+lhe area CBQJfl* 


definite integrals 


(ii) To 
formula 


interpret 



dx=\^^f{a-x) dx, 

consider the curves 

^=/(*). • . ( 1 ) 
axii. y=f{a—x) . . . (2) 

Let these curves be 
Piland Q:F. Let P and , 

0^ be on the axis of and 
P' and on x=a. Let A 
be the foot of the ordinate 

ofP' or (2^. o cf c A X 

The ordinate P'C' at in the second curve is, by 
(2), equal to/(a— and so is the same as the ordinate 
RC at in the first curve. Hence the area O^j^P 

can be made to coincide with the area AOQ^P* by applying 
the former to the latter in such a way that the corner 0 
of the former falls on the corner A of the latter, and the 
corner A of the former falls on the corner 0 of the latter. 
So these areas must be equal. The formula in question 
merely expresses this fact. 

(iii) The formula of integration by parts also becomes 
obvious when we look into its geometrical significance. 

Let PJ2.be the curve whose parametrical equation is 

x='^{t),y==4{t). y 

Let Pi4, QJB be the ordinates 

ofP and <lj ^3nd PC, Cy> the per- D — ^ 

pendiculars drawn from P and <2. ’ yr 

to thej^-axis. 

LetPand<2correspondtothe ^ 
values <i and 6 of 

Then the area ABQP 

fOB 7 ft-b dx,, 

= y dx—\ yyidt ^ I I . 

JOA r Jt-0 ° A B X 


IMPROPER INTEGRALS 


113 


rOD rt-6 dy 

Again, the area CD ^ 

The area of the rectangle OBQ,D=j>{h)4i{h), 
and the area of the rectangle QAPC=^[d)'l>{a). 

Hence the formula for integration by parts, viz., 

simply expresses the fact that 

area dS(iP=[rect. OBQJD ~xtct. O^PC] -area CDQP. 

5-6. Improper integrals. Let f{x) be con- 
tinuous for all values of x fit'om a to b (b^a), except 
that /(jf) ->-00 as x-^b; then we define 

I /(x) dx to mean limg_^oJ ^ /(^) 

provided that the limit is a definite number. 

Similarly, if /(x)->oo as x->a axidf{x) is other- 
wise continuous, we define 

J*’ /(x) fib to mean lim,,_^oJ^^yW 

provided that the limit is a definite number. 

Again, if /( a?) is continuous for all values of x 
from a to except that f(x)~*-<x> as x->-c, where c 
lies between a and b, we define 

ph ; ' ■ ■ . . . . . 

J /(*) dx to mean 
lim,_>oJ^/W 

provided that each limit is a definite number. 



In some cases each limit may not separately be 
a definite number, but 

f{x)dx + ^ ^J{x)dx'^ 

ma,y exist and be a definite number, say A. Then 
A is called the principal value of 

J/w*. 

The above definitions hold also when the limit off{x) 
at or c is — oo, or when the limits on the right and on 

the left at are infinite, but of different signs. 




dx 

0 V(i^ 


2\/(l— a:) j 2V’e+2]=2. 

=lim,_^o[— log(l — a;)|^ * =lime_>o[-log«+ 0 ]- 

Since log eis— 00, P j- — - is meaningless. 

J 0 1 — ^ 

=lim,_j,o (2 — 2^*) =2. 

E,.4. 

[-i+~ . 

(^dx . 

(l/€^) =:< 30 , — is meaningless. 
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'/*!, ■■ ^ /"—e rj, 

Ex.* j ^ j ^ +iii3ae'™^Q J '^271 

===lime_^o [3*^'*]~*+l«»e'^o 
=lim[ — 3€^^*+33 +linie'->o [3 3(e)’'^3 
= 6 . 

fi ix ,. {-^dx , ,. p ^ 

=lime_»o [— -]_^ [”*]*' 

= lini£»^ 0 “™1 1 "f*lHHe' — I. ^ 

The integral P % has, therefore, no meaning. Theprin- 

J-i* 

■ cipal value also does not exist, for 

lime^ni^le — l—'i+'^h) 

does not exist. i i* 

and so the integral has no meaning. But the principal value 

=lime_»o{- 

and thus the prmcipaW 

5*7. Seme tfceorems about definite integral#. In 

what follows /(x) is supposed to be a continuous function ofr. 
(i) lf/(x )>0 for all values of x such that then 

f f[x)'dx'^0* . , ' 

i a ' 7 

For under the given conditions^ the sum whose lunit is 
equal to the definite integral cannot be negative. 

This theorem often enables us to say -whether the result 
of integration should be positive or negative, and so serves 
as a check. 
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^ii) If U be tbc greatest value (upper bound) and L 
the least value (lower bound) of f(x) in the interval (a, b) 
then ■ ■ 

fix) dx^{b-a)U. 

J a 

This follows at once if we apply the previous theorem 

to the integrals | {/(^)— £}& and j {U—f{x)}dx* 

J a J a 

(iii) (^f(x)dx^(5-ami), 

Ja 

where | is some number such that 

fh 

This follows from (ii), because /(;^) which lies betw’-een 

J a ' 

(i— a)i and {b-^(t]U must be equal to {b—a)Ay where A 
lies between i and £7. Nowj since f{x) hcontlmiom, there 
must be a value i oix between a and b such that/(f) =A. 

(iv) If gix) IS positive and £ and £7 are defined as before, 

then 

g{x)dx^ f{x) g (x) dx^ U g (x) dx. 

This follows at once by applying theorem (i) to the 
integrals 

f and \ {U~f{x))g(x)dx. 

(v) Mf {x) is a continuous function of ;rin the interval 
(§yb) mAg{x) is a continuous function of x which is >0 then 

fj{’‘)s{*)^x=rf{if^g{x)dx, 

where 

fb 

This follows from (iv), because /(A;)f(*)(fe which lies 


Ja-'' ' 

between Lj^g(x)dx and uj^g(x)dx must be equal 


to 
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j&J g(x) dx, where B lies between L and 17. Now, since 

fix') is continuous, there must be a value i of x between a 
and b such that /(^) 

This theorem is known as the frst Mean Value Theorem 
of ike Integral Calculus. Theorem (iii) is a particular case of 
it obtained by putting g[x)=\. 

For ^ we can also write 

Examples ox Chapter V 

rgfl c<x 

1. Prove that J ^(.r) dv=:j {j>{x)+^{2a--x))dx^ 
and illustrate the theorem geometrically. {Gorakhpur ^ 1959] 

^ 2. If ^(;v) a;), show that 

CtCL fCl ^ 

1 dx^ {Rajasthari^ 

Jo Jon 

and evaluate j* cos®’^ x dx. [Allahabad^ 1956] 

L 3. If =/(;r) for all integral values of m, prove 
;*that 

where n is a positive or negative integer. [AUahalady 1962] 
Give a geometrical interpretation. 

fir/* fif/2 

V Pt-ove that j ^ (sin 2x) sin = | ^ (sin 2^) cos x dx 

■ ■ ■ fw/i 

=V2 <l>icos2x)co^x dx. 

Jo 

If in and n are positive and m' is an integer, prove that 

, Js"' ■ .''0 , 

_ rr«ri. 'AKi 


’n(f!+l)(B+2)...(n+fli~l) 


[lKcit./45] 


4 



DEFINITE INTEGRALS 


[Gomkhpuf, 1959J 
[Baroda^ 1959] 


?*', .Evaluate 


[Allahabad, 1962}: 

Put X, — 177:=^; then apply § 5*2 (v).] 


9. Evaluate 


10. Prove that 


x^co%tc^xdx:=^7T log 2. [Banams, *57]' 

Vy lL Prove that, if O^a^i and the positive value of the 
square root is taken, • 


immediately from its definition as the limit of a sum, 

, [Luchnm, 19501' 

\^I4, Show that 

[{V (« + 1 ) 4V (n +2) + • • * +\/ {2n)}ln\/n] 

==*i{2'v/2— 1), [Aligarh, 1953]; 
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. 15. Find the limit, when n tends to infinity, of the series 

, V« , V" 4- . 

(3 + Vn) »'^V2(3\/2 +Wn) * ^3(3 ^3 +4 Vn)* 

-j_^ , [Lucknow, 1960] 


. 16. Evaluate lim„_^„ ^ 

Prove that^^ f f 



and hence that /<! 




18* Evaluate 


cosnx 


Q I— 2a cos AT 


' * IJBombay^ 1950] 

dx, where « is a positive 


integer and a<L 

[Hint. Use the expansion (l—a^) /(I —Za cos 5?+^^) 

=l+2acos;«+2a*cos2«+...+2a''cosrx+... .] 


MISCELLANEOUS EXAMPLES 


Integrate 

'■ 1. (!-;«*) V;r. '' 2. 

v 3. cos"’' (I/ a;). ’40] ^4, 

5. xe*sin’x. [Fanj., ’44] 6. 
■ 7. [{tan(l/*)}W®. 8. 

9. 1/V{(1— 

1 1. cos ix/V (sin® i* 4-4) . 12. 

13. x^tan"’*. 

14. (i4-x®)-»^®«’"«'=“‘'*. 

15. cotx/V(sinJf). 

17. 


«**/(«*-!). - 
A;tan*Jf. 

scc*x/(tan®*— 1). 

«**cos(3*+w/3)> 
(x 4-1 )/v'( 4*— **)• 

[A^a, I960] 
[Andhra, 1943] 

sec*Ar/'\/(tanA:). 

(«*+c)-»/ACPutx»l/fl 



m. (I 1(1 i¥ntx+llx=L} 

20* ^(l-^sinx)l{l-*-cosx). 21, (I +cosx) /sin x cos x, 
22, cosxl(l+sinx){2^sinx). 

'23, Show that, when f(x) is of the form a-\-bx-\-cx% 

f/W ^^=K/(0) +4/(i) +/(!)}. 

24. Prove that 


where dashes denote differentiation with respect to x and 


Hence evaluate sin at 

25, Transform the integral 
by the substitution cos5==:(flcos 
Evaluate 


and deduce, or otherwise find, the value of 

cosa: , 

Jo {a+bcosxf * 

26, Obtain a reduction formula for 


^ cos at) 


_ -dsin^ ■ 
(<3:+^ cos at) 


Find Ut. 

27, Prove that 




i 
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"^oo V — r>. P>“* [Allahabad, IQQGl 

28. Evaluate 


V/*' 


[Hint. Put A:=acos®0+^sin2e.3 
29 By using the substitution x=l/l, or othemise, irovc 
-1 


that 


f 


= 6 . 


m ** 

30. Integrate cosec® * log (cos x+V(cos2;c)}. 

31. Show that, if n is a positive integer, then 

f*' cos (n — 

Jo l-COSAT 


a.d deduce . h « r ;( Sf ) V - 2 ». 


32. Evaluate the integral 


[“ X* 

Jx 




'{x^ +.1)^ 

dx 


dx^ 


f i dx 

0 T+2TabsFa4-**’ 

34. Show that if p be an integer, ^ 

jV-nog(l +x)<fe=^[i 42 + 0 '^"''^( 2 i>-l) 2 ^r 

35. Prove that 

f* xdx lA. 

J o (1+«)(1+**) 


(ii) 

36. Find the condition that J (^**+2^(*+t0* 
rational. 


[Find the condition that the terms involving a logarithm 
or an inverse tangent be absent.] 


.J 





MISCELLANEOUS EXAMPLES 


37. ' Prove that 


I 


■1/* dx 


1 




38. By using the substitution x—2a—t, show that 
(gov— y'«vers-i^i,v=|w|* (2ai— 

Hence evaluate the integral. 

>^9. Evaluate [Allahabad, 1962] 

40. Show that the sum of the infinite series 
1 1,1 1 
a a+b'^a+2b ays^"*” 

fl {a-i 


can be expressed in the form 

Jo 


] 0 hence prove that 

l~i+|-Io+i\— il|j + ---=J(w/V3+logg2). [i?a;.,’54] 
Investigate a formula of reduction for 

\y • . f 

J(i:ryi7a> 

and by means of this integral show that 

- I- 4. i „i_ 4. L3 ._L. ,1-3.5 1 

2n4-2^2 *2«+4'^ y 4' 2n+'6'^ 

2.4.6...2« 


3.5*7..,(2n-f i)' 
Sum also the series 


lAiMa^ad, 1958] 


2a y + 2 * 2n +3 2 . 4 ‘ 2^'+ 5 + 2Ty i • 2^ 

Idlkk^Aad^ ^955] 

42. If 4 = Jx" cos fix dx and J„ =Jx'‘ sin fix dx, prove 
#4— sin /Sx— 


I 1 


1.3 


L 4.1-3-5 
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43. If 7 n and n arc integers^ ^ is greater than ;i and 
m+ni% even, prove that ■ 

r'lr/S' j „ - 

i COS 

[P.6\C., U.P., 1958] 


44. Prove that 
fsmfi6sec^?i0 = 


Hence or otherwise evaluate 

rir/2 cosh^sinS^j 


^ i ,in („-2) d sec 6d&. 

n— i 


45. Prove that 

rh 


(i) ^^fia+b-x)dx=^^f{x)dx, [Delhi, '51] 

J b—c fb 

f(x-\rc)dx^j f{x)dx, 

, ^ ^ fir/2 ^ircos;rsin;rix __ 

46. Prove that 4ab\a^by 

where a and b are positive. [Poona, 1957] 

47. Prove that f' 

48. Evaluate j*' a>b>Q. 

Show that 0+6 cos ar +0 sin **°* VC®* ” ** 


, a>A> 0 . 


«. iivaiuaic a-TW 

f*r dx Iw 

i<®. Show that a4-6cosar4-csin**°*i/(a*— 6*— 0*) 

when a>-v/(^*+®*)^®* [Alhhabad, 1962] 

50. Prove that f'log(l-2accMAr+o*)ii»f»=wlog a* if 


a*>l, or 0 if «*<f 
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n are positive integers, prove that 


m+n+i 


[Banaras, 1957] 


int* A lit X ‘ — 

n is a positive integer, prove that 

Cvft 

sin^xdx> 


X dx. 

Deduce that Jtt lies between 

2. 2. 4. 6. 6 . ..>2;?. 2n 

1 . 3 . 3 . 5 . 5 . 7 . . . . (2^ )(2iHri) 


[This is known as Wallis's 
53. Prove that, if i;<lj 
2f'^* dx 1 


(«+ i) i7f2>i +T) + (n 4-2) y'{2(2: 


+2)} (« + 3)V{3(2n:p3)) 


55. Show th«,ho limi.,who„ „ i, 


CHAPTER VI 

AREAS OF CURVES 


6*1. Areas of curves given by Cartesian 
equations. We have proved before (§ 1 ‘8) that 
tlie area bounded by tlie curve _y=/(A:), the axis of 
X, and the ordinates at X=a and x=b is given by 

I ydx. 

J a 

The following is an alternative proof. 

Let CD be the curve 
y =f{x), where f{x) is a y 
continuous function of x 
in the domain {a, b), and 
suppose*, for the sake of 
convenience, that y goes 
on increasing as x increases 
from a to b. Let C4, DB 
I be the ordinates at a: =(2 and 

f x-^h. 

I Let P be any point {x, j')^on the curve and let 

»• Pilf be its ordinate. 

Then the area AMPC is some function of *, 

, say ^(*). . 

Let <i be any other point (*+^ 5 ^^+^) 

' curve, and let be its ordinate. Let PR and 
I <^5 be the perpendiculars from P and Q, to .V<2,and 
I MP produced respectively. 


Then the area ANQC^~j>{x-^Ki. 

♦This restriction can be easily removed as m f 1’8. 
9 IQ 
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Hence 

^(x-\-h)~^(x) _area AMQp —area A MFC 
h h 

_jaxt2i MNQP 7,^ 

Now the area of the rectangle AfjVi2P=yAj and 
that of the rectangle MMQS~{y-\-k)h. Assuming 
as an axiom that die ar'ea MJV(^ lies in magnitude 
between the areas of the rectangles MJ/RP and 
MJ/QS, it follows from (1) that 

4>(x-\-h) ~<j>{x) 
h 

Jies between jv fr-A and y. Takmg limits, we see that 

i.e., ‘^=/W. ... (2) 

Consequently, if F{x) is any known integral of f{x), 
4,{x)==F(x)+C, . . . (3) 

where C is some constant. To determine C, put 
x~a in (3). Now ^(a)—0, since 4>{a) is equal to 
the area AMPC when ikf coincides with A. 

Hence i5’(<j)+C=0, . 

or C=—F{a). 

Consequently <^(jf) =jF'(x) —F(fl). 

Therefore 

the area ABDG=^(i) ==F(b) -i?(u) = f(x)dx. 
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Ex. 1. Find the area included between the curve 
«j)®=4a®(2a — x) 

and its asymptote. 

The curve is symmetrical about the *-axis 
and is as shown. It cuts the x-axis at x=2a. 

The asymptote is the j-axis. 

Hence the required area ==.4, say, 
raa 

=2 ydx 


Jo 


Jo V* 



Patting sin^ S and dx=^4:a sin*^ cos B dBy we get 


cos® 0 d0=16a» ==47ra®. 


Ex. 2. Find the area included betvrt;en the cycloid 
*==sa(fi— sin 

cosfl), 

and its base. iAlkhabad, 1950] 


Since the cycloid is symmetrical with respect to the line 
Msaan, and the base is the x-axis, the required area 


fx-HUr 




ss=2<3®J (1 — cQs6)^d6 


ydx 



' fw rwf% ■ ' 

.8a» 1 sin * ^8 d0=16a* sin*^ 4, where 


=16a*^^^®^^==4a* . §. |ir=«3wa»- 
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Ex* 3. Find the area common to the circle 
and the ellipses® +^^=9, ^ , ' 

Let F be the point of p 

intersectionji in the first 
quadrant, of the circle and /^ { 

the ellipse, and construct as / 1 \ \ 

in the figure. Y t"” o 

The required area, say a, 

=4 X area OAFB 
=!4(area OMPB 
-farea MAP), 

Solving x^^y'^^Ay 

i.e., 4x^+^2=16, 

and x^4-4jy^=9, 

we see that, for P, x=^{lj3). 

Also, for the ellipse, y=^i^/{9—x^)^ 

and for the circle, jp=y'(4--x^). 

Vam)^ ^ _ f2 


Hence a =4 


Vitm 


€41* Remarks* 

(i) The smaller of the two values ofx between the ordinates 
at which the area lies should be chosen as the lower limit. 

(ii) Ifjis negative for ail values of x fromf^i to c(r><i% 
then, as is evident from the definition of the integral as the 
limit of a sum* 
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will be negative. Therefore, it y is negative from to 
and positive from to x^b {b>c)^ then 

^ydx, le., 

will be the difference of the numerical values of the last two 
integrals, and will thus give us the value of the algebraic 
sum of the areas above and below the x-axis, when areas 
above the ^-axis are regarded as positive and those below as 
negative. If, therefore, the numerical sum of the areas is 
reqtiired, these integrals must be evaluated separately. For 
example, it is easy to see that the curve 

is symmetrical about both the axes and consists of two loops. 

One might be tempted to say that the whole area 
s=32xarea above the ^-axis 
ra 9 r® 

=i2 ydx^ - dx 

j-a aj-a 

But the area above the «*axis is certainly not zero. The 
reason why we get zero as the value of the integral is that 
and so also(^*— has two values; and if we 
tiiie the positive square root, a?®) is negative from 

«ssa— a to ATawO. So wc havc really found above the algebraic 
sum of the areas in the first and third quadrants. 

The easiest plan in such cases is to find the area of the 
smallest part which by considerations of symmetry will give 
the area of the whole curve. Thus, in the present example, 
we can find the area which lies in the first quadrant and 
multiply it by 4, 



(iii) When F(x), the integral of /(x), involves an inverse 
function, some care is required in finding its values at a and 
i, because such a function is many-valued. The easiest 
method is to put down for the value of the function at the 
; lower limit the principal value of the function, i.e., the valiuc 

between — jTrand Jir (both values inclusive) for sin^^x. 



tl 
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lan-'. cor>», and cosee-**, and the value betweenO and » 

Si""'S’e '5p:“r":S.r^»eS.eX. ’■ 

[«*)]". 

is a continuous function of x, which is zero when x—a. 
Consider, therefore, how F{x) changes from F(a) as * increase 
from n to b, and choose forF(6) that value at which F{x\^m\\ 
arrive by varying continuously as a; vanes from a to o. 

These considerations are applicable alsodn the evalua- 
tion of definite integrals not connected primarily with areas* 

For an example iilustrating this point see Ex. 20 on 
page 145. 

(iv) If the ordinate becomes infinite at any point 
between x«=*(tiand the method v 

of §5’6 should be applied; other- 
wise some absurd result may be 
arrived at. Thus for the curve 

which lies entirely above the x-axis, 
one may be tempted to say that 
the area included between the curve, 
the x-axis and the ordinates at a: 

••■---I ■'imd,>''Xa»«l . 

This is certainly wrong, because 1/x^ is positive for all 
'■ values of x; hence ■ ■ 





j. 


a 1 
4 X* 


dx 


diould be positive. Even numerically the area under consi- 
deration cannot be equal to 2, because the area of the recten- 
golar part marked in the figure by a dotted line, is equal to 
2; ana certainly the area required is greater. 
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The error lies in ignoring the fact that the ordinate 
->00 as ■ The above procedure is just as wrong as, say,, 
summing up 1 +2 +2^+2^+... by the following method: 

Let 5=1+2+2H2H— 

Then, multiplying by 2, 2s= 24-2®+2®+... - 

Therefore, subtracting the first from the second, we have 

. 1 / 

We must consider such integrals by the method of limits* 
If we apply this method to the present case, we find that 


has no meaning. (See | 5"6, Ex* 6.) 

(v) It is sometimes convenient, in finding the . area of 
a curve, to utilise the fact that the area included between 
a curvei the j-axis and the lines and y^b ,(i>a) is- 
equal to , V 



,(vi) The process .of .finding an. 'area is often called 
qmdraiure, ■ ■ 

■ ' Examples." 

Find the, area bo.imded by the axis of and thc.,foll0W«, 
ing" curve and, ordinates:,' 

.1.:, ysse^'';x«g&a^'x^k ■ 

■,, ■2.. y,ssiccosh{xlc) *^'X^^'^x=^a^- .■ . ' 

S. yMogx;x^a^x^b{b':>a>l)'^- 

4* ■ j'»sin^ x,==4), x=|ir. , , ■ 

5. Trace the curve show that the 

curve includes with the axis of x an area a^/12. ^57] 

6. Show that the area cut off a parabola by any 

double ordinate is two-thirds of the corresponding rectangle 
contained by that double ordinate and its distance from the 
vertex. 1^®^] 


132 


AREAS OF CURVES 


?• Show how the area of a semicircle can be expressed 
as a definite integral. 

8. Calculate the area of the ellipse 

^^55 2i 

{Baroda, 1960] 

9. Trace the curve ay^=x^{a—x) and show that the 

area of its loop is [Aligarh, 1956] 

10. Find the area of the loop of the curve 

[Allahabad, 1957] 

11. Find the whole area of the curve 

ay=A‘{2a-x). [Ciyaw, 1960] 

12. pace the curve ay—a^x^—x*' and find the whole 

arcawithmit. [jSt Aar, 1954] 

_ 13. Trace the curve ay=)fi!2a~x) and prove that 

Its area is to that of the circle whose radius is a, as 5 to 4. 

1 xy=a^{y^-x'^), and find the 

whole area included between the curve and its asymptotes. 

. 1954] 

15. Find the whole area of the curve 

a^x^=f{2a~y). [Batmras, 1959] 

cut off from the 

parabola j-»=2a: by the straightline j=4a:-1. [Jammu, ’56] 

17. Find the area common to the two curves 

y^^ax, *Hj'®-4a*. [Rajasthan, 1959] 

• the largcrof the two areas into which the 

arcle «*+j>*=64a* is divided by the parabola _>>* = I Sax is 

Y«*(8ir-V'3). [Allahabad, I960] 

19. Find the whole area of the curve given by the 

equations *=a cos*/, j-=Asin*/. [PaaM 1954] 

20. Show that the area bounded by the cissoid 

* =«fl sin* t, y =a(sin* /) /cos / 

and its asymptote is 3jra*/4. [Allahabad, 1959] 
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6*2. Areas o£ carves given by polar equa- 
tions. Let/(0) be continuous for every value of 9 
in the domain (a, JS). Then the area bounded by 
die curve r—f{9) and the radii vectores d=a, 9=p 
(a<)8), is equal to 

^x^de. 

a 

We can prove this proposition ei- 
ther by dividing the area into a num- 
ber of sectors and Endingthe limitof 
the sum of their areas, or by Ending 
the dijfferential coefficient of the area 
between the curve, the radius vector 
0=a and a general radius vector. 

We adopt here the former procedure. 

Let AB be the curve, OA zxidjpB the radii 
vectores 0=a and 0=j3. 

Divide ^ —a into H parts each equal to ^ and draw 
the corresponding radii vectores. (In the figure 
all the radii vectores are not drawn for the sake of 
clearness.) Let P and (^be the points on the curve 
corresponding to 0~aA-mh and 0=a t-(m-|-l)A, 
and suppose that r goes on increasing as 6 increases 
from a to (This restriction is removed below). 

With centre 0 and radii OP, respectively, 
tlraw arcs PR, QS as in the figure. Then the area 
OPQ, lies in magnitude between 

lOPKk and iOQ^.k, 

i.e., between |[/{a4-mA}]®A and f[/{a+(»»H-l)l}]®^, 

Hence the area .405 lies between 

and iT L/{a+(>n+l)A}]% 
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Take limits as n->-oo. Then, as the limit of 
each of the two sums last written is 

it follows tliat tlie axea AOB is also equal to this 
definite integral. 

If f decreases all the way from ^=a to then also 

the above proof is evidently applicable. But if there are a 
finite number of poin ts of maxima and minima between a and 
say at 0=e„ 9^..., 6p, then by drawing the corresponding 
radius vectores we can divide the area AOB into 1 sectors^ 
to each of which the above formula is certainly applicable. 
Hcnce the total area OB is 

ic.. 

Note 1. If the radius vector tends to oo as where 
tt<y<j8, then the method of § 5*6 should be applied. 

2. In some eases it is more convenient to transform a 
given Cartesian equation into polars than to solve for In 
such cases the formula of the present article should be applied 
after transformation to polars. 

Ex, 1 . Find the area of a loop of the curve r=:n sin 30, 

One loop is obtained by the 
values of I from to Jtr, 

Hcncc the area of a loop 
fw'/i 

, **1# I sin^'3^.rf^' 

Jt ; 

where. ■ 

j''*«inV#,by§5-2, 




[AIMM, 1960} 
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2r(2) 




Ex. 2. Find the area of the loop of the folium 


[Luckfww, 1962] 

Changing to polars, ^ 

Sasin^cos^ 

^'^cos®^+sin®^* ^ 

The loop extends from ^=0 

to #s=|7r. Hence the required 

area' 

sin^ Ocos^ O dS \^\ 

"" 2 Jo (cos^d+sm^B)^ 

9^2rir/2 tan^^sec^^i^ 

“"■"TJo '"-(X':p^^^rg)¥ 

“^-J. (I+i?'”'’'" '=“ *’“t[tT<). ■ 

Examples 

Find the area between the following curves and radii 
vcctores : 

1. The spiral 9=a, 0=j3. 

2. The parabola l'/r=l+cos0; 6=0, S=a. 

3. The equiangular spiral r=a<'"*; 6=a, 6=^. 

4. Find the area of one loop of r=a cos 46. 

5. Calculate the ratio of the area of the larger to the 
area of the smaller loop of the curve 

r=|+cos26. [JVa^i^ur, 1956] 

6. Find the area of the curve r® =a* cos* O+b* sin* 6. 

[CfluAaft*, 1949] 

7. Find the area of the loop of the curver=a6cos6 

between 6=0 and d-^jr. [Panjab, 1951] 
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8 . Find the area bounded by the curve f=a(i+cos^). 

ILuckmw^ 1957] 

9. Trace the curve r =3 +2 cos ^ and find the area | 
enclosed, 

10, Trace the curve r—y'S cos 3 ^ +sm 30^ and find the 

area of a loop. [Lucknow^ 1948] 

11, Prove that the sum of the areas of the two loops 
of the iimacon, r^a+b cos 6^ b>a^ is equal to 

1 ^( 2524 .^ 2 )^ lAligark, 1957] 

12, Show that the area of a loop of r =a cos nO is Tro^lin^ 
n being integral. Also prove that the whole area is or 

according as n is odd or even. 

13, Show that the area of a loop of the curve 

is2a2(l-iff), [Baroda.mO] 

14, Find the area of a loop of the curve 

1953] 

15, Prove that the area between the cissoid 

r=stasm^ 01 cos $ 

and its asymptote is [Banaras, Eng., 1958] 

16, Find the area common to the circles 

rsssa's/2 and rs^2acos 0. [Ujjmn, 1960] 


Area of closed rarves. 

We have found the areas of many closed curves by an 
application of § 6 T or § 6*2, When, however, a closed curve 
is given by equations of the form 

where /i(t) and/jK(l) single-valued functions of i, another 

pfocedure is generally simpler. 
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Let CPjiJPa be a closed, curve given by x- 
/i(^),j)'=/ 2(^)5 and let it be cut 
by a line parallel to the j^-axis 
in two (and only two) points 
Pj, Pg- MP^> MP-i- 
Let AC and BD be the 
tangents parallel to the j>-axis, 
and let OA—a, OB=i>(b>a). 

Then the area of the figure 
CPiDPa=the area of the figure ABDP^C 

—the area of the figure ABDPjC 



= f MP^dx- f MP^dx 
J a J a 


( 1 ) 


-i; 


MPndx- 


I MP-ydx. 


J a 


Suppose that as I increases from to the 
point [x, y) travels from a point P on tlie curve 
back to tlie point E,vio- taken in order. 

Let the values of t corresponding to B, C be 
respectively. 


Then 


and 


-/ 

^ a 

pa 

J h 


MP^dx- 


MF^ dx- 


-!>P- 


Hence, by addition, the area CPJ)P^ 

= -J*J'^4by § 5'2. 

We can show similarly, by drawing the tangents 
parallel to the ar-axis, and applying the fco-mula 
Jx dy for the area bounded by a curve, the _y-axis 



and two straight lines parallel to the x-axis, that 
the area 

Adding the two expressions thus obtained for the I 
area and dividing by 2, we get , 

area I 


iDP.=i/%= 


This is often abbreviated into the formula: 

areaCPiI>Pa=J J (xdy— round the cuwe^ 

In the above we have supposed that the curve is described 
in the direction CPiDP^ as t increases, and takes for the area 
the value (1) which is positive, i.e*, we have considered the 
urea to be posiim when it lies to the left of an observer moving along 
the curve in the direction corresponding to increasing t, ^This is the 
usual convention. 

The formula will give a negative value for an area 
dweribed in the opposite direction, ^ 

If a curve crosses itself so as to form a figure of eight, the 
two loop of which are described, as t y 
increases, in such a way that one loop ■ y^****--^^^ 

lies to Ihe left, and the other to the f 

right, ofthe observer moving along the \ } 

curve in the direction of increasing i,' Z''***’*^^ 

the above formula will give us "the I \ 
difference of the areas of the two loops. \| 

.|The 'formula ' is'- true ' even when .. ^**'***"^ " 

" the curve cuts one, or both the axes. ■' ^ ■ . X ■ ; 

' , ; ■ Ex. ' Find the area of the ellipe x^a cos I, j?=:''isint. 


Here x^. cos ^ . 6 cos L y ^ s 

: di , dt^ 


-^sml.,fisinl. 
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SIMPSON’S RUIJE 



[Notice that as t increases, the corresponding point on the 
ciirv'e moves in such a way that the area lies to the left of an 
ol)server moving with the point; also that the formula has 
given us a positive value for the area. This confirms the 
above remarks regarding signs.] 

Examples 

L Show that the area of the loop of the curve 

is fjA [Allahabad, 1947] 

I 2, A closed curve is defined by tlic equations 

prove that its area is given by iJ)*’ certain con- 

ventions being adopted. 

Find the area of the loop of the curve 
f «sin30 asinS^ ^ 

sm ^ co$0 

|i ' , ' ' 

3, Prove that the area of the curve 
I x^acosSA'b sinBAc, y^a* cos 6 A-b' sin 6 +€* 

iscquaito 7r{ab*--a'b)\ [JTifirMliSil:, 1954] 

, 6-4. Simpson^s rule, There arc many for- 
mulae# which enable us to evaluate approximately 
an area, or a definite integral, even when the 
analytical relation between y and x is not Icnown. 
All that is required is tliat the values of y should 

i *Sec Whittaker and Robinson : Tke Calculus of Obsemaiom 

(Blackie and Son). 
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be known for values of x sufficiently close to one 
another. 

One such formula is Simpson’s rule* which 
states that an approximate value of 



is hKyt +J2n+1 +2 (>'3 +J'5 + • • • +Jinr-l) 

+4(j>’2+J)'4 + '"+J>’2n)K 

where n is any positive number, h=(b-—a)[2n and y^ 
is the value of y corresponding to the value a-\-{r—li)h 
ofx. 

To prove this, assume that the functional relation be- 
tween^ and X Let P^, P^, ... be the points on 

the curve whose abscissae are a, a+A, «+2A, etc. 

Let us suppose that the curve (parabola) whose equation 
referred to (a+A, 0) as origin is of the form 

and which passes through and p,, is a sufficiently dose 

approximationf to the curve =/(a*) between Pj and P^. 

To determine P, C, we have the equations: 

J^=:J+PA+CA^ 

♦Named after Thomas Simpson (1710-1761), an able 
and self-taught English mathematician, for many years 
professor at the Royal Military Academy at Woolwich and 
author of several tcxt-books(Cajori : A History of Mathematics). 
The formula, however, had been discovered much earlier in 
a geometrical form by B. Cavalieri (1598-1647). 

fEvidently, the smaller A is, the closer will be the approx- 
imation. It is assumed, of course, that jP'3=^(^), is.some smooffi 
cmrve pwsing through Pan-i-i*. ' 
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which express the condition that are on the as^ 

sumed parabola. 

I Now the area between the curve FiFjFg, the axis of x and 

the ordinates of Fi, F 3 is 

|^^(i4+B:r+C;r^) (ir, i.e., 2A{-4+|CF}. 

Substituting in this the values of -4 and C obtained from 
the above equations, we find that the area under considera- 
tion is 

POi+4j’2+7»)' 

Similarly the area between the parabolic arc the 

j. axis of and the ordinates of P,,P5 is 

ii iHj’3+iyi+y5)> 

and SO on. 

By addition, we find that an approximate value of the 
area required is 

+ 472 +^ 3 ) +fj^3+4>'4+j5) + *** +{j^2n-r+4j2n 

+J*n+l)}. 

' j.e-j iA{ji+J’sn+i+2fj.'s4-J'5 + -"+Jsn-i)+4(_j»j4j)t+... 

I +J'ln)}- 

1 Ex. 1. Given thate®=«l, «^s=2‘72|, #®=»7*39, »®a=20’09, 

I =54-60, verify Simpson’s rule by finding an approximate 
1 value of 

JW, 

1 and comparing it with the exact value. ^954] 

By Simpson’s formula, an approximate value is 
+54.60+2(7-39) +4(2*72+20-09^ 

The correct value»|^e^|^«=54’60— I =a53*60. 

I We see that the approximation is pretty clo-se, althou^ 

■ A is by no means small. 

10 10 ■ r-f i. , ■ 








I 

I 

I 

I 

i 
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Examples 

1. Taking 10 equal parts, show by Simpson’s rule, that | 

J^^-^^^i*==0-1728. [Lucknow, 1957] 

2. If y~f{x)—a-\-bx+cx^, yi^Jip), yi=J{p+h) and 
J'»=y(?+2A), prove that 

Hence obtain an approximate value of 

^'\l-2x*)^>^dx. [Allahabad, 1951} 

3. A curve is drawn to pass through the points given 
by the following table 

a: 1 1-5 2 2-5 3 3*5 4 

y 2 2^4 2*7 2*8 3 2*6 2*1 i 

Estimate the area bounded by the curve, the Ar-axis and 
the lines x=l, a: =4. [Baroda, 1960] 

4* Explain Simpson’s rule for approximate integration. 
Use the rule, taking five ordinates, to find an approximation 
to two decimal places to the value of the integral 

IPmjab^ 1950] 

5. A river is 80 feet wide. The depth d in feet at a 
distance x feet from one bank is given 'by the following 
table: 

AT 0 10 20 30 40 50 60 70 80 

d 0 4 7 9 12 15 14 8 

Find approximately the area of the cross-section. 

[Rajasthan, mil 

6. By taking on a curve points Pj, P^, P^, whose 
ab«ci»ae are ei+A, <i 4 - 2^1 *•* {b^a^nK), and joining 


EXAMPLES 


143 


by straight lines, show that an approximate 

value of 

\j{x)dx 

is P{>i +A+1 + 2 O'* +J)’a + . . . +^„)} . 

pThis is known as the Trapezoidal RuU\. 

7. Prove that the area between the axis ofAT and the curve 

from x=0 to x=3A is 

+3j’i+3j»a +J>,) , 

where is the value of when\y=fA. 

I Hence find an approximation to the value of the integral 

Exajmcples ON Chapter VI 

1. If b are positive and prove that the area 
between the hyperbola the ^-axis and the ordinates 

at u and i is log (a/^). 

i If, instead of a hyperbola, the curve is that given by 

P^ove that the area is 

, 

I '■ ,2. /Trace the cuirve find the area 

^ enclosed by it. JPatm^ 1958] 

1 " ' ' 3.' , Trace the curve' , '' ' ■ ■ 

and show that the entire area between the curve and its 
asymptote is [5iAar, 1956] 

4. Trace the curve y (a— at) =x*(^i+x) and find the area 
of the loop. {Bm. Geophs., 1961] 

I 5. Sho# that the irea included between the parabolas 

IfCarmtak^ 1959] 
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6. Show that the area common to the ellipses 

a%2+6^j^====l, where 

is 4(aJ)"^ tan*^ (a/6) . 1961] 

7. Find the area included between the curves j®=4a^K? 

and^«=»4^. 1960] 

8* If A is the vertex, 0 the centre, and P any point on 
the hyperbola prove that 

cosh (25/^6), 

and 7==6sinh(25/a6), 

where 5 is the sectorial area OPA, [Gorakhpur^ 1959] 

9. In the case of the cycloid 

x=ia{6+sind)y j;=a(l“-’COS 6), 
find the area included between the curve and its base* 

10. Prove that the whole area between the four infinite 
branches of the tractrix 

^ssa cos f+|a log tan® 
j=s:a sin/ 

is^'a®. \AUahabad, 1957] 

IL Prove that the area of the loop of the curve 

is three times the area of one of the loops of the curve 

r*»a«cos2#. {Panjab, 1950] 

12* Find the area of a loop of the curve 

r-acos3a+6sin3#. [P.5.C., £/.?., 1959] 

13. Prove that the area of the loop of the curve 

A;»4-y=s5ar^® is|a®. {Delhi^ 1959] 

14. Prove that the area of the loop of the ! curve 

-^•4-j^*==a®r^® is 7ra®/12.' lAligarh^ 1958] 

15* Prove thatthe area. of the curve 
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16. Trace the curve 

r=a(sec0+cos0), 

and find the area between the curve and its asymptote. 

{Rajasthan, 1957] 

17. Find the area lying between the cardioid f= 
ajl —cos fl) and its double tangent. 

the ratio of the two parts into which the 

19. Prove that the area of the curve 

f%2c^ cos^ 0 — 2a^ sin 0 cos 0 +a^ sin^ 0) 
is equal to me. 

20 • Show that the sectorial area of the ellipse 

included between the semi-diameters 0^0 and 

fl sssa, IS 

tan“^f| tanaj, if 
|a6|7r+tan-t0tan if 

where in each case that value of tan”^ {{alb) tan o) is mplied 
which lies between -i,r and+J^. Hence prove that Ae area 
included between a pair of conjugate semi-diameters is ^ao. 

21. 0 is the pole of the Hemniscate r*=fl*cos 20 ^d 

is a common tangent to its two loops. the area bound- 

.d by .he line P^aed a.e a» 

22. Prove that the area included between the folium 

*»4-y>=3a*y 

and its asymptote is equal to the area of ite 1^. 

23. P is any point of the circle r=2c sin 8, PT the m- 
gent at P, OT the perpendicular from the origm on PT. 
Determine the area [swept out by OT when P desenbes the 

circumference of the circle* 



ill 
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24. Prove that the area of a sector of the ellipse of semi- 
axes a and b between the major axis and a radius vector from 
the focus is 

esinfl), 

where $ is the eccentric angle of the point to which the radius 
vector is drawn. 1961] 

[Hint. Area of the sector=area of a triangle-{-area of a 
segment. Find only the area of the segment by integration.] 

25. If the pedal equation of a curve be p—f(r), prove 
that the area bounded by the curve and two radii vectores is 

i f Prdr 

^W-pr 

taken between suitable limits. {Lucknow, 1960] 


CHAPTER Vn 

LENGTHS OF CURVES 

7*1. Lengths of Garves. If s denotes the 
length of the arc of the curve measured 

from a fixed point A on it, up to any point j) 
on it, then we know by Differential Calculus that 



It follows at once, as in § 6*1, that 


where a is the abscissa of the point ifrom which 
i is measured. 
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Hence, if the abscissae of A and B are a and 
the length of the arc AB is equal to 

§xe values h ^2 evidently the length 

of the arc AB is equal to 




Again, sin?e for a curve given by its polar 

j — = l\r^i—\ +ll» 

^'0 ^ \^f I ) 

the length of the arc AB is equal to 

fJl'^+QV* +^]^- 

where a and ^ are the vectorial angles of A and B, 
and r, and fa their radii vectores. 

Ex. 1. Find the length of the arc of the semicubical 
parabola ay* =x® from the vertex to the 

point (a, a). Y / 

By differentiation / 

2ay)''— 3x*. jA 

Therefore g 7 

y*=9x*/4a*j*=9**/4ax»=»9x/4a. A. 

Hence the required length \ 




X-EJJGTHS OF CURVES 

I rVlisa) f^2tdt . , ' 

1 r wasaj 

“27v'ar =sMIV(13)-8}a. 

Ex. 2. Show that 8a is the length of an arch of the 
cycloid whose equations are 

x=a(f— sinf), _y=a(l — cosf). [Allahabad, 

Here «&M=a(l-cosi)=2asin®ii, 
dyldt=asint=2asin^tcos^i. 

of i for ^hich j;=0 are 

Hence the length of an arch 

“jo V{(2a)®sin« ii+(2a)*sin* JtcosMf}dr 
=2a j*'sm Ji =4a -cos i;]*’’ =8a. 

*niraf’',‘ of the arc of the equiangular 

points for which the radii 
ectores are rj and rj. \[Baroda, I960] 

Here dr/d3=»a cot oe^c°t«=rr cot a. 

Hence the required length 

=J'V{l«n’»+l)*-seo.[ r sec 

7*11. Remarks, (i) It must be remembered that 

4'+(l)‘} 

SSi.7..3s^? Wf \ 
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the negative value is chosen, the length will obviously come 
out negative: 

If ^{x) is a function which changes sign at some value 
£ within the range of integration (a, Jj), then the definite 
integral from a to b must be broken into the sum of two 
definite integrals, one from a to c and the other from c to by 
and the positive value of the integrand taken in each- 
Otherwise the result will be the difference of the lengths of 
the two arcs. 

Thus, if the length of the arc of the cycloid 
sin —cos i), 

is wanted from t=:0 to t^4;7r (two complete arches), one 
might be tempted to work thus : 

Required length =1^ ^{(J) + (|) ]<fi 

f Ax 

sin as in Ex. 2, § 7*1, 



The reason why we get zero is that sinji is negative from 
t=2v to f=4w. 

The easiest procedure is to find_ the length of the 
smallest part which by symmetry will give the whole length 
wanted, and see that the integrand is not negative within 
the range of integration. _ „ 

(ii) Finding the length of a curve is also called 

rectification, 

(iii) If it is more convenient in any particular case to 
take jias the independent variable, we can use the formula 

Examples 

Find the length of 

1. The arc of the parabola jf*=4aji from the vertex to 
an extremity of the latus-rectum. [AUah/Aad, 1959 ] 



•i''- 
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2. The arc of the cvlxvc from the point* (0i«) to) 

the pomt (^ 1 , 

3 . Show that the length of the curve =log sec x be- 
tween the points where a ?— 0 and Ar== Jtt is logg ( 2 + V^)* 

4. Find the length of an arc of the parabola 
measured from the vertex. 

Calculate the length of the arc to the point ( 1 ^ t}’, given* 
log, (2+V5) =1-45. 

5. Prove that the length and area of the loop of the 
curve Say^^x{x---aY‘ are 4 f 2 /v ^3 and 8a^/15-\/3 respectively. 

\jFirst party Osmaniay 

6 . Find the length of the curve 

■'-'“Sfqn 

from x^l to ;c^2. [B. m. U. 1962] 

7. Show that the length of an arc of the curve 

measured from ( 0 , 0 ) to (a?, 7 ) is alog~^~- a;. [Z?/d7i!o?t’,1951]| 

8 . Show that in the epicycloid for which 

x^{a-\-b)coBB--bcos{(a+b) Bjbjy 
yssai(a^b)sinO-^bsin{{a-^b) $lb}y 
s^{4:b{a+b)la}co${a9j2b)y 
being measured from the point at which 
J* Rectify the curve 

Af«a(5+sinf), j^==^(l—cos#}. [Df/M, ’45] 

10. If the coordinates of a point on the curvT S^sss 
il{«— jt)* are expressed in terms of a parameter in the foim. 

show how the curve is traced out .as l increases from —00 
to 
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Show that the length of the arc of this curve from tfie 
origin to the point of the loop where the tangent to the curve 
makes an angle ^ with the j>-axis, is 
tan 

Find the length of 

11. The arc of the cardioid r=a(l— cosfl) between the 
points whose vectorial angles are o and j8. [AllahcAad, 1957} 

12. The perimeter of the cardioid r=a(l— cos 9 ) . 

{Delhi, 1959} 

13. The arc of the spiral between the points 

whose radii vectores are and r^. [JVag^ur, 1961} 

14. The perimeter of the curve f==acos0. *45] 

15. Find the length of the curve f^^®=8cosJ0. 

16. Find theentirelength ofthe cardioid f=a(l+cos0)> 
and show that the arc of the upper half is bisected by 6=Jir. 

[Bonomr, 1959) 

17. Find the length of an arc of the cissoid 

r=3sm*fl/cos(7. [JanuMK, 1953] 


7*2. Intrinsic equations. By the intrinsic 
eqmtion of a curve is meant a relation between s 
and ifj where s is the length of the arc AP of a curve 
measured from a fixed point -4 up to the point P, 
and ^ is the angle which the tangent 
to the curve atP makes with a feed 
straight line (generally the tangent 
^tA). 

(i) To jmd the intrinsic eqmtion 
from the Cartesian equation. Take 
the axis of x as the fixed straight 
line with reference to which f is 
measured. Let the abscissa of the 




152 


LENGTHS OF CURVES 


point from which s is measured be Then, if the 

equation of the curve is j=f(x) , we have 

ta.ntft=df(x)fdx, , . (1) 

and j=J VO+y^}^ 

=Fix),sa.Y. ( 2 ) 

Eliminating x between (1) and (2), we get a 
relation between s and which is the intrinsic 
equation of the curve. 

Ex. Find the intrinsic equation of the catenary 

y=aQosh.{x[a). [Gorakhpur, 1959] 

Suppose s is measured from the point whose abscissa is 0. 
Then '^‘*’1 Vli +sinh® (x/a)} d* 

tssj" cosh(x/a) a!x=a sinh(A;/a). 

Aho ta.np=dyldx=smh.(xla). 

Hence the required intrinsic equation is 


j=a tan p. 


(h) To find the ^ intrinsic equation from the Polar 
equation. Take the initial line as the fixed straight 
line with reference to which >js is measured. Let 
a be the vectorial angle of the fixed point from 
which .ris measured. Then, if the curve r=/(0), 


tan^=xr -^^=^^ , . . (2) 

andj= jy[{/(^)}*+{/'(W<^^ 



=F(0),say. . . . (3) 
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Eliminating 6 and ^ between (1), (2)_ and (3), 
we get a relation between s and which is the 
intrinsic equation of the curve. 

Ex. Find the intrinsic equation of the cardioid 

f=a(l-~.cos0). 195&] 

Suppose ^ is measured from the pole. 

Then 

-V^{(1 — cos fl)2+sin2 B}dB 

r=:2a J sin \B p| 

===4a(l cos |0) =8a sin^ 

Als6t2Ln^^rdBldr 

=s ( 1 —cos B) /sin B ==?tan 

Therefore so that^5=r|0. 

It follows that ^==8<3sin^^^, which is the required in- 
trinsic equation. 

7*3. Length of arc of an cvolnte. If a 

fcurve is given and the length of an arc of ite 
evolute is required, it is not necessary to find the 
evolute first. We can use the following proposi- 
tion (me Text-Book on Biff. Cal., §12*42). 

The difference between the radii of curvature at any 
two points of a curve is equal to the length of the an of 
the evolute between the two corresponding points. 

Examples . ‘ 

1. Show that the intrinsic equation of the parabcia 
j>*s¥>4a* is . ' , ,.j ,5 j- 

a eaaacot^cosec ^ +a log (<»t^4-PO»cc #}»' ■ 
tft being the angle between the x-tads and the tangent at the 
point vdiose distance from the vertex is s. 
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2. Show that the intrinsic equation of the equi^gular 
spiral r=ae”'^, when the arc is measured from (a, 0), is 

where J3 =»tan“^ ( 1 /m) • 

3. Show that in the parabola 2a/r=l+cos &, 

^ = [Gorakhpur, mO} 

diff sin^ ^ 

4. Show that the whole length of the evolute of the 

ellipse is 4:(a^lb--b^ I a). 

5. Find the evolute of a parabola, and show that the 

length of the arc of the evolute from the cusp to the point at 
which the evolute meets the parabola is 2a(3v^3"- 1), where 4a 
is the latus rectum of the parabola. {LucknoWi 1951] 

6. Find the intrinsic equation of the cardioid 

r=»a(l+cos^), 
and hence, or otherwise, prove that 
^*4-9p^==16a®, 

where p is the radius of curvature at any point, and s is the 
length of the arc intercepted between the vertex and the 
point. [Banaras, 1958] 


Examples ON Chapter VII 

L Show that the length of the arc of the parabola 
ji^*a«4ax cut off by the line 3y^Bx is ^(loge2+||)* 

2. If jf be the length of the arc of the catenary y= 

cco%h{xlc) from the vertex (0, c) to the point (x, j), show 

that e®. [Allakabad^ 1957] 

3. In the catenary y^acosh{xla)^ prove that the area 

between the curve, the axis of x and the ordinates of two 
points on the curve varies as the length of the intervening arc. 

, [iMcknow^ 1958 ] 
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4. I 0 the ellipse cos sin show that 

ds =a\/ {I cos^ 

and hence show that the whole length of the ellipse is 

n r, /1.3.5V . 1 

2av\l y ’1 V 2 . 4 ) ' 3 12.4.6/ '5 

where ^ is the eccentricity of the ellipse. 1956] 

5. Find the length of the arc of the curve 

x^e^sinB^ y^e^cosO 

from to 0=|7r. [Allahabad, 1959} 

6. Show that the length of an arc of the curve 

xsinB+yco$B^f'(6), 

xcos6—ysmd^f'^{B), 

is given by s==if{B) +f''{B) +C. [Gorakhpury 1959] 

7. In the four-cusped hypocycloid show 

that 

(i) 5 =§^zcos2^5 ^ being measured from the vertex; 

1954] 

(iij whole length of the curve is 6a. [Baroda, i960] 

8. Prove that the cardioid r=a(i+cos 0) is divided by 
the line 4r cos ^==3a into two parts such that the lengths of 
the arcs on either side of this line arc equal. [Nagpur, 1960} 

9. If s be the length of the curve 

r=atanhJ0 

between the origin and B^27t, and id be the area under the 
curve between the same two points, prove that 

A ^a{s —aw) . [Favgedf, 1 956] 

10. Prove that the perimeter of the limacon 
bcosB, if b/a be small, is approximately 

27ra(l [PJ.a, £/.P.,1958] 

1 1 . Show that the whole length of the limacon 

f==^-f.^cos^ {a>b) 

is equal to that of an eUi|^e whose i^ni-axes' arc cf'iial^'in' 
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length to the maximum and minimum radii vectores of the 
limacon, \Bamrasy 1948] 

[Hint. Take the ellipse to be 

(a +^) COS j — i) sin I.] 

12. An ellipse of small eccentricity has its perimetej 
equal to that of a circle of radius a. Show that its area is 

{\ nt2cdy. 

13. Show that the length of a loop of the curve* 

[Hint. Change the equation of the curve into polar 
coordinates. 5 is merely r.] 

14. Trace roughly the curve ==^^(a^~“2A:^) and show 

that its whole length of arc is 7ta. {Poom^ 1960] 

Show that the area enclosed by the curve isf of that of 
the circumscribing rectangle whose sides are parallel to the 
axes of coordinates. 


15. Find the intrinsic equation of the spiral the 

arc being measured from the pole. 

16. Find the intrinsic equation to a parabola in its 
simplest form. 

Deduce that the length of the arc intercepted between the 
vertex and an extremity of the latus rectum is 

a{V2+Iog(14-V'2)}. 

4a being the latus rectum. \GQtakhpufy 1960] 

17. Show that the intrinsic equation of the cycloid 

xs«»*a(f+sinl)/j«a(l--cosf}' ^ ' 
is ^==4asin^. 1963] 

18. Show that the intrinsic equation of the semi-cubical 
ptimbola 3^*ew2x* is 

, 9.j3=a4a(sec* ^ — 1). . , 
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19. Prove the formula 

Show that the arc of the curve 

between the limits r=:i, r=r is equal in length to the arc of 
the hyperbola xj=^a^ between the limits a : = ^5 x—c. 

[Delhi, 19491 


CHAPTER VIII 

VOLUMES AND SURFACES OF 
SOLIDS OF REVOLUTION 

8*1. Volumes of solids of revolntioii. Let 

CD be the curve 
j=f{x), and let 
a and b be the 
abscissae of C and 
D; and suppose 
that the volume 
of the solid gen- 
erated by the 
revolution, about 
the A:-axis, of the 
area bounded by 
the arc CD, the ° ^ 

AT-axis, and the ordinates of C and D is required. 

Divide AB into n parts each equal to h, and 
erect ordinates at the points of division. Let the 

[G 
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ordinates at x —a + rh and x —a -j- (r-f 1 be PM 
an d QJ^ Construct as in_ the figure, and suppose* 
j goes on increasing as x increases from a to b. 

We shall assume as an axiom that the volume 
of the solid generated by the revolution of the area 
MNQP lies in magnitude between the volumes 
generated by the rectangles MNPP and MJSfQS, 
i,e., between 

'rrlf{a-r-rhy\^h and ■n\J{a-\-{r 

Adding up for each strip into which the ai’ea 
ABDC has been divided, we see that Ae volume 
-of the solid generated by the area ABDC lies m 
magnitude between 

[/{a and [f{a-\-{r+\)k}}^h. 

Now let h tend to 0. Then the two sums last 
written both tend to }, 

wt [J(x)]^ dx, i.e., 7rf dx. 

J a “ 

Hence the volume of the solid generated by 
the revolution, about Ac x-axis, of &e area 
bounded bv Ae curve j=/(x), Ae ordinates at 
x=a, x^b.'md Ae x-axis, is equal to 

J a 

This thcoretn can. be easily modified to give the volume 
when the axis of revolution is not the x-axis, or when the equa- 
tion is given in polar coordinates, or in a parametric form. 

♦This restriction can be easily removed as in the case of 
areas. Sec § 1'8, 
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Thus, interchanging x and in the above formula, we 
see that the volume of the solid generated by revolving (about 
the j-axis) the area bounded by the curve, the lines 
jsssA, and thej-axis, is equal to 

rli 

in which the value of x in terms ofj^ must be substituted from 
the equation of the curve. 

If, however, the axis of revolution is not the j^-axis, but 
a line (sayx==^) parallel to it, the volume will be 

ttI {x--€)^dy, 

for the perpendicular upon the axis of revolution from a point 
on the curve will now be x—c, 

A similar formula can be written down when the axis of 
revolution is a line parallel to the ;r-axis. 

If the curve is given by an equation in polar coordinates, 
say r=/(0), and the curve revolvesabout the initial line, the 
volume generated 

fh Av 

where a and jS are the values of B corresponding to the extre* 
mities C and D of the curve (for which x^a x^b res- 
pectively). 

Now cos sin Hence the volume 

A 

«7rj 

in which the value of r in terms of ^ must be substituted from 
the equation of the curve. 

Similarly, if the curve is given by the equations 

and if the extremities C and D of the curve correspond to the 
values k and I of the volume generated by the revolution 
of the area ABDC about the ;r-axis 
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Finally, if the curve CD revolves about_ some straight line 
AB which is not the x-ot the ji-axis, and if CA, DB are the 
perpendiculars on AB from C and D respectively, we can 
choose temporarily AB and AC as new axes of reference, say 
as the axes of i and ij. Then the volume generated by the 
revolution of the area ABDC about AB 




The integral can be evaluated by the usual methods 
after expressing and dk\dx in terms of as in a worked 
out example below. 


Ex. 1. The curve y^l{a+x)^ 
x^{3a--x) revolves about the axis of x. 
Find the volume generated by the loop. 


na 

Volume required y^dx 

CM x^{3a-x) j 

«*ir| — dx 

, J 0 a+x 

fM ( 4^3 \ 

** j® 

*s**'ir| — 

+4a» loge (*+a) 



«»»ir{r--3#+4«^ logj 4) «ir (8 logg 2 -—3} a®. 

Ex. 2. The part of the parabola cut off by the 

latiis rectum revolves about the tangent at the vertex. Find 
the volume of the reel thus generated. 

Here the axis of revolution is the j-axis and so we use 
the formula w^x^dj instead of the formula wlj^ dx. Also, on 
account of symmetry, wc can find the volume of the solid 
generated by the parabola from the vertex to the end of the 
latus-rcctum (a, 2a) and double it to obtain the total volume. 
Thus the required volume 


x^dy^lw 
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Ex. 3. Find the v jlume of the'solid generated by the 
revolution of the cissoid Y i 

;r=s2asin»i, ;>=»2a>m»t/cost j 

about its asymptote. _ / 

The asymptote is x —2a. The perpendic- / 

ular on it from any point on the curve / 

is, therefore, 2a— x. Also, there is symmetry — — ■ — 

about the*-axis. O XxJa > 

Hence the volume required \ 


3 sin® t cos® t +sin* t 


j cos®tsin®t(l+2cos*f)dt 

rdioid r=a(l +cos 6) revolves about the 
volume of the solid generated. [Del., *60] 


Ii2 


VOLUMES ANB ■SURFACES 




on the curve which is on the extreme left hand side be C, and 
let its abscissa be — i and the vectorial angle ct* Then the 
volume required » the volume generated by the jportion ABC 
of the curve -*the volume generated by the portion CI>0 


fo 


f-lc rsa 

==TrJ yi^dx-\-v\ by §5‘2(ii), 

0-a Ay rfi“0 ^dx 


J J $^a 






-.j 

s:— ttI a®(l-|-cos^)®sin®0~ {a(l +cos 6)cosB}d6 
J (1 -1-cos B)^ sin® B (2 cos ^ + 1 ) 


Tir/a 

=27ra® j (1 +5 COS® 6) sin* 6 dB^ by § 5*2, 


Jo 


=2fl‘a® 


Hi) ,qA§)^(2)) . 

-f-o ^ j “ 


2m 


mi) 


=|7rfl*. 


Ex. 5, The area cut off from the parabola y^7s=z^ax by 
the chord joining the vertex to an end of the latus rectum is 
rotated through four right angles about the chord. Find the 
volume of the solid so formed, 1960] 

Let A be the vertex, S the focus, the latus rectum* 
Let P be any point (x, y) on the 
arc AL, and FM the perpendicular 
on AL. 

Let FM^iq^ 

Then, since the equation to is 

. ri^PM'^{y--2x)l^5 

.Also . .AM^'^AF^-FM^- 

--- ( J -•2x) */5 
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Therefore , J =(^' +4"\/ /V^ • ■ 
Hence the required volume 
r AL _ _ i 




Multiplying out and integratingj we easily find that the 
volume 

=(2V5)7ra»/75. 


Examples 


L Show that the volume of a sphere of radius r is |7rf^, 

ILucknoWy 1951] 

2. Find the volume of a spherical cap of height k cut 

oif from a s|foiere of radius a, [Baroda^ 1960] 

3. A segment is cut off from a sphere of radius a by a 
plane at a distance Ju from the centre. Show that the 
volume of the segment is 5/32 of the volume of the sphere. 

[AUgarkt 1958] 

4. Find the volume of the paraboloid generated by the 

revolution about the ;r-axis of the parabola y^=^ax from 
;^r=:0 to a:==A. [Utkaly 1956] 

5. Find the volume of the solid generated by revolv- 
ing the ellipse 

about the praxis, 1960] 

6. The part of the ellipse 

cut off by a latus rectum revolves about the tangent at the 
nearer vertex. Find the volume of the reel thus generated* 

[Banaras^ Geophysics ^ 1957] 

7. Prove that the volume of the solid generated by the 
revolution of an ellipse round its minor axis is a mean propor- 
tional between those generated by the revolution of the 
ellipse and of the auxiliary circle ateut the major mh. 

^ [Panjab, 1962] 
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8. If the hyperbola 

revolves about the ^axis, show that the volume included 
between the surface thus generated, the cone generated by 
the asymptotes and two planes perpendicular to the axis 
of;e, at a distance h apart, is equal to that of a circular 
cylinder of height h and radius b. 

9. A solid of height k is bounded by two parallel 
faces of areas Ai and and the area of a parallel section 
at a distance x from one face is given by ^ the formula 

A is the area of the section which is exactly 
midwajr between the two faces. Show that the volume of 
the solid is 

ik{At+4A+A^). [U.P.F.S., 1953] 

10. Prove that the volume of the solid generated by the 
revolution of the curve 

j' 

about its asymptote is IBanaras, Geophysics, 1960] 

11. Trace roughly the curve *j<*i=4(2 — a:). 

Find the area enclosed by the curve and j»-axis, and 
also the volume of the solid formed by the revolution of 
the curve through four right angles about the jj-axis. 

12. Find the volume of the spindle-shaped solid gener- 
ated byrevolving the astroid a*'» about the x-axis. 

[Madras, I960] 

8*2. Surface of solids of revoliitioa. Let 

CD be the cvixvty==f(x) (see the figure on p. 157) 
and let the abscissae of C and D h& a and b. 
Further, let the length of the arc firom C up to any 
point P{x, y) be j, and suppose that the curved 
surface of the solid generated by the revolution 
of CD about the ;e-axis is required. 

Divide AB into n parts each equal to h, and 
erect ordinates at the points of division. Let the 
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ordinates at x=a-\-rh and A;=a-f be PM 

BXid QJ^, and construct as in the figure. Ijet the 
arc PQ, be equal to a, and suppose* y goes on 
increasing as AT increases firom a to b. 

We shall assume as an axiom that the curved 
smface of the solid generated by the revolution 
of MJ^fQP about the x-axis lies in magnitude be- 
tween the curved surfaces of the two right circular 
cylinders, each of thickness a, one of which has the 
radius PM and the other the radius i.e., ‘ 
between 

2i^{a+rA}cr and 2irf{a+(r-l-l)A}a. 

Adding up for each strip into which the area 
*45jD(7has been divided, we see that the surfece of 
the solid generated by the revolution of ABDC 
lies in magnitude between 

fl— *1 *1— I 

and 2ff^ |/{a-f (r-f-l)A}A. 

Now let h tend to zero. Then afk tends to 
Jsjdx, and so the two sums last written both tend to 

Hence the curved surface of the solid gener- 
ated by the revolution, about the x-axis, of the 
area bounded by the cinve ^=/(x), the ordinates 
at x=a, x=5, and the x-axis, is equal to 

' ' ' ' . . 

■ 2*7r| : yds#'.' 

J Xma 

When the axis of revolution is not the x-axis, or when 
t!ie equation is given in polar coordinates, the same device# 
may be used as for finding volumes. 

♦This restriction is easily removed as in § 1*8. 
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:m: Find the surif^e of the solid generated by the 
revolution of the astroid ^ I 

y=asm^ t i 

about the axis of X \Agra^^%2\ /V 

Here dxlit =» ■— gos^ t sin t J ' ■ 

^ djjdii^Sasin^i cost ■ 

Thctcfotc ds I dt^±3a sin i cos t. ^ 

Also, as X varies from 0 to a, \ / 

I varies from |7t to 0; and there \/ 

is symmetry about the j^-axis. 

Hence the required surface 

rx-“a fO 

-2x27t yds--^Air\ y^di 

Jx-O Jir/2 dt 

rTj2 . , 

2 == 1 2rra^ suri t co% tdi, giving that sign to dsjdi 
jo , ^ ^ " 

which will give us a positive result, 

[ ' IT/S 

sin®/ j 

Examples 

1. Show that the surface of the spherical zone, con- 
tained between two parallel planes is equal to 27Tak^ where a 
is the radius of the sphere and h the distance between the 
planes, lAUahabady 1953] 

2. A circular arc revolves about its chord. Prove that 
the area of the surface generated is 4irfl*(sina— a cos a), 
where a is the radius and 2a the angle subtended by the arc 
at the centre, ■ lAliakabad^ 1959]' 

3, Find the surface of the solid formed by the revolution, 
about the axis of j*?, of the part of the curve from 

X'^Q' to Ar=4<i which is above the x-axis, [AllaMbad^ 1957] 
4, The arc AL of a parabola, where i4 and L are 
respectively the vertex and an extremity of the latus rectum, 
is revolved about its axis. Find the area of the surface 
generated, [Baroda, 1960] 

5* Find the area of the surface formed by the revolu- 
tion of x* +4??® =16 about its major axis. {Baroda, 1960] 
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6. Prove that the sxirface of the prolate Sfjheroici foimed 
by the revolution of an ellipse of eccentricity ^ about its 
major axis is equal to 

2. area of ellipse.{y(l— e^)+(sm‘“^^)/e}, [J.J.5., 1952] 

7. The coordinates of a point on a cycloid are 

;v=^(^+sin 0), j=a(i+cos^). 

Show that the ratio of the area of the surface formed by 
the rotation of the arc of the cycloid between two consecu- 
tive cusps about the axis of to the area enclosed by the 
cycloid and the axis of x is [GorMpur^ 1960] 

8. Prove that the surface of any zone of a paraboloid 
of revolution is proportional to the difference of the radii of 
curvature of the generating curve at the points where it is 
cut by the bounding planes of the zones. [The solid formed 
by the revolution of a parabola about its axis is called a 
paraboloid of revolution.] 

8*3. Theorems of Pappus*, (i) If a closed 
curve revolves about a straight line 4n its plane, which 
does not intersect it, the volume of tfu ring^ thus 
formed is equal to the area of the curve multiplied fy 
the length of the path of its centroid. 

Take the axis of rotation as the ar-axis, and let 
CPf)P^ be the closed area. 

Let CA and DB be the 
tangente parallel to thej>>-axis, 
their equations being x~a, 
x—b respectively (a<b). 

Let the values ofj corres- 
ponding to any x bej'i andja- 

♦Pappus, a geometrician of great power, lived and 
taught at Alexandria about the end of the third century. 
The theorems about surfaces and volumes of solids of 
revolution now named after him were first given by him in 
his Matfumaiical Collections, the only work of his stiu extant. 
These theorems were re-discoveiro by P. Guldin over 1,000 
years later, and so they are sometimes called GulSn*s Theomu. 
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Then the volume generated 

=volume generated by ^ 

—volume generated by AtSLir-^ 

yfdx^\\yr‘i=:=’’\\ (J’Z-V) *■ 

Now it is well known (or see next chapter) that 
the ordinate of the centroid of the area of the 
closed curve CP-jPP a 1®^ given by 

if 

J a 


where A is the area of the closed curve. ^ 

Hence the volume generated=2inji4, whicb 

proves the theorem. 

(ii) If an arc of a curve revolves about a stmgat 
line in its plane, which does not intersect it, the su_ ace 
generated is equal to the length of the arc mulUplted 
by the length of the centroid of the arc. 

Take the axis of rotation as the x-axis, and 
let the absciasae of the extremities of the^c ^ 
a and b. Then the surface generated by the 
revolution of the arc is equal to 

p-b 

2it\ yds. 

J. x»»a ■ V 

Now it is well known (or see next chapter) 
that the ordinate iq, of the centroid of the arc from 
to of length is given by 

yds 

J X*£t 

• 

Hence the surface generated =2 v’?/, which 
proves the theorem. 
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Note 1 The closed curve or arc in the atove theorem 

^ of „vokti.n; b«. bo «n=.„a»d 

by it, for even then the above proofs apply. 

Note 2. When the volume or surface gencra^is ^^ 

wise known, the above theorem my 

the position of the centroid of the generating area or curve. 

Ex. 1. Findthesurface-areaand volimeof thea^ 

ring generated by the revolution of a ° jjJ^^^ntre 

about an axis in its own plane distant b ^ 

{b>a). ’ 

The centroid of the area of a circle and ^ 
also of its circumference is the centre. ^ X 

Hence the volume of the anchor-ring I , 1 

=jr3* . 2'7r6==2'n'*a*A. j 

A<»ain, the surface area of the anchor-ring ^7 

=2'jra . 2wA=‘lw*fli. j 

Ex. 2. Find the position of the cen- -i .. .. .. y .. 

troid of a scmi-circular area. ° 

By symmetry it is evident that the centroid must be 
somewhere on the radius which y 

is perpendicular to the bounding 

diameter. Let the distance ot 

the centroid from the centre X. 

Ohei). / .C.G. \ 

Then 2in}Xarca of the / 9 \ 

semicircle ss'Volume of a sphere * o'' ' X 

of radius a. 


Hence 


1 fwa*^^ 
"2B-*iffa* Sw' 


Examples 

1 Find the volume of the ring generated by the 
revolution of an ellipse of eccentricity 1^/^ about * 
line parallel to the minor axis and situated at a distance 
from^he centre equal to three times the major axis. 
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2. The loop of the curve 2ay^ i=x{x --a ) * revolves about 
the straight Ime j^=sa: find the volume of the solid generated. 

lAlMabad, Wmi 

3* A groove of semi-circular section of radius b is cut 
round a circular cylinder of radius a; prove that the volume 
removed is Show also that the area of the 

surface of the groove is 

4. Find the volume of the ring generated by the revolu- 
tion of the cardioid f=£ 2 (l+cos^) about the line r cos 
»a0, given that the centroid of the area of the cardioid is at 
a distance from the origin. 

5. Establish Pappus theorems on surfaces and volumes 
of solids of revolution. 

Apply the results to determine the position of the centre 
of gravity of (i) a quadrant of a uniform circular lamina, 
(ii) a quadrant of a circular arc. IKarmiaJt^ 1954] 

6. The lemniscate r® cos 2 6 revolves about a tangent 
at the pole. Show that the volume generated is 

[Panjabf 19 ^ 4 '] 

Examples on Chapter VIII 

1. The hyperbola revolves about the 

axis of X. Show that the volume cutoff from one of the two 
solids thus obtained by a plane perpendicular to the ^c-axis, 
and distant h from the vertex, is 

2. The part of the curve between 

and rotates about the x-axis. Obtain the volume of 
the solid thus generated. 

3. Find the volume of the solid formed by the revolu- 

tion^of the loop of the curve y^^x^(a---x)l{a+x) about the 
jf*-axis. 1960] 

4. ^ Show that the volume of the solid generated by the 
revolution of the curve ; ■ 

about its asymptote is iw^aK [Allahabad, 1959] 
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! 5. Find the volume generated by the revolution of the 

loop of the curve about the axis of 

6* A basin is formed by the revolution of the curve 

(y>0) about the axis of 7. If the depth of the ; 

basin is 8 incheSj how many cubic inches of water will it 
I hold? [Baroda, 1959] 

7. A quadrant of a circle of radius -a revolves about 
its chord. Show that the volume of the spindle generated is 
{7r^6^/2)il0-3w)a^ [Mgpur, 1952] 

8. Find the volume of the solid generated by rotating 
completely about the x-axis the area enclosed between ^ 

and the lines x=2 and x^4:, 

\ 9. The volume of a hemisphere is divided into two 

• : equal parts by a plane parallel to its base. Show that the 

distance of the plane from the base lies between three-tenths 
a lid four-tenths of the radius of the hemisphere. [ i7.P.F,5., ’58] 

10, The figure bounded by a quadrant of a circle of 
radius a and the tangents at its extremities revolves about 
one of the tangents. Prove that the volume of the solid 
generated is (f [Boom, 1956] 

, 11, The area between a parabola and its latus rectum 

revolves about the directrix. Find the ratio of the volume 
of the ring thus obtained to the volume of the sphere whose ^ 

; diameter is the latus rectum. '[Allahabad^ 1958] 

f 12. If i be the radius of the middle section of a cask, 

i and a the radius of cither end, prove that the volume of 

I the cask is .■ 

where h is the length of the cask, it being assumed that the 
generating curve is an arc of a parabola. 

13. Find the volumes of the oblate and prolate spheroids 
; generated by an ellipse whose major and minor axes are 

(24ir)^^ and 1956] 

14. The ellipse is divided into two 

I parts by the line and the smaller part is rotated 

through four right angles about this lific. Ptove that the jJ 

^ volume generated is fi 

I fPujWttoi, 1960] I 
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15. A solid Spheroid formed by the revolution of the 

ellipse about the major axis has a cylindri- 

cal hole of circular section having the major axis as axis 
drilled through it* Prove that the volume of the solid whicli 
remains is 47r6®P/3a^ where 21 is the length of the hole. 

IGorakhpur^ I960] 

16. Find the area included between the curves 

and x®sB3?*, and find the volume of the solid of revolution 
obtained by rotating this area about the x-axis. ’53] 

17. Show that if the area lying within the cardioid 

r=2c(i +COS0) 

and without the parabola r(i +cos $) =2a revolves about the 
initial line, the volume generated is ISTia*. lUjjain^ 1960] 

18. Show that the volume of the solid generated by the 
revolution of the cycloid 

^«<i( 04 -sin 0), j=s:^(l— cos <9), 
about the j>*axis is |), [Rajasthany 1961] 

19* Prove that the volume of the reel formed by the 
revolution of the cycloid 

x~^(0-fsin^), — cos ^) 

about the tangentat the vertex is [P.C.*?., U.P.fFmsf 60] 

20. Find the area A between the curve 

j=sa(sm4f+i sin 3x+Jsm5;r) 

and the axis of x between the termini (limits) 0 andir; and 
the volume F obtained by rotating this area about the axis 
of X. Prove that AV^w^mA. {Madrasy 1951] 

21. Sketch the curves 

x), (^2— 

Prove that the volume obtained by revolution about 
of the area enclosed between these curves is ffi 2®(4 -7r)/4. 

IBanarcu, 1956j 

22. Find the volume of the solid formed by revolving 
one loop of the curve 

r**=a*cos2?. 
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(i) about the initial line, and (ii) about the line | 

IFirst part, Rajasthan, 1962; Second part, Rajasthan IBBGl | 

23. Show that the curve r =1 +2 cos d consists of an outer ] 

and an inner loop. | 

If the area of the inner loop is rotated through two right | 

angles about the initial line, show that the volume of the solid i 

so formed is tt/ 12. [Delhi, 1962] | 

24. Prove that the volume generated by the revolution 1 

of the limacon cos 0, a>b, about the initial line, is | 

1959} I 

25. Prove that the volume of the solid generated by the :i 

revolution of the conchoid r 4-^ see B ( •— |7r< B< ^rr) about 

its asymptote is 

2fffi®(§a4-i7r6)% 

26. The part of the parabola cut off by the la tuS j 

rectum revolves about the tangent at the vertex. Find the ? 

curved surface of the reel thus generated. [Rajasthan, 1960] 

27. Find the area of the surface swept out by the arc ^ 

of the rectangular hyperbola extending from the I 

vertex to the end of the latus rectum, when rotated through | 

four right angles about the axis of at, [Allahabai, 1957] ' I 

28. The arc of the cardioid r=a(l-fcos 6) included i 

between — |7r< is rotated about the line Find 5 

the area of the surface generated* [Magpur,^ 1961] t 

29. The curve , ■ ] 

f=a(l +costf) 

revolves about the initial line. Find the volume and the i 

surface of the figure formed. {First Part, Rajasthan,^ 61] ■ 

30. The lemniscatef^=(2‘^ cos 25 revolves about a tan- 

, . gent at. the pole* Show that the surface of the solid generated \ 

IS 4trA ^ ^ 1959] I 

31. Prove that the surface and volume of the ssolid 

' generated, by the revolution, about the Af-axis, of the loop of 
the curve 1 

X^i\. i# 

are respectively Stt and l^r. [Delhi JEfoiu., 1958] 1 

12 10 \ 
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32. Prove that the surface and volume generated by the 
revolution of the tractrix 

Ar=^ cos tan^ |l, 

about its asymptote are respectively equal to the surface and 
half the volume of a sphere of radius a. 

[Agra^ 1959 ; First part, Ujjain^ 1960] 

33. Find the volume and also the surface generated by 
the revolution of the catenary 

cosh (Ar/r) 

about the axis of X. 1951] 

34. ^(0, u) and are two points on the curve 

whose equation is j—a cosh (Ar/a), and r is the length of the 

ji, . arc AP. If the curve makes a complete revolution about the 

' x-axis, prove that the area S of the curved surface, bounded 

I ' ; by pi lines through A and P perpendicular to the A:-axis, and 

|i the corresponding volume r arc connected by 

^3(5 F==7r« (uAf +-!y) • 

35. An area lies altogether on one side of an axis in 
its plane. Prove that the volume of the solid formed by 
the rotation of the area about the axis is equal to the area 
multiplied by the distance traversed by its centre of gravity. 

Hance prove that the volume of the solid formed by 
the rotation about the line 9=0 of the area bounded by 
the curve f=s/(9) and the lines 9=r9j, 9=9g, is 

§77 f 1950] 

Find the volume of the solid formed by the revolution of 
the cardioid r=?^(l +cos 0) about the line 9=0. 
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chapter IX 
APPLICATIONS 


9*1. ^ Centre of gravity. It is proved in books 
on Statics that if tlie centre of gravity of masses 
ffjg, which have their centres of gravity at 

is a, rj), then 
. Smx Smy 


where Psw means miXi-rm^x^~r ... +»^n^n» -Sn 
and Smy have similar meanings. 

In the case of continuous distribution of matter, 
the above summations become definite integrals. 

(i) Centre of gravity of an aw. 

Let CD be an arc of . 
the curve . ?=/(*) fi:om v p/ 

x—ato x=b, and let / 

an d DB be the ordinates of / 

CandD. Divide\^into s o/ 

n parts, each of length A, pI^r 

and erect ordinates at the ' 

points of division. Let 

the points the abscissae oa mn ex 

of which are a+rh and 

a-f-(f+l)A be P and and let 0 - be the length of 
the arc and r that of CP. 

Then, if A be the mass of uoit ltoglh of the arc, 
it is obvious that Smx for the ' ^ PQ, lies in 
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magnitude between Xa.OM and Ao-.OJV, i.e., 

between 

and Xa{a-^{r-\-l)h}. 

Adding up for all the parts into which CD has 
been divided, we find that Smx for the arc CD lies 
between 

y X{olh){a+rh}k and V X{alh){a+{r+l)k}h. 

... ( 1 ) 

Now let k tend to zero. Then the two sums last 
written both tend to 

fx^b ^ |.x=b 

A I x -j-dx, i.e., A xds. 

Jx^a dx ’ ’ ’ 

supposing that A is a constant. 

Also Dm=mass of the arc CD=XL if the length 
of tlie arc CD is j&. 

fXssh 

I xds 

Hence , 


the only modification required in the above proof 
being that in the sums (1) there will be 
f{a~\-rk} and y^{«+(f+l)^} 

instead ofa+rh and a+Cr-f-l)^, so that we shall get 
y in the final result instead of s:. 

(ii) Centre of gravity of an area. Suppose the 
cen tre of gravity (|, 17) of the area bounded by the 
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curve CD, the jc-axis, and the ordinates at C and D 
is requu-ed. Let fji. be the mass per unit area. 

We shall find tj first. 

With the same construction as before, the area 
under consideration is divided into strips. The 
contribution to by any one strip of breadth h 
is equal to 

/iXarea of the strip iV/JVi^X distance ofite 
centre of gravity fi*om the ;f-axis. 

Now for the rectangle MJ^RP the mass is evi- 
dently less and its centre of gravity is nearer to the 
*-axis than for the strip MJN'QP. The reverse is 
the case for the rectangle MMQS. 

Also, the distance of the centi'e of gravity of 
the rectangle MMRP or MJ^QS, fi-om the *-axis, is 
equal to half its height. 

Hence for the strip MNQP lies in magni- 
tude between 

. A/{a4-rA} . |/{a+rA} 

and ii.hf{a-\-{r+l)h}.^f{a-\-{r-\-l)k}. 

Summing up for all the strips, and assuming 
that ju is a constant, we see that for the area 
ABDC lies in magnitude between 

and 

Now let n tend to infinity. Then both these 
sums tend to 

^pr\fix)ydx, 

J x^a 
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Also 2Jm=fia, where a is the area of the figure 
ABDC. 


Hence 



Similarly 



(in) Centre of gravity of a closed areanot cutting the 

axes. Suppose that the centre 
of gravity (i, tj) of the closed v 
area CPf)P^ is required. 

Let CA, DB be the tan- 
gents parallel to thej-axis, A 
and jB being on the x-axis. 

Let OA=a, OJ5=^. Let the 
values of corresponding to 
any x be and y^. 

Then the figure CPfBP^^ of area a, may be 
regarded as the difference of the figures ABDPf! 
and ABDP jC, of areas, say cg and and with 
cen tres of gravity at distances rj^ and % firom the 
x-axis. Then, if ju be the mass per unit area, the 
fundamental formula for the position of the centre 
of gravity gives 

ij^y/elx~ij^yi^dx 
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(iv) Centre of gravity of a surface of revolution. 
By methods similar to those used above it is easy 
to show that the centre of gravity of the suidace, 
of area S, generated by the revolution of the curve 
jz=f(x) from x=a to x—b, is (^, 0) where 


27t xyds 

J Xatfl 


(v) Centre of gravity of a solid of revolution. We 
can also show similarly that the,centre of gravity 
of the solid, of volume V, generated by the revolu- 
tion of the area bounded by the cxixvty—j{x),xhe 
ordinates at x=a and x—b, and the ;:-axis, is 
(I, 0), where ^ 

-TT I xy^dx 


Note 1. The centroid, centre of mass, centre of inertia, cmtrt 

of position all coincide with the centre of gravity. 

9 If A . n, or p (volume-density) is variable, the above 
formulae all become modified. It is easy to see tj^^ *e nw 
denominators in the expressions for | and wU 
of the arc, area, surface or solid whose centre of gravity 
to be determined, and the integ^ds in the nw mancraton 
will be the old integrands multiplied by the factor A, ji, or p 
Ts the case may be, it being assumed m the last case that p 
is a function of x alone. 
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Ex. 1. Find the position of the centre of eravitv of an 
arc of a circle of radios a, which sub- ® ^ “ 

tends an angle 2a at the centre. v 

_ _Xafce the centre of the circle as the 
origin and the radius which bisects the \ 

arc as the *-axis | 

. . ^^ (^» ■>?) be the centre of gravity / X 

by symmetry that ii=o! / 

Also, if the vectorial angle of any / 

point {x,y) on the arc is we have by ' 

ec ion (i) above, since the length of the arc is equal to 2aa, 

2^ai=‘j^__^xdi~j"^^acos0.ade=2a’>j\os$dff 

sin a. 


Hence 


mriboh^a Knd the centroid of the area enclosed by the 

p abola ji «4a* and the double ordinate x=h. [Utkal, 1951] 

A1so^LT“‘’'^’ 1‘’ of gravity, n=0 

on one side onlv ^2 r ^ ^ consider the area 

Hence formula of section (ii) above will apply. 


1 xydx 

I J 

rh 

0 

•ft — 1 

ydx 

r'fi 

x^'^dx 

0 


gravity of a hemisphere.^'^'^ ‘ 

perpeTrd1cdar‘'to?he°Sanfbase^ V!h the radius 

of.. Then, by sectiof ^ atovef ^ 
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_"J 

1 

! xy^dx 1 
' h 

A:(a®— *®) dx 

h 

7r| 

j 

J 

h 




Jfl4_|a8AS+|A* 
|a® — a*A+|A® 
_3(a--A)*(a+/2’i* 

~ '4:{a—h)*(2ii-^h) ' 


3(a2-A*)* 


■4(2<23-3a®A+A®) 
_ 3(a4-/i)® 
‘4{2a+A)' 



\ 

y) 

0 



Putting wc see that the C.G, of a hemisphere is at 
a distance |a from the plane base. 


Examples* 

Find the centre of gravity of 

L The arc of the parabola y^=Aax included between 
the vertex and the point whose abscissa is 

2. The arc of the catenary jt=acosh{xla) from the 
vertex to the point 

3* The arc of the curve < 2 *^^ Included be- 

tween two successive cusps. 

4. A sector of a circle. 

5. A segment of a circle; in particular, a semi-circle. 

6* The area between the curve js=sinje from to 

and the ^f-axis. ■ ■ ■ 

7. The area between the x-axisand the ordi- 
nate at [i4%afA, 1949] 

: 8. 'Thc' area between the curve ^(2<i^x) *=ax* and its 
asymptote. [AUgmrk^ 1948] 

♦Froin Loney’s Elementaiy Treatise on Status. 


I 
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9* The area of the loop of the clirve 

10, The area within the cardioid f=i2(l+cos^). 

IBaroda^ 1959] 

IL The area of one loop of the lemniscate 
r8=?<2^ cos 20. 

12. The area enclosed by the curves y^=:ax and =3j?. 

IJBamras^ Eng.y 1958] 

13. The area cut off from the parabola y^==:4:ax by the 
straight line j==m. 

14. The surface formed by the revolution of the cardioid 
f =aaa(l +COS B) about its axis. 

15. The solid formed by the revolution about the x-axis, 
of the parabola j>®=ss4(2;if cut off by the ordinate 

[Andhra, 1954] 

16. The solid formed by the revolution of the cardioid 

r=^i:(i+‘cos 0) 

about the initial line. 


9*2. Centre of pressure. If a plane area 
be in contact with a lic[uid, the point in the plane 
area at which tlie resultant pressure acts is called 
the cenire of pressure of tlie area. We shall suppose 
throughout tliat the plane area is vertical. 

It is shown in books on Hydrostatics that if 
the plane area be divided into a number of parts, 
and if a be the area and x tlie depth (below tlie 
surfece of the liquid) of the centre of presstu-e of 
any such jpart, then the depth of the centre of 
pressure of the complete area is where 

i=^lEax^lSax. 
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Let CPiDPg be the plane area, CA and DB the 
horizontal tangents, A and Bo y 

being on the ;c-axis. Let 0^=a, | ^ ~ 

OB=b. Divide AB into n parts, * '■>v 

each of length h, and draw hori- / ^ 

zontal lines through tire points of | \p 

division. Taking axes as in the ’ 

figure, letji and be the values \ J 

of the ordinates corresponding ^ V ^ 
to any value x of the abscissa. o 

X 

Then we can show, exactly as in tlie case of the 
centre of gravity, that 


\ {y%~yi)xdx‘, 

also, that tlie ordinate t] of the centie of pressure 
is given by 

{yt~yi)xdx\j {^[y^~y^)xdx. 


Ex. A circle of radius a is immersed 
vertically in a liquid, the depth of the centre 
of the circle below the surface of the liquid 
being A; find the depth of the centre of 
pressure. ' 

Take axes as in the figure and let 6 
be the angle which the mdius to any point 
F, (-^is on it makes with the negative di- 
rection of the ;r-axis. Then 7 ; =0 by symme- 
try. Also, if the values of y corresponding 
to are y^ and Ja, then 
xas#A— «cosl* dxiS sin 0. Hence-- 
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a COS ^cos^) 

since ^=A— ^cos 5, 

sl2 sin^ 6 (/i^+^^cos^ 6) dd \ ^2 f hsin^0dBj 

' by§5-2, 

h^rmm)l2m +a^r(^)r(^)i2r{3) 

' ; wll) Ai)/2r(2) 

-k+a^l^L 


Examples 

Find the centre of pressure of the following area when 
immersed vertically in a liquid : 

1 . A rectangle with one side in the surface of the liquid. 

2. A triangle with its base in the surface. 

3. A triangle with its vertex in the surface of the liquid 
and base horizoiitaL 

4. A rectangle with two sides horizontal and at depths 
ki and Aa below the surface. 

5. A triangle with one side horizontal and the verti- 
ces at depths Ag and {ki<hf). 

6. A semicircular area, when the radius is a, and the 
depth of the bounding diameter (which is horizontal and 
nearest the surface)- is b, 

7. An ellipse, completely immersed, with the minor 
axis horizontal and at depth A. 

8. A completely immersed segment of a parabola 
bounded by the latus rectum with the axis vertical and the 
vertex downwards and at a depth A. 

■9.,, An .area ' bounded by the curve an 

atwcissa"'of length ,A and the' ordinate .'at- its extremity, is 
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placed ia water with this ordinate in the surface* Prove that 
the depth of the centre of pressure h^L 

10* A square is immersed with its diagonal vertical and 
its lowest point as deep again as its highest point. Find the 
depth of its centre of pressure. 


9*3. Moment of inertia. If particles of 
masses -5 be situated at points whose 

perpendicular distances from a given straiglit line 
axe fx> ^25 ^n> tihen 

2mr% 

i.e.j, + • * • ^ called the momeni of 

inertia of the system about die given line. 

The moment of inertia is of great importance in the 
dynamics of rigid bodies* Thus the kinetic enerp" of a 
body rotating with angular velocity m about an axis AJS is 
equal to 

|(moment of inertia of the body about Xa>®. 

If the moment of inertia of a body of mass M about any 
axis AB be MJt^, then A is called the radius of gyration of the 
body about AB, 

The moment of inertia of a single particle of 
mass m and at a distance r jErom the given line is 
thus mr^ about tlic given line. If instead of a single 
particle, we have a straight or a /circular line, or a 
cylindrical surface, whose mass is m and eveiy point 
of which is at the same distance r from the given 
line, then the moment of inertia about the given 
line of the mass m will evidently be mr*. 

These considerations and the following two 
theorems enable us to find the moment of inertia 
of several bodies. 
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I * Lei GX be any straight line through the centre 
of mrtia G of a body of mass and let OX^ be any 
parallel straight line. Then the moment of inertia of 
the. bod^'' about OX' is equal to the moment of inertia 
"of fhe body about GX together witk the moment 
of inertia of a particle of mass placed at G^ about 

w:. ■ 

2. The moment of inertia of a plane lamina about 
any straight line 0^ perpendicular to U is equal to the 
sum of the moments of inertia about cay two perpen- 
dicular straight lines OX^ Of in the lamina mhich pass 
through the point of intersection 0 of the lamina and 0^, 

The proofs of these theorciBS do not depend upoin 
integration and will be found in any text-book on Rigid 
Dynamics, .■ 

Ex. 1. Find the moment of inertia of a , rectangle 
about one side and deduce the y 
moment of inertia of a thin rod 
of length 2a about an axis through c 
the middle-point perpendicular 
to the rod. 

Take two adjacent sides of 
the rectangle as the axes of refer- 
ence as in the figure* 

;■ Let the sides OA, OC be of lengths a and b respectively, 
and,'let ft be the surface density. 

Divide OA into n parts each equal to h. 

' , ' ..The mass . ^ 

Then the moment of inertia of about OC lies 

'between ... 



pt,bk(rh)^ and 
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. Siimrairig up and taking li.mitS 3 we see that the moment' 
of inertia of the rectangle OABC about OC is equal to 


5 J fix^ dx. 


If ja is a constant, we see that the moment of inertia qf a 
rectangle,^ one of whose sides As of length a, about the other sMe^ is 
■ equal io„ i.e., 

Ma®/3, 

where M is the mass of the rectangle. 

Goroleary. It follows from the above that the moment 
of inertia of a rectangle of length 2a about a straight line through 
its centre bisecting the sides of length 2a is* Ma‘^/3. For, the 
rectangle of length 2^2 can be regarded as composed of two 
rectangles each of length 

Consequently the moment of inertia of a thin rod of length 2a 
■about an axis through its centre perpendicular to the rod is Ma®/3* 
For, we can regard the thin rod as a thin rectangle. 

These results can be also easily established independ- 


Note. By applying Theorem 2, we see that the moment 
of inertia of a rectangle haoing sides of lengths 2a^ 2i, about an 
axis through its centre perpendicular to its plane is 

It follows from this that the moment of inertia of a re€iangu<- 
lar parallelopiped hamng sides of lengths 2a, 2b, 2c, about an axis 
through the centre parallel to the 2c iy |M(ii*+W)* For, 
we can regard the parallelopiped as made up of an infinite 
number of thin rectangles. ^ 

Ex. 2. Find the mo- ^ 

ment of inertia of an elliptic 

disc having axes of lengths ■ ■ 

2a, 2b, about the major axis. ' ' 

Take the major axis as , \ 

the axis of x, and the minor 1 ^ I 

axis as the axis of> O M H a X 
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Divide OA into « parts, each equal to A, and erect 
ordinates at the points of division. Let PM and be the 
ordinates at distances rh and (r+i)A from 0. Let ft be the 
surface-density. 

Then, by Ex. 1, the moment of inertia of MKQP about 
OX lies between ft . PM .h . ^PM^ and ft • Qjsf . h . 
Summing up and taking limits, and noting that the ellipse is 
symmetrical about both axes, we see that the moment of 
inertia of the complete ellipse about OK is equal to 



Suppose ^ is constant. Also let x=:acos<f>. Then j— 
A sin^, and the moment of inertia required 

=t . I . iff . ifiab^ 

i.c., the moment of inertia of an ellipse about the major axis is 
where M{^iTabyi) is the mass of the ellipse. 

Similarly, the moment of inertia about the minor axis 
is Ma^/4. 

Corollaries. It follows that the moment of inertia of a 
circle of radius a about any diameter is Ma‘^/4, a?id about an axis 
through the centre perpendicular to its plane is Ma^/2. Evidently 
this must also be the moment of inertia of a right circular 
cylinder of mass M and radius a about its axis. 

These results can be easily established independently 

also. 

Ex. 3. Find the moment of inertia of a solid sphere 
about a diameter. 1949] 

Take the diameter as the axis of x and the centre as the 
origin. Divide the radius along tlie .r-axis (of lengtli say) 
into n parts each equal to A, and diaw through the points of 
division planes perpendicular to the radius. 

If the plane PP' is at the distance rh from the origin 
and Qfi! at the distance (r+l)A, the moment of inertia 
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of the disc PV^QP evidently^ lies 
between the mnmeots of inertia of 
the tw.') circidar cylinders each 
of hciiilit ih of radii PM and 
respectively, i.e. lies (by the corol- 
lary to Ex. 2: between 

p.w.PMKh.lPM'^ 
and . p . IT . . h . ^ Q^X% ' 

where p is the density of the sphere. 

Siriiniiig up and taking limits, 
we see that the moment of inertia of the sphere 

“Trp dx^frpa^l —f +1) 

=ifra^p. 

i.e., ihf m'):nmt of ineriia of a sphere about a diameter 

=M.2a2/5. ■ ■ 

Corollary. . By differentiation of the value | . | wa^p of 
the m,..:,)ment of .inertia of a' solid -sphere, we see that the 
■momnt of' inertm^ of a thin hollow sphere (spherical shell) of 
jadiusais: 

^wa^p . (thickness of shell), ■ 
i.e., ■■-'M»2a.^/3.. 

^Examples 

'Find'. the moment of inertia. of ■: 

1/- , A','Sphero.id about its'axis of revoludon. ' 

2. The paraboloid generated by the revolution of the 
parabola =«4a;r about the Ar-axis from xwd) to x^h, 

3, A thin uniform circular ring about a diameter. 

[Utkal, 1956 ] 

4* A portion of a uniform thin circular ring about 
the straight line joining its extremities* 

5. The area bounded by one arch of a cycloid and 
the base about the base. 

3 
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6. A thin rod of which the line density varies as the 
distance from one end about an axis passing through that 
end and at right angles to the rod. 


9*4* Other applications. The definite integral can 
represent many important magnitudes in physics. In particu- 
lar, if f(x) is a force acting along the A*-axis, whose magnitude 
is a function /(a) of the distance a of its point of application 
(x, 0) from the origin, the work done as the particle moves 
from <1 to is 


Similarly 



represents the work done as a gas expands from the volume a 
to the volume the pressure for any volume v being p» 


Examples on Chapter IX 

L Find the centre of gravity of a semi-circular arc. 

2. Find the position of the centre of inertia of an arch 
of the cycloid ;r=a(0+sin ^), j^===a(l —cos 6). 

3. Find the centroid of the area enclosed between 

the ;r-axis, and the lines and where 

a and 5 arc positive. 

4. Show that the area included between the curve 

whose equation is the axis of a?, and the ordi’^ 

nates at and is 2^®. 

Find the coordinates of the centre of mass of this area. 

5. Show that the centre of gravity of the quadrant 

between OX and OT of the ellipse is 

(4a/37r, 4i/3ir). 1956] 

6. Find the centroid of a hemispherical surface. 

[PalM,i941] 

7. ^ Find the total mass and the coordinates of the 
centroid of a quadrant of a circular disc of radius a, the 
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surface density being proportional to the distance from one 
of the boanding radii, and having unity for jits greatest value* 

8. A quadrant of the ellipse 


revolves about the major axis. Find the centre of gravity 
of the solid thus generated. ITrmamore^ 1941] 

9. Find the depth of the centre of pressure on a sub- 
merged rectangular vertical door, of breadth b and height A, 
the upper edge of the door being parallel to the free surface 
and at a depth d. 

10. Find the moment of inertia of an equilateral triangle 
about its base. 

11. ABC is a uniform equilateral triangular plate of 

mass M and side a. Find its moments of inertia al>out each 
of the bisectors of the angle A* [Lucknow ^ 1940] 

12. For the area included between the curves 

find (i) the coordinates of the centroid, (ii) the 
moment of inertia about the x-axis, assuming in each case 
a uniform density. 

13. Show that the moment of inertia about the x-axis 

of the portion of the parabola j^s=a4ax bounded by the axis 
and the latus rectum, supposing the surface density at each 
point to vary as the cube of the abscissa, is where M 

IS the mass of the por tion. [Andhra^ ^^2] 

14. Find the moment of inertia of a hollow circular 
cylinder about its axis, the external and internal radii being 
iZ and r respectively. 

15. Find the moment of inertia of a uniform solid 
sphere of radius a feet, mass m lbs., about any tangent line. 

16. Prove that the moment of inertia about an axis 
through the centre, perpendicular to the plane, of a circular 
ring whose outer and inner radii arc a and b is 

where m denotes the mass of the ring* 


192 


APPLICATIONS 


17. Find the moment of inertia of a circular disc 
about an axis through its centre perpendicular to its plane, 
assuming that the density at any point varies as the square 
of its distance from the centre. 

18. Show that the moment of inertia of a right cone 

with respect to an axis drawn through its vertex perpendic- 
ular to its axis is where ^ denotes the altitude 

of the cone, and b the radius of its base. 

19. Assuming that the gravitational attraction of the 
Earth on a particle of mass m at a distance r from its centre 
varies as mjr\ show that the work done when the particle 
falls to the surface from a height h is mghal{a’]-h)^ where iz is 
the radius of the Earth and g the acceleration due to gravity 
at the surface. 

20. A recoil buffer is so adjusted that when the gun 
has recoiled a distance of x inches, the force resisting the 
recoil is W{l —x^la^) tons, where W md a are constants. 
Find the work done when the gun recoils through a distance 
of 4 inches. 

21. Two cubic feet of gas at a pressure of 100 lb. per 
square inch expand to a volume of 3 cubic feet. Find the 
work done if the law of expansion is pv^=€. If ;2*=i*5, cal- 
culate the work done. 


DIFFERENTIAL EQTUATiONS 

CHAPTER X 

EQUATIONS OF THE FIRST ORDER AND 
THE FIRST DEGREE 

10*1. Introduction. Any relation between 
known functions and an unknown function is 
called a differential equation'll it involves the diifer- 
ential coefficient (or coefficien^;s\ of the unknown 
function. . 

It is usual to denote*^ the unknown fu nction 

Finding the unknown function is CBlltd solving 
or integrating the differential equation . The solution 
or integral of the differential equation is also called 
its primitive, because the differential equation can 
be regarded as a relation derived from it. 

It is not necessary that the solution be an explicit function 
of the independent variable x. Any relation between x and 
yy not containing the differential coefficient of is called a 
solution provided y and the differential coefficients oi y 
derived from it satisfy the differential equation. The solution 
always contains one or more arbitrary constants. 

The integral of a function /( a?) may be regarded as the 
solution of the differential equation 


We have seen that the most general solution is 
and contains one arbitrary constant. 

The unknown function may also be a function of two 
or more independent variables. In this case the differential 
equation will involve partial differentia coefficients of the 
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unknown function. Such a differential equation is called 
a partial differential eqmtion^ On the other hand, the differ- 
ential equation which does not involve partial differential 
coefficients is called an ordinary differential equation. Only 
ordinary differential equations will be considered in this 
book. 

Differential equations are of great importance in applied 
mathematics, physics and other branches of knowledge, and 
arise because often we know from physical considerations 
some relation which involves one or more differential coeflS- 
cients of the unknown function. 


For example, suppose a particle of mass m is falling under 
gravity, from a great distance, towards the earth. Let its 
distance from the centre of the earth at time ^ be x. The 
attraction there, as we know from the law of gravitation, is 
proportional to \jx^. Let it be equal to Also the 

acceleration is represented by d^xjdt^. Therefore, by the 
laws of dynamics 


d^x k 



Now we want to express x in terms of ^ in order to know 
how the particle moves. The only relation which we know 
is (1), which is a differential equation. To determine a; as 
known function of ty we must solve this differential equa- 
tion. 

The order of a differential equation is the 
order of Ae highest differential coefficient which 
occurs in it. 

Th.^ degree of a differential equation is the 
degree of the highest differential coefficient which 
occurs in it, after the differential equation has 
been cleared of radicals and fractions. 

Thus the differential equation 

(^) (sfif3)^+-=0 

is of order m and degree/. 
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ARBITRARY CONSTANTS 

10*11. Arbitrary constants. In order to 
find how many arbitrary constants wiU occur in 
the solution of a differential equation, let us study 
how the differential equation can be formed if the 
primitive (i.e., the solution) is known. 

Let the primitive be f{x,y, <z) =0, where a is an 
arbitraiy constant. 

Differentiation gives us a relation between x,y, a 
and dyfdx, say 

Elimination of a between this and the 
primitive will give us a relation be tween yd, jv and 
dyfdx, say 

'*'(*>•’■ 

which is a differential equation of the first order. 
Hence, looking back, we may expect the solution 
of a differential equation of the first order to con- 
tain one arbitrary constant. 

Again, suppose the primitive is 
f{x,y,a,b)=Q, 

so that there are now two arbitrary constants. We 
must now have two more relations in order to be 
able to eliminate a and h. Differentiating succ^- 
sively, we get, say, 

S ’ ^)=0- 


and 
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Eliinination of a and b between these three 
equations will give a relation between x, y, dyjdx, 
and d^yjdx^, say i 




dx^ 




which is a differential equation of the second order. 
Thus we may expect the solution of a differential 
equation of the second order to contain two arbit- 
rary constants; and so on. 


10T2. General and particular solutions. 

The solution of a differential equation which con- 
tains a number of arbitrary constants equal to the 
order of the differential equation is called the 
general solution (or complete integral or complete 
primitive) . A solution obtainable from the general 
solution by giving particular values to the con- 
stants is called a particular solution. 

In counting the arbitrary constants in the general solu- 
tion, care must be taken to see that they are independent, 
and not equivalent to a lesser number of arbitrary constants. 
Thus, although the solution 

sin cos (a:4-C) 

appears to contain three arbitrary constants, they are really 
equivalent to two only. 

For, 

J sinA;+-5cos(A:-l-C) =(j 4— BsinC) sinA;+5cos Ceos;!; 

=a sinA;+i3 cosx, say, 

and by giving to a and |3 suitable values we can evidently 
reproduce any particular solution which can be obtained 
by giving particular values to A, B and C. Hence the three 
constants A, B, C are really equivalent to two only. 
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Moreover, the general solution can have more than one 
Corm, but the arbitrary constants in one form will be related 
ito the arbitrary constants in the other. Thus 
j;=^cos (a;+^) 

and j);=asinA;+j8 cos A? 

*are both solutions of the differential equation 

.as can be easily verified. Each is a general solution con- 
taining two arbitrary constants. Expanding the first and 
•comparing with the second, we see that 
a==— ^sin^, p=AcosB, 
and conversely i4===:yy^(a2+jS^^ tan-^ (a/jS), 

-showing that the constants in one form are related to the 
•constants in the other. 

Sometimes that solution of a differential equation is 
'wanted which satisfies some given relation or relations. In 
such a case some or all of the arbitrary constants will have 
•definite values, depending upon the number of conditions to 
be satisfied. 

Occasionally the solution of a differential equation 
involves expressions of the form if{x) dx, or lf{y) dy^ which 
cannot be evaluated in terms of the known ^functions. In 
such cases the differential equation is regarded as solved 
when the solution has been expressed in terms of integrals of 
the above-mentioned forms. Of course, integrals of the form 
!if{x)dy oT if{y) dx or Jf{x,y) dxy or J/(a;, j;) ^ must not occur 
in the solution, for the relation between a: and y is not known. 

Although it is usual to omit the constant of integration 
in ordinary integration, such constants should never be 
omitted when solving differential equations. The reason 
is that the arbitrary constant in the solution of a differential 
equation is not always merely additive. 

10*13. Meanixig of dx and dy. In order to 
avoid fractions, it^ to write 

dx Mxyyy 
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where ^ is the diiFerential coefficient of j with res- 
pect to X, in the form 

A{x,y)dx—f^(x,y)dy=0, 

which can be obtained from the previous form by 
regarding the differential coefficient as the quotient 
of dj by It is not necessary, however, to attach 

any meaning to the dx and the dy taken separately, 
as every equation we shall have to deal with can 
be converted at once to the form in which 
the differential coefficient of jr with respect to a;, 
alone occurs. 

10*2. Equation of the first order and 
first degree. Not all differential equations can 
be solved. Even equations of the first order and 
the first degree cannot be solved in every case; they 
can be solved, however, if they belong to one or the 
other of the standard forms discussed in the fol- 
lowing articles. 

10*3. Equations in which the variables 
are separable. If it is possible to write a differ- 
ential equation, by the transposition of its term, 
in the form 

fi{x)dx=f^(y)dy, 

we say that the variables are separable. Such equa- 
tions can be solved immediately by integration. 
For, the above equation is equivalent to 

/.W=AW|. 
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Integrating both sides with respect to x, we get 

J/xW dx=jf^(j) j^dx-\-c= dj +^, 

where c is an arbitrary constant. 

Ex. Solve dy+{y^-\-xy^) i^=0. 

Here x\\—y) dy-\-y^{\+x) dx^^O^ 


or 


1— r , 1+^ 

y2. 

1 


i/A;= 0 . 
1 


Integrating, — y — - +logA;=»£r, 

or \og[xly)—{y+x)lxy^c. 

Examples? 


Solve : 

1. {\-\~x)y dx-\-{\’—y)x dy^0. 

2. {\—‘X^){\—y)dx\^xy{\-^y)dy. {Bamras^ Geophysics 
„ dy _ l +y 

dx l+x^' 


4. 

5. 

6 . 

7. 



sec^ X ta.ny dx-\-scc^y tan x dy==0. 
^^{a+x) dyjdx-{-x=0. 
dy x{2 log 
dx^ sin jy +jy cosjy * 


1959] 
[Bombay, 1959} 

1947] 


8. dyjdx^e^-y+xh-y. 


[Sagar, 1954] 


10*4. Homogeneous equations. A diflfer- 
ential equation of the form 

Afejy) n\ 

where/i and/2 homogeneous functions of a; and 
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of the same degree, is called a homogeneous differ- 
ential equation. 

Such equations can be solved by taking a new 
dependent variable z) connected with the old one 
by the equation 

y=vx. ... (2) 

For, on dividing the numerator and the denom- 
inator of the expression on the right-hand side 
of (1) by where n is the degree and the 
dijBferential equation (1) takes the form 
dyldx=f{y!x). 

The substitution (2) will, therefore, transform 
it into an equation of the form 

The variables are now separable, and the 
solutionis 

tdx _ C dv . 

i ^ ~ J/(») — 

Replacing v hyyfx after integration, we have 
the final solution. 

Note. Before solving a homogeneous equation by 
putting it is advisable to try if the variables are 

separable (§ 10*3) , or the equation is exact (§ 10'6) . For in 
these cases the differential equation can be solved directly 
without any substitution. 

Ex. Solve x(x--y)ldy-{-y^dx==0. 

Putting we have 

___ 

^ ^dx~^ V— I ' 

Therefore x^ == . 

dx 0—1 0 — I 
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Separating the variables and integrating, 

logA;=J ^ (-Cj==j,_log5+Ci, 

where is an arbitrary donstant^ 
=log 6;^~-log 2 ;+log r, 
where c is an arbitrary constant. 

Hence Ar= =■ — - — , 

V y- 

i.e., yz=ce^lx^ 

Note. In the above we took a new arbitrary constant 
instead of retaining the old one in order to write the 
result in an elegant forna. Such changes are freely resort- 
ed to in the solution of differential equations. 

Examples 

Solve the following differential equations : 

1 . 




2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

n. 

12 . 


dy 
’ dx' 




X dy —y dx—'\f (x® -\-y^) dx. 

_y{x+y) 

dx 2~'’ 

dy x^-\-xy 

dx x^-\-y^ ’ 

(x®— ))®) dx-{-2xyt^=0. 

_ L _,0 


IBanaras, Geophysics, 1956] 
iUjjain, 1960] 
[Banaras, Geophysics, 1961] 

\Allahahad, 1956] 
1954] 
1951] 

\Ijicknaw, 1951] 


dx 3x®+y 
x{x—y) dyjdx=y{x+y). 

(x®+2^) dy/dx+2iy+y^-\-3x^==0. 

(x®— 3x/) dx={y^—3x^) dy, lAligarh, 1958] 

x^ydx—{x^A-y^)dy=Q. {Ujjain,l9^ 

{x cos {yfx) +y sin iy/x)}y 

—{y sin (y/x) —x cos (y/x)} x dyldx==0. [Raj., ’54] 
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10*41. Equations reducible to a homo- 
geneous form. Equations of the form 
dy _ ax-^by-\-c 
dx~ Ax-\-By-\-C 

can be reduced to a homogeneous form by taking 
new variables ^ and related to x andjF by the 
equations 

x=i-\-h, y='n+^y 

where h and k are constants which are yet to be 
chosen. With these substitutions, 

dy _d., ,r\ drj drj d^ dtj 

Hence the differential equation assumes the form 

Now choose h and k so that 
t (ih-\-bk-\~c=0f'\ ^i\ 

I Ah+Bk-^C^Q.] • • • 

|! Then the differential equation becomes homoge- 

^ neous and can be solved by the substitution rj=vi. 

| i Replacing f and ■)? in the solution thus obtained 

j by X— k and y—k respectively, we shall get the 

I solution in terms of the original variables. 

A Special Case. 

The solution of equations (1) gives 
h _ k _ 1 

bC-Bc cA~Ca~aB-Ab^ 

and so fails if oB—Ab—Q, i.e., if ^=-4- 

’ A B 
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In this case the differential equation is of the 
form 

dy _ ax-\-by-\~c 
dx max-{-mby-\-C^ 

and can be recognised by a preliminary examina- 
tion. Such a differential equation can be solved 
by putting v for ax+by and getting rid ofj. The 
transformed differential equation is 


do 

dx' 


=a-\-b 


v+c 


in which the variables are separable. 

Note. Before applying the method of this article, it is 
worthwhile to se®f the equation 

{ax-\-hy-\-c) dx—{Ax-{-By-\-C)'(fy—0 
is exact (§ 10-6). It will be so if b = -^A. In this case 
the diiferential equation can be solved directly without any 
substitution. 

Ex. 1. Solve(A;— 2)ix+(x— 2j)'— 3)<^=0. [<?or.,’60] 
Putting we get 

di i-2-q^h-2k-y 

Choose h and k so that 

h—k— 2=0, 

and h— 2k— 3=0. 

Solving these, we get h=l, k=—l. 

With these values of h and k, (1) becomes 
dt]_'n—i 


( 1 ) 


Putting Tj=vi, we have 






dv I — V 


or 


df 

dv 


'2v-V 

l~2v^ 


' d^~ 2v-\ ' 
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Therefore 

r2o— 1 J , f 4g tfp , 1 f dv 
lOgl+ffi— — 4j2y2_lT'2j»2— 

■ , ^J 2 . g-l/V 2 

= - 1 log (2g2 - 1) + -^ log ^ j /^2 • 

On writing ;r— 1 for | and (^+l)/(x--l) f®’^ », we shall 
get the solution in terms of x and j;. 

Ex. 2. Solve (A;— 2)*— (2x— 2_;)— 3)4(’=0" [5ar.,’59] 
We notice that the coefficients of x and j in the numer- 
ator and denominator of the expression for dyldx are 
proportional. We, therefore, proceed as follows : 


Putx— j)»=g. 

Then ^=1-|^= 
dx dx 


x~y-2 , 

2x—2y—3 


»— 2 _ g — 1 
2g-3~2g-3* 


Therefore F 

= 2 g-log (g-1) =2(;r-j) -log (a'-J-I), 
or log (a— jy— 1) =A— 2j>i— g. 


Examples 

Integrate the following differential equations : 
(x—y) dy==(x+y+l) dx. 
dy_x-i-2y—3 
dx 2x-\-y—3' 
dy _y—x-\-\ 


1 . 

2 . 


4. 

5. 

6 . 

7. 

8 . 


dx 

dy 


x+y+l 


dx 2x+2y+3‘ 

(2x -{■4y -1-31?'' =2y -fx 1 . 

'• 7 1 ■ 


[Rajasthan^ I960] 
[Aligarhy 1960] 

[Aligarh^ 1951] 


1954] 

[Rajasthan^ 1960] 
1958] 


3)1 *-j*"2^‘4"4 

'{&x-]-2y-lQi){dyldx)-2x-^y-^2Q^. IGorakh., ’59] 
(2x-h37-5)(<fK/i«) -l-3*-l-2j)'-5=0. [.d^ra, 1956] 
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10*5. Linear equations. A difFexential 
equation is said to be linear when the dependent 
variable j and its differential coeflBcients occur only 
in the first degree. The coeflficients of y and of its 
differential coefficients maybe any functions of 

The linear differential equation of the first 
order is, therefore, of the form 

where P and Q,are any functions of a;. 

To solve such an equation, multiply both 
sides by 

. 

The left-hand side now is evidently the differ- 
ential coefficient of 


so that the solution of the differential equation is 
ye^^‘^=^ Oj^^dx+c. 

Note L The factor by multiplying by which 

the left-hand side of the differential equation (written as 
above) becomes a differential coefficient of some function 
of A? and J, is called an integrating factor of the differential 
equation. 

2, Sometimes a given differential equation becomes 
linear ii 'wt take y as the independent mriabh mid x m the 
dependent variable. Thus, by this device 

can be written as 

which is a linear differential equation* 

14 IG 
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Ex. Solve a:( 1 4v=s:0. 

The given equation is equivalent to 


which is linear. 


dy 2x^—1 __ ax^ 


=-Ia 


l-2x^ 


l)(x+l) 

1 


dx 


(id* 


2(^-1) ^2(x+l)i 

=log{l/V(^"-l)}. 

Hence the integrating factor is l|x^/{x^—l), and the 
solution is 

V _ , r 1 j 

=c~la^-^,-wh.tTtt=x^—l, 


i.e. 


=c+a(Ar2-l)-i/^ 
j =cx\/ (x ^ — l)+ax. 


Solve 

1. 

2 . 


4. 

6 . 


7. 


8 . 


Examples 

x^+y^x^+3x+2. [Aligarh, 1956] 

(x+a) ~—3ji=(x+ay. 3. '^+ay=e^^. [Baroda,' 56] 

dy 

5. ^=^72;sf+;^4-^« 
dx I+a:^*^"” 2^(1+a?2)V 

{Madrasy\9b5\ 

(**+1)^+2^==4x 2. [5flBar<M, 1955] 
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9. 


:\LucIsmowy 1962] 

10. 

(1 -^y-^xy) dx+{x r\-x^)dy=^^ 


11. 

dy ^2 

— -y—sinAr. 
dx ^ x^ 

IJamrmi 1956] 

12. 

SQCx^^y+$inx. 

\Rajcistkan^ 1962] 

13. 

dy n 

^rr^tanA;— 2smA:. 

m 

\Panjaby 1957] 

14. 

(1 ^+2;icy=cosx 

yBan. Geoph.y^6l\ 

15. 

dy rx 

sinA;~+3j=cos a;. 16. 

sin 2A;^=^+tan^tf. 

17. 

dy 

-^'vy tan a:— sec a?=0. 

yjamrm^ 1950] 

18. 

dy 

X — —y=2x^ cosec 2x. W 

[Allahabad^ 1955] 

19. 

( 1 4 ^®) dx =(tan-i_y — ;v) dy. 

[Panjaby 1962] 

20. 


[Travancorey 1957] 

21. 

(x+2f)^=y. 

[RiV C.; TZP., 1953] 

22. 

(2*-10j»)|4-^=0. 

[P.S.C.y aP., 1955] 

23. 

Dy+y{l 4 -./(l _;(! 



'where D=dldx. 

24. Integrate ( 14 -a;®)£+ 2 ;-*- 4 x®= 0 , and obtain the 


cubic curve satisfying this equation and passing through the 
ongin. 

25. Solve given jy=l when x=:l. 
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10*51. Equations reducible to the linear 
form. Equations of the form 

|+i>7=ar. 

where P and Q,a,Te functions of r alone, can be 
reduced to the linear form by dividing byj'" andput- 
tingj)r-"+^ equal to v. For, on dividing byj", we get 


r 


dx 


-a. 


and on substituting » for_)'“'‘+^ we have 

I dv , -r, r\ 

(— n+1) dx^ ^ 

which is a linear differential equation in r. 

This equation is often called Bernoulli’s 
equation*. 

Ex. Solve X Dy'-\-y=xy^. 

Dividing by j®, we have . 

Putting and therefore the differ- 

ential equation becomes 

Dv-\-v==x^ 

dv Z . 
or -j — ^ Vf= — 2. 

dx X 

The integrating factor is i.e., I/at®. So the 

solution is 

(dx 


i*c. 


V * ^(dx 2 

^=-2j-,+c=-+^. 

(2+0;};^®==!. 


♦Named after James Bernoulli (1654-1705), Professor 
of Mathematics in the University of Basel (Switzerland), 
who first studied it. He was a staunch friend of Leibnitz, 
and was one of the first to apply the differential calculus 
successfully to a great variety of problems. 
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Examples 

Solve 


1. 

T + ^^- 

dx X 

IGauhaUymS'i 

2. 

dx~x'^x^' 

[Nagpur^ 1953] 

3. 


IJammUy 1^53] 

4. 

x^+_y=y^logx. 

[Allahabad, 1960} 

5. 


6. ^ 

dx X . 

7. 

(l+x^)f—xy—yK 


8. 

dx^x+l-^~ y^’ 

[Delhi, 1960] 

9. 


[Gorakhpur, 1960] 

10. 


[Karmtak, 1957] 

11. 

2 ^ — j sec X tan x. 

12. cos x. 

13. 


[Banaras,l^bZ\ 

14. 

15. 

j{2^+e^) dx—e^(fy=0. 
cos xdj}=y (sin x --ji) dx. 

{Lucknow, \95Y\ 
[il%arA, 1950] 


10*6. Exact differential equations. A differ- 
ential equation is said to be exact if it can be 
derived from its primitive directly by differentia- 
tion, without any subsequent multiplication, elimi- 
nation, etc. Thus the differential equation 

M+A-|=0, 


a . ^ ' :4 


( 1 ) 
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where M and N are fimctions of a: and is exact 
if it can be obtained directly by differentiating an 
equation of die type u =c, where u is some function 
of X and and c is an arbitrary constant. 


Now 


^_du du ^ 
dx~dx~^dy ' dx' 


Hence the equation (1) must be the same as 


to . ^_Q 

dx'^dy ' ^ 


Therefore, a necessary condition that the equation 
Mdx-\-Ndy =f> be exact is that M—dujdx, J^=dujdy, 
or, eliminating M, that 

0y 0x * 

This condition is also sufficient; i.e., if SMISy—dJVIdx, 
then must be an exact differential equation. 

For, if we put then 

dM aJV , ' . . 

— =M, so that— —=——== — , by hypothesis, 
dx SySx dy dx ■ ^ 

a /am 

*** ’ ax ax \ ay /' 


It follows that JV— 
alone. 


au 

ay 


-h/(y), where J'(y) is a function ofy 


Th»rfo™ "+Jv|-f + {f+/(^)j| (2) 


showing that M+M{dyldx) =0 is an exact equation. 

If we find that an equation 
satisfies die condition 
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dM^dM 

dj dx ’ 

and so is exact, we can integrate it as follows : 

First integrate M with respect to x as if jv were 
a constant. Then integrate jV with respect to 
retaining only those terms which have not been 
already obtained by the integration of M. The 
sum of the expressions thus obtained equated to an 
arbitrary constant will be the solution. 

The reason for this procedure becomes obvious when 
we examine equation (2). 

Ex. 1. Solve the equation 

(1 +4;^+2j^) ^+(1 +4^+2^^) <^==0. 

Here — =4Ar+4j?, —^y+Ax. 

These being equal, it follows that the differential equa- 
tion is exact. Integrating l4'4^+2j);2 with respect to x, 
while regarding j; as a constant, we gttX’\-2x^y-\-2xy^. 

Again, the only new term obtained on integrating 
1 ^Axy’\‘2x^ with respect to y is y, ♦ 

Hence the solution of the given differential equation is 
x+2x^y+2xy^-i-y=c. 

Ex. 2. Solve jsin2A:rf;v— (1 +j;2^cos2a:)4;===0. 

It k easy to verify that the equation is exact. 

Integrating Af with respect to a: we get 

—lycos2x. . . > (1) 

Integrating j\r with respect toy, we get 

Omitting from this the term already occurring in (1), 
and adding the rest of the terms to (1), we see that the 
solution is 

-I y cos 
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ycos2x+3y+^y^=c. 

[We can easily verify by difFerentiation that this solution 
is correct] 


Examples 

■ Show that the following equations are exact, and 
solve them. 

1 . (^ax^by)y dx-\‘[ax'\-2hy)x dy 

2. X dx-]-y dy^ ^—-^ [Banaras^ ISSQI 


3. 

4. 

5. 


6 . 


7. 


8 . 


(x^-^-ay) dx=(ax—y^) dy. [Ban. GeopL, 1961] 

{e^ + 1 ) cos X dx sin x dy =0. [Allahabad^ 1 960] 

COSA? (cos A?— sin a sinj) 

+COSJV (cosj— sin a sin a;)^*=0. [Nagpur, IQbi'l 

0(i +1/^) +cosj»}if;^+{-^+log X--X dny]dy^0. 

[Ujjain, 1960] 

(1 +d^^^)dx+e^iy{\ ^xly)dy^Q. [Gujarat, 1959] 


Solve + 
dx 


ax+hy->rg 

kx-\-by-\-f 


{Delhi, 1957] 


10 * 7 . Integratiiig factors. Equations which 
are not exacfccan often be made exact by multiply- 
ing them^ by some function of x and j. Such a 
function is railed an integrating, factor. 

The number of integrating factors for an equation 
Mdx-\-Ndy=0 

is infinite. For, if /li is an integrating factor, then by definition, 
p.{M+Ndyjdx) 

must be the differential coefficient of some function u of 
« andj>. 

It follows that/(«) . ft, where /(«) is any function of a, is 
wo an integrating factor; for multiplication by it trans- 
forms Af+JV into 
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which is the differential coefficient, with respect to of 
F(m), where J/(m) ia=F(a). 

*" This proposition, however, does not help us in finding 
integrating factors. 

(i) Integrating factor found by inspection. Some- 
times an integrating factor can be found by ins- 
pection. 

Ex. Integrate (**«*— 

We know that when differentiated gives two terms, 
each containing as a factor. Now the given differential 
equatiGn has only one term which involves Hence it 
must have come from the differentiation of alone. _ To 
make the equation exact, we shall, therefore, try divasicn 
by We get thus 


The last term resembles the ppressionobtainedby differ- 
entiating a quotient, but requires a little re-arrangement 
to make it exactly a differential coefficient. We write the 
■equation as 


and see that the solution is 

my^lx^=c. 

fii) If the equation Mdx-\-If dy=(i has the form 

ffxy)y dx-\-ffxy)x dy,=fi^ 

and Mx—Ny^^r integrating factor ts 

ll{Mx-Ny). 

For M^Ndyldx can be written as 

^ -J-J)}. 

i.e., as 4{ {Mx+Ky) ^log {xy) +(-M*-jyy)^log|}. 
Multiplication by ll{Mx-Ny) gives 
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Now Ml±]!^^fiixy)xy-\-f^{xy)>y 
Mx-My 

?i(Iog^j) ^ (log ^ log *=o, 

which is e^dently an exact differentiaf equation. 

Ex. Solve {«y+>y+l)y dx+{xy-xy+l)xdy^O. 

The integrating factor is 

i.e., l/2.y. 

cqa.S?lJr“°" •»' <iiff»ena,l 

*(‘+9+;55)-’*+i(l~+j|5)»*-0. 

»fV>o|“°wj|r,sT'iioT 

xy+^log((;Ar/y)=l, 

to zero, if, however ^this^S^r*^ is not equal 

Mjly=sj!ffx, so that the difFerMS*/°^ zero, it follows that 

reduce i„ thisce by aIgS 

. ydx+xdy-=0, 

the solution of which is 

(iii) If 9jV\ 

. ^ _ 

IS a Junction of x alone, sajf{x), then 

//Wdjc 

an integrating factor of the equation 
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For, upon multiplication by this factor the 
new differential equation satisfies the condition of 
being exact, as is easily verified. 

Ex. Solve the equation 

{20x^^Qxy+^y^*^Zy^)ydx-\-4:{x'^+:Qi-\-y^+y^)xdx=0. 
Here 3M/a;;=20j^2+16^j+12/+12y, 
and ZKl^x=\2x^+Qxy-\-Ay^-\-Ay^. 

„ 1/aM aJV\ 8A:2+8»j+8y+8y_2 
Therefore ^^^2j^xy+y^+y^)x x‘ 

Hence the integrating factor is i.e., x*. Mul- 

tiplying the differential equation by it, we get 

(20x* -{-Bx^y-{-4:x^y^-\-Sx^y^)y d* +etc- —8* 

Since the differential eqn. is now exact, the solution is 

(4a:® + 2.v*j.+t^!y® )j)' =^* 

- 1 /0JV 9Mv 

V 97 ) 

is a function of j> done, say f{y), then 

gif{y)dy 

is an integrating factor of the equation Mdx-\-Mdy=^‘ 

This can be proved to be true exactly in the 
same way as in rule (iii). 

(v) An integrating factor for an equation of the 
form 

:^y^{my dx-\-nx dy) ■fx'y^ ( py dx dy) =0, 

a, b, m, n, r, s, p, q being constants, is 

where h, k can be obtained by applying the condition 
that after multiplication by x^y^, the equation must 
become exact. 
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Multiplying by tile proposed integrating factor, 
the equation becomes 

+ (nA^4A+y+fc_j_ j^r+h+y+fc) 

^Since this equation must be an exact one, 
8iW/0j must be equal to dJV[dx, i.e., 

+1 ) + 1 ) a;’’+^+^. 

This will be satisfied if 

^{b-\-k-\-V) =n{ci-{-h-\-X)y 
and p{s+k+\)=q(r^h-\-\). 

These two equations determine h and k. 

Ex. Solve {^x+2f)ydx+2x{2x-\-2^yi)dy=0. 

Rnt 7> equation is not exact. 

But It can be put in the form 

^(3j’d!x-i-4xtfy)-j-yi(2ydx+6x<^)—0. 

mmtbe_ an integrating factor of the form 
*y . Multiplying the original equation by it, we get 

(3xft+i/+i+2*y!+*)iv+(4x^+2/+6x^^^ 

If this is exact, we must have* 

3 (A + 1 ) +2 (4 -f 3) jf ^yfc+2 

=4(A+2)A:^+y'-|-6(A4.1)**^+2. 

This is satisfied if 3 (yt+l) =4(^+2), 

. 2(i+3)=6(A+l). 

Solving these, we find A==l, 4=3. 

i. “'■“•’“'•‘io- by 

(3*y +2^«) dKrf etc. =0. 

Hence the solution is 

xy+xy=:c, or f 
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Examples 

Find the integrating factor of the following differen- 
tial equations; also solve them. 

1, ydx-xdy-\-{l+x^)dx-^x^sinydy=0. [Rajasthan, '5^1 

2. y{axy-\-e^)jix-e^dy=^. [jBaroia, 1959] 

3_ [x>y^j^x^y'^+xy)ydx-^{x^y^—xY+^)^^y=^- 

4. +2A;y) dx-\-{x^y-x^f) dy=0. [Mgpur, 1953] 

5 . {xysL'Q.xy-{-c6sxy)ydx-\-{xy%ia:y 

[Lucknow^ldbvj 

6. (y+^y»+\x^)dx+l{l+y^)xdy=0. [^anarar, 1955] 

7 . {lx*y-\-2xy^—x^)dx-ir{x^-\r>y)xdy=^. 

9. [xy^-\y)dx-\-‘2,{x^y'^-{-x-\-yd‘) dy^==Q. \P.S.C.,U.P., 1955] 

10. {2ydx-Yixdy)+2xy{Zydx-\-^xdy)=Q. [4^^, 1949] 

11. x{Zydx-\-2xdy)^^y\ydx^^xdy)==0. 

12. {y^-\-2x^y)dx-\-{2x^-xy)dy=Q. [£aro<fa, 1959] 

10*8. Change of variables. A suitable 
sulwtitution often reduces a given differential equa- 
tion which does not directly come under any of 
the forms discussed so far to one of these forms. 
This device, known as the change of the dependent 
or the independent variable (as the case may be), 
will be used in the succeeding chapter also. 

Ex. Solve sec^jf {dyjdx) 4-2x ta.ny= 

Put tanj»i=o. Then {sec^y)y'=v' 
equation becomes 


lAgra,imi 

. So the differential 


which is linear. The solution is 


tan_y + i — ^ ) • 


213 


FIRST ORDER AND FIRST DEGREE 


Examples 

/t 

1. dx+2xy dy=^0. lAllahabad, 1958} 

2. ix^+J>^+2)dx+2jdy==0. 

^ i ' lAllahabad, 1958] 

. tzxiy . , 

[Umin.moi 


dy _^ey 1 


"■ dx~^^~x‘ [Gorakhpur, 1959} 

6. cos (jf +j) dy =dx. [Hint. Put [P.5. C.iU.P.,’60} 

{Allahabad, 1960] 

8. dyldx—{4!X-\-y-\-^Y- {Banaras, 1960] 


7. (.-h.)^|=ay 

8. dyldx—{4:x+yA-1Y‘ 


{Allahabad, 1958} 

Yn xdx+ydy ifa^—x^—y^\ 

xdy-ydx Change to polars.] 

[Poona^ 1959] 


Examples on CitAPTER X 


Solve* 


1 ^y 

1- ^+.)’cos*+ycos;¥sin2;«=0; [jVa^ar, 1956] 

2 . {x-[-y){dx—dy)=dx-\-dy. {Delhi, 1959} 

Z.{x^-‘ry'^)dx-2}ydy^9. [Delhi, 1980} 

4. j,+2|^(,_l). 5. 1954] 


6. xDy—y^x^/{x^-\-y^). 


[Agra, 1956] 
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7. {Banaras^ 1957] 

8. ^ + cos^x^-^y^tdinx. \Psmania^[&S\ 

dy 2^ 1 

i (1+^,2 > that j=0 when *=1. 

11. {l-\-}gi)y dx-\-{l—xy)x dy=0. [.4^ra, 1951] 

12. (a^— 2;fy— («+j)^4)’— 0. [.i4nnam., 1950] 


13. 

14. 
16. 

17. 

18. 

19. 

20. 
21 . 
22 . 


23. 


24. 


25. 


26. 


^ "1”*' '^■y^ —a®) =0. [£kcA:kok), ’55] 


dy 3x^y sin® a: 

tin: ' 1 4-** ” 1 +x^ ' 


[Agra, ’56] 


15. 



+^== 1 . 


3^^2_j_cos [xy) — ^sin 



^=2j);tanA;4-J'®tan®;if. [Delhi, 1949] 

(2a:^— ^®) £v+(2^f®— 12^c))+log_j>) ^=0. 
y^{y dx+^x dy) — a;®(2j dx-^-x dy) =0. [Bombay, 1950] 

(1 — ^®) — — [fegar, 1950] 


f x+y—A dy _ x+y+a 

Xx+y—bJdx x-\-y-\-b' 
xcosx^ +J'(*sinA;+cos*) =1. 

l+y+(;,_^tan-iy)^=0. 


[Allahabad, 1962] 
\Allahabadil^6(S\ 
[P.5.a, i7.P., 1958] 


ix-‘y)^^=a\ IRajastkany 1958} 

(**+2;c)'— j'®) dx-\-{y^-V^y—x^) dy—Q. [Gujaria, ’61] 
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27. ’[iufitnozt;, 1960] 

28. f'=«8’'-®5'+;s*<r*y. 
ax 

29. \Poona,im 
dx 2xy 

$0. xy\y dx+2x dy)+{Zy (h-{‘bx dy)=^^ 

31. ^5+^=sinA:. [Jjra, 1949] 


go <b> _ 2x-y-^\ 
dx ;v+2jp— 3* 

33. dyjdx+y cos x—y^ sin 2:s£:. 

34. (1 4-A?) 


[^^m, 1959 ] 


35. ^J^xsin2y^x^ cos^ y. 1963] 

36. y{2x^y-i‘e^)dx---(e^-{y^)dy==0, [Vikrmn, 1961] 

37. 3<?^ tanj;+(l sec^j [Allahabad^ 1948] 

38. {x+y+\)^r=\. [Rajasthan, mi} 

39. (2;^+3j-5)^+2^+3j-l:=0. 

40. x{x—\)^—y=x%x—\Y. jLucknow, l^^S} 

41. x^-\-2y—x^lQgx=Q. 

42. (2*^ — 3y) i«4- (3.*3 j^2xjf) dy =0. [^-ac^Koio, 1960] 

43. The distance a: descended by a person falling by 
means of a parachute satisfies the differential equation 

where k and g are constants, and Ars=0 whte 
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Show that 

^=f log cosh (I). 

44. If the equation Pdx+ddy^Q can be made exact 
by means of an integrating factor jut which is a function ot 
X alone, show that 

1 /3P aO\ 

oX^y 3 ^/ 

should be independent of j?. 

45* If 2Jj? =j7— log (1 +d)+A^ where A is some constanf 
and is a function of x which is zero when a?= 0, prove that 

o=2^^sinhA?. lAUahabad^ 1959’] 

46. Solve 

dv 

~->r2yXsxix=^inx, 

given that =0 when a: {Banaras, 1 960] 

47. Show that the equation 

x{x'^-\-3y^)dx-^y{y'^-\-Sx^)dy=0 
is exact, and solve it. \Bamras, IQ4S\ 

48. Prove that 1 /(a;+j> 4-1)* is an integrating factor of 

(^y—y^—y)dx-\-{2xy—x^—x)dy=0^ 
and 6nd the solution of this equation. 

kii.49. Show that the equation 

(^x+^+\)dx^{$x-\^+])dy^^ 

represents a family of hyperbolas having as asymptotes the 
lines x+y:^Q, 2;v+j^+l =0. ' [LucknoWy 1959] 

50. Find the integrating factor of 

yscc^xdx+{y+7)t2inxdy^0y 

and solve it. Verify the result by solving the equation by 
separation of variables. 

I5in 



CHAPTER XI 

EQUATIONS OF THE FIRST ORDER, BUT 
NOT OF THE FIRST DEGREE 

11*1. Equations solvable for p. In differ- 
ential equations which involve dy I £c in a degree 
higher than one, it is usual to vsep to denote dy jdx. 
Now suppose a differential equation can be solved 
for p and is of the form 

Then each factor can be equated to zero and 
the resulting equations of the first degree and first 
order solved. If the solutions are 

^i) ^2) (^) 

the solution of the given equation can evidently be 
put in the form 

( 2 ) 

There is no loss of generality in replacing the arbitrary con- 
stants Cl, Ca, c„ by a single arbitrary constant c, because 
every particular solution obtainable from the equations 
(1) can also be obtained from (2) giving a suitable value 
toe. 

Ex. 1. Solve ^*-5/>+6=0. [Dc/Ai, 1959] 

Here ^=2 or 3. 

The corresponding solutions &VGy=2x-\-c,y='ix-\-c. 

So the solution of the given differential equation is 
{y—2x—c){y—'ix—c)=^. 

Ex. 2. Solve {x—yYp'^—iy{x—y)p~\-2y^-\-:y—x^==Q. 
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Solving for ^5 we get 

._^y{x—y)±{x —y) \/(9y^—8y^ --4xy 
p ^ 2{x-y)^ ~ 

_ J^y±(^—y) _ x+y 2y—x 

2(x-y) x-y x-y’ 

Put now y^vx. Taking the first of the two roots for p. 


, do 1 +z> , rdx r 

"+''$“1^’ " '‘+J7=J 


we get 

or logr^=tan~^z;-“| log 

The second root gives 
dv 2»— 1 


dv, 


(1) 


v+x 


dx l-v' 


or c-^ 


or log <?;^f=— |log 


\ [dx_ r (l— z>)dp 

‘ J a: r 

***"\/5 


3 


2V5^°®2»+1+V5* 


(2) 


^ (1) and (2) with » replaced hy jpjx constitute the re- 
quired solution. 


Note. Even if an equation is resolvable into factors 
which are linear in j6>, it may not be possible to solve the 
equation by the method of the present article^ for the com- 
ponent differential equations may not be solvable. In such 
cases the methods of the succeeding articles may be tried. 

However, in every case in which the various terms in 
the differential equation are of the same degree in as in 
the last example, the differential equations obtained by 
solving for are homogeneous, and so a solution is always 
possible by this method. 

Examples 

Solve the following differential equations : 

3. =0. 
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4. 

5. /»2+2^ycot*=/. 

6 . p(j>-y)-«{x+y). 


[Delhi, 1960} 


8 . 










[Sagar, 1954] 
[Allahabad, 1951] 
[Banaras, 1951] 


V**"/ 

11 - 2 . Equations solvable for 

differential equation can be solved for y 

put in the form q] 

^ y=fix,p)> • • • 

differentiation with respect to gives an equation 
of the form 


p=^(ji,p,dpldx). ^ 

Now this equation is a differential equa'^n m 
the two variables p and ;c. It may be possible t 

obtain its solution, say, fo\ 

F{pi,p,c)=^- • •_ 

The elimination oip between (1) and (2) gives us 
the required solution. 

In case the eHmination Is not fe^ible, equations 
fn and f2] may be regarded as giving ^ andjy in 
STof a pSet« /: or, if possiWe, *“0 equa- 
tions may be solved and the result expressed in 
the form 


x=Fi{p,c), 

y=F^{p, c). ^ ^ .11 

The method of the pr^nt article is sp^ally 
iscfol for equations in which x is entirely absent. 


or 


EQUATIONS SOLVABLE FOR X 

Ex. Solve 

Solving for we gety^x^ Ip+px, 
Differentiating with respect to x, 

2xp--x^p' , ^ 

- ^ - 2 - +P+^P y 

I (/,*-*) +2/=0, 
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IBaroda, 1959] 


i.e. 


; ' — \P> 


^ 

dp 2p 

which is a linear differential equation. The solution is 

x-c\^p-ip^. ... 0) 

Substituting this in’the original differential equation, we get 

y=icVp-iP^m+p(cVp-iP^)- \- . . ( 2 ) 

Equations (1) and (2), which express x 2 indj»in terms of/, 
constitute the solution. 

11«3. Equatlbiis solvable for x. If the 

equation can be solved for a; and thus can be put 
in the form 

x=fij>P), ^ • V • (1) 

differentiation with respect to j gives an equation 
of the form 

l[p=p{y,p,dpldj). 

If it is possible to solve diis differential equation, 
let the solution be 

• • • (2) 

The elimination of/ between (1) and (2) gives 
us the required solution; or X and_)> may be ex- 
pressed in terms of /, and p may be regarded as a 
parameter. 

The present method is specially useful for 

equations in whidij»> is entirely absent. 
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Ex. Solve the differential equation 

= 0 . 


Solving for at, we get x - 


^yp 


'^y^ P' 


or 


i.e.. 


(1) 


Differentiating with respect to 

p y t)’® '^p p^ ’ 

^ V2j»> 4y /» ’ 

dy2y^ 

in which the variables are separable. The solution is 

^2=^. 

Eliminating ^between this and the original differential 
equation, we get 

£3/y/a_4ci/2;ej,3/2-}.8;2=0, or A:)t=— // 2 . 

Hence, writing c for Jc, the required solution is 

c)2. 

Note. The significance of the factor (/>*— by 
which equation (1) has been divided above, will be dis- 
cussed later. See§12'22. 


Examples 

Solve the following differential equations : 

1. j=3A:-f-fllog^. 

2 . 2y=a^i-x^+p\ 

3. y =sin p —p cos p. 

4. y=^a-\-bp+cp\ 

5. j=a-v/(l +/»*)■ 6. 

7. xp^=a+bp. [%ar,’54] 

9. y^logy^syp+pK 


\Bamras, Geophysics, \%T\ 
[JVh^iir, 1953] 
[JVhgjfiiir, 1956] 
y+xp^x^p^. lGujarat,^Q2'\ 
8. {2x—b)p—y—ayp'^. 

1959] 


clairaut’s equation 
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11 *4. Clairaut’s equation, (i) The equation 

y=px+f{p) 

is known as Clairaut’s equation.* 

To solve it, differentiate it with respect to )t. 
We get 

p=p+{x+S'(p))p'. 

Hence /»'=0, or 

The first equation gives 

p—c. 

Elimination ofj& between this and the original 
differential equation gives the required solution 

y=cx+f{c). 

If we eliminate p between 

and the original equation, we get a solution which 
does not contain any arbitrary constant, and is not 
a particular case of the solution j>'=CA:+/(c) » Such 
a solution is called a singular solution, and is con- 
sidered in greater detail in the next chapter. 

Sometimes an equation can be reduced to 
Clairaut’s form by a suitable substitution. 

(ii) The more general equation 

y=xf {p)+F{p) . . . ( 1 ) 

♦A. G. Clairaut (1713-1765) was a youthful prodigy. 
He read G. F. de T HospitaPs works on the infinitesimal 
calculus and on conic sections at the age of ten. Some of his 
researches were ready for publication at the age of sixteen. 
In researches on the figure of the earth no other person 
has accomplished as much as Clairaut. His work on the 
motion of the moon is equally important. He applied the 
process of difFerentiation to solve the differential equation 
now known by bis name. (Gajori^ d ifiiifory of Mathematics,) 
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can be dealt with in a similar way. In fact this 
equation and also Glairaut’s equation are particular 
cases of the equation considered in § 11*2. 

Differentiating (1) with respect to x, we get 
P^M+{>cf'(P)+F'(P)}dp}dx, 

or {p-fiP)}^-^f'(P)=P'(P), 

which is linear^ and so can be solved by the method of § 10*5. 

Ex. Solve ICalcutta, IBBOJ 

This is of Glairaut’s form, and so the solution is 
y^cx+ajc, 

where is an arbitrary constant. 

The singular solution is the result of eliminating between 
y^px+ajp and a;— 
i.c., the singular solution is 

or y^^iax. 


Examples 

Solve the following differential equations : 

1 . y^px+apil-p). 

2. j^===px+{l+pyf\ 

3. p=log{px~y). 

4. y~px)(p'-l)—p. 

5. ^^-^+<3:^=0. 

6. Use the transforination 

{px-y)(py+x)—h^p. 

7. Solve y==:2px-{y^p?. 


8 . 


[Hint. Multiply by j and put 
Solve ^{y--p^=^ 

[Hint. Put =w, y^=v,] 


\Painay IQ58J 
IPatna, 1948] 
[Baroda, 1959} 
lJ{agpur^ 1954} 
WagpuTy 1956] 
27 to solve 
l^AUakabady 1959} 
[Chrakkpur^ 1960] 

[Allahabad^ 1963} 
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Examples on Chapter XI 


."Solve 

1 . 

2 . 

3. 


5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

il4. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 
•ential 

24. 


-x’^=0. 


y=x{dyjdx) -\-(dyldx)^. 
y=xp^+p. 
y=2px-\-p”‘, 

**(S)-2>£v|+2/- 

y=(p+p^)x+llp^-^. 
y=p^y-\-2px. 

J)'=«{^+V(l+P%- 
axjp^ + ^h)p —xy =0. 

y^apx-\-bp^, 

xyp^+p[Zx^--2y^)—Qxy^0. \Banaras, Geophy$icsy^&Q\ 
x^p^ --2xyp-i-y^ =:x^y^ +x^. 

4(^xp^+yp)~yK 
y-2px=f{xp^). 

^{y+xp\o^p) =(2+3 logp)pP 


[Banaras, Geoptysics,^6l] 
[Delhi, 1951] 
[Nagpur, 1953] 

[Aligarh, 1960] 

[Nagpur, 1952] 
[%ar,1951] 
ISagar, 1950] 
[Allahabad, I960] 


[P.5.C., U.P., 1954] 
[Allahabad, 1959] 
[P.S.C., £7.P., 1955] 


4+(i): 

x-\-pl‘s/{\+p'^)=a. 

p(j'+3) +x=0. 

{x — a)p2 + [x —y)p —y =0. 
pte=tan {x— p/(l +p2)}. 
e*=^(p‘-l)+p»e®s=0. 
{y-xpYI{l+p^)=a^ 


{BanaraSy 1950] 
IP.S.C.,U.P., 1952] 

[Pooms 1957] 
IGujarat^ 1962] 
l^BanaraSyl960J 


Find the general and singular solutions of the differ^ 
equation 

By differentiating with respect to x the equation 
p^+xp^—yy 

obtain its general solution in the form x==f(p)yy^^(p)- 

iUtkaly 1947] 


CHAPTER Xn 

GEOMETRICAL INTERPRETATION. 

APPLICATIONS 

12*1> Geometrical meamxtg of a differen>> 
tial eqimtion. Consider first the differential 
equation of the first order and the first degree, 

dyldx)=Q. . . . ( 1 ) 

Let a:, jv denote the coordinates of a point. 
Then the (Hfferential equation (1) can be regarded, 
as an equation giving the value of when 
the values of X and j are known. 

Let be any point {a^, b^ . Let the value ofT 
/ at (flp, derived y] \ 

from the equation (1) be j&j,. V 

Take a point at a short V 

distance frornTg and in such / 

a direction that the gradient J 

of (i.e., the tangent of ^ 

the angle which J(,.dimakes — 

•with the x-axis) is Let 

the coordinates of be ° ^ 

(%, and let the corresponding value of j? be 
Take .^2 at a short distance from in such a 
direction that the gradient of .^1^42 i® A> so on. 

Let now A^^Ai, AjAfi, .,. tend to zero (and let 
their number tend to infinity) ; and suppose that 
the broken curve A^AjA^ tends to a curve C. 
Then the curve C evidently possesses the property 
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I that the gradient of the tangent to it at any point 
! and the coordinates of that point satisfy the differ- 
ential equation (1). 

If we start with any other point, different 
from and not lying on the curve C, we shall 
j obtain another curve which also possesses the 
I above property. Evidently we can obtain a family 
' of curves each member of which possesses the 
above property. 

I Moreover, we have seen that the solution of 

I the differential equation (1) is of the form 

where c is an arbitrary constant. This also shows 
i that the differential equation represents a family 
of curves. 

I Hence the differential equation/(;c, JF, djidx) =0 
J represents a family of curves each member of 
which possesses the property that at any point 
on it the value of (^jdx and the coordinates 
i x,y satisfy the differential equation.* 

I The differential equation of the first order, 

r but of the second degree, is a quadratic in (^/dx 
I and so gives us two values of dyf^ at evo'y point. 

*Tixe broken curve AqAiA^ ... obtained above will be 
a very close approximation to the curve given by the differ- 
ential equation if AqA^, A^Ag, ... are sufficiently small. 
A numerical solution, corresponding exactly to the above 
geometrical process, was used to solve the differential 
equations of motion of Halley’s comet and thus predict 
its return in 1759, because the analytical solution would 
^ have taken too much time. Many other equations, which 
i cannot be solved by analytical methods, but whose solution 
^ is important for certain researches, have been solved by simi- 
lar approximate methods. 
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Hence two members of the family of curves repre- 
sented by it pass through every point._ We may 
expect, therefore, that its solution will involve the 
arbitrary constant c in the second degree, so that 
there may be two values of c for every point. We 
have already seen in the previous chapter that this 
in fact is the case. 

The method of finding the differential equation whenf/ 
the primitive is given has been explained in §10T L 

Ex. Obtain the differential equation of all circles 
which have their centre at (a, b). What is the geometrical 
interpretation of the differential equation ? 

The Cartesian equation of all circles which have their 
centre at b) is 

{x—aY-\-{y—bY=c, . . . (1) 

where r is arbitrary. 

To obtain the differential equation, we differentiate (!)• 
We get 

a) 

As this equation does not contain r, this is the required 
differential equation. 

It can be written as 

dy x--a 

«ai« ^ , 

dx y—'b 

Now the (i.e., the gradient) of the straight line 
joining {a, b) to {x, y) is {y—b) j {x—a). 

So the above differential equation means that at every 
point the curves represented by it are perpendicular to the 
line joining that point to (^,5), In other words, the differen- 
tial equation states that the curves represented by it are 
the curves which cut the radii vectores from (^z, 5) at right 
angles. 
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Examples 

L Find the differential equation satisfied by at, y inde- 
pendently of the values of b in the equation 

^=^a;cos 

2* Form the differential equation of the system of 
circles touching the j;-axis at the origin. {Nagpur^ 1956] 

3. Find the differential equation of all coaxal parabolas. 

4. Show that the differential equation of a general 
parabola is 

SKS)-'’}-"' 

5. Form the differential equation of all conics whose 
axes coincide with the axes of coordinates. \AUgark, 1954] 

6. Discuss the graph of the differential equation 

^ X 

dx~ y' 

7. Find the equation of the curve through the origin 
which satisfies the differential equation 

dyldx={x—y)^. 


12*2. Singular solution. Geometrical 
meaning. Consider the differential equation 

j>=px-\-ujp, . . . (1) 

which was solved in § 11‘4. 

The solution is 

. . . ( 2 ) 
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where m is an arbitrary constant, and represents a 
family of straight lines. 

It is well known that the 
envelope of this family 
is the parabola 

Now take any point 

io) on this parabola 
and consider first the 
straight line Lq of the 
family (2) which passes 

through By §12-1 

it is evident that the 
values of x, y, ^jdx at 
(floj ^o) for the straight 
line Lq must satisfy die differential equation (1). 

Next consider the value, at b^), of dyjdx 
for the parabola This value must be the 

same as the value of dyjdx for the tangent to it at 
{a^ybfjjy Le., the same as the value of (^jdx at 
(^0, bo) for the straight line Xq, 

The question to be considered now is whether 
the values, at (aq, bo) of x,yy dyjdx for the parabola 
will satisfy the differential equation (1). The 
answer evidently must be in the a&mative, because 
the values of x,_y, dyjdx for thejparabola belong also 
to that member of the family of straight lines 
represented by the differential equation (1) which 
pa^es through (^0, ip) . 

We see, tharefore, that at (% Jj), and so at 
every point on the parabola y^=4ax, the values of 
x,y and satisfy the differential equation (1). 
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Hence jv^=4(zx must also be a solution of the 
■differential equation (1). 

This solution, which is not a particular case 
of the general solution (2) , is the singular solution, 
and represents the envelope of the family of curves 
given by the differential equation. 

The above proposition is a general one. 
Whenever an envelope of the family of curves represented 
by the general solution of a differential equation exists, 
the equation of the envelope is also a solution of the 
differential equation. For, if the general solution of 
the differential equation 

f(x,y, dy[dx)=^0, . . . (3) 

is F(x,y,c)=0, . . . (4) 

and the envelope of (4) is 

<l>ix,y)=0f . . . (5) 

■the values of x,y, dyjdx at any point (aq, on (5) 
must be the same as the values of these quantities 
at that point for the member of the fanoily (4) which 
passes mrough (^o, b^, and so must satisfy (3) . 

The equation of the envelope of the family of 
curves represented by the general solution of a 
differential equation is called the singular solution. 
Such a solution does not involve any arbitrary cons- 
tant. Usually it is not included in the general 
solution. It may, however, in exceptional cases 
be only a particular case of the general solution; 
then it is regarded as being both a singular solu- 
tion and a particular case of the general solution. 

Note. We can easib verify direcdy that y=4ar is a 
solution of the differential equation ( 1) . For jp —Aax gives 

dyldx=‘2aly. 


iiH- 


! 
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With this value of p the right-hand side of the differ- 
; ential equation 

; =“-t-^=-^^-j-|j»=y;=the left-hand side. 

Thus the differential equation is satisfied. 

12*21. The singular solution of Clairaut^s 
I equation. We have seen that the general solution 

I of Glairaut’s equation 

y==px+f{p) . . . (1) 

' 1 is y=cxi-f(c). . . . (2) 

‘ Hence the singular solution, which is the 

: I ' envelope of (2), will be obtained by eliminating c 

(||[i between (2) and the equation 

I ^ 0=*+/'(c), . . . (3) 

obtained by differentiating (2) partially with res- 

il pectto c. 

jv Now the equation obtained by differentiating 

4 (1) partially with respect to 6 is 

; , o=*+/'(#). ... (4) 

• The equations (1) and (4) differ from the 

! equations (2) and (3) only in having instead of c. 

Hence the result of eliminating p between (1) and 
(4) will be the same as that of eliminating c be. 

; tween (2) and (3), i.e., the equation, obtained by 

I eliminating p between (1) and (4) will be the enve- 

1 lope of the curves (2), and thus will be the singular 

solution of (1). 

; By comparison with § 1T4 it will be seen that equation 

(4) was one of the equations obtained on differentiating 
(1) with respect to x. The above shows why the elimination 
oi p between that equation and the differential equation 
1 gave the singular solution. 
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12*22. Determination of singular solu^^ 
lions. General CT.se. An equation which, 
possesses a singular solution is not considered com-- 
pletely solved until the singular solution also has; 
been found. Hence it is necessary to know how to^- 
find such a solution. 

There are two methods. We may find the sin-' 
gular solution either firom the differential equation 
or firom its general solution. Since the singular 
solution is the envelope of the family of curves 
represented by the general solution, it can be found 
from the general solution by the usual method of 
finding envelopes. Thus if the general solution is 

. , F(x,j,c}.=Q, ^ ... (1) 

the singular solution is obtained by eliminating c between 
it and the equation 

zF{x,y, c)[do—0. ... (2) 

Again, if the result of this elimination be 

<f>{x,y) =0, . . . (3> 

it is well known that this equation represents the 
condition that two roots of (1), considered as an 
equation in e, should be equal. Geometrically 
interpreted, this means that the condition that the 
point P(.r, _y) should lie on the envelope (3) is the 
condition tiiat two of the curves, of the family (1) , 
which pass through (a?, y) should coincide. 

Regarded from this point of view, it is obvious 
that the equation of the envelope ^ould also ^ 
obtainable from the condition that the values 
for two of the curves which 
should be equal; i.e. 
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the envelope, and hence the singular solution, mill 
be obtained by eliminating p between it and 

^fix,y,p)fdp=0. 

The above makes it evident that if p occurs only in the 
first degree in the differential equatiouy there will be no singular solu- 
tion, Similarly, if the differential equation can be resolved 
into a number of factors, each linear in p^ there will be no' 
singular solution. 

The process of finding envelopes in some cases gives 
us curves which are not envelopes 
(see Text-Book on Diff. Cal, ^ § 12*21). % V ^ 

The same is true about the process of \ \/^ 

finding the singular solution. The ^i\ 

process will give, for example, the \f / \ Y 

locus of cusps if each member of the 

family possesses a cusp. But the 

dy\dx for this locus will in general be // 

quite different from the dyfdx for each 

member, as in the accompanying X 

figure; i.e., its equation will not satisfy 

the differential equation. Therefore, in any particular 

case, unless the equation obtained for the singular solu* 

tion obviously represents the envelope and nothing but 

the envelope, it is necessary to try whether the result 

satisfies the differential equation. Should it not do so, it 

may happen that the equation can be resolved into others 

that are simpler, and one or more than one of them may 

satisfy the equation; these will then constitute the singular 

solution.* 

Note 1. In solving differential equations by the 
methods of §§11*2, or 1T3, the equation obtained after the 
differentiation with respect to x or often contains a factor 
which, equated to zero, gives what we would obtain by 
differentiating the given differential equation with respect 

*A. R. Forsyth, A Treatise on Differential Equations^ 
where a more detailed treatment of singxdar solutions will 
be found than is possible to give here. 
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to p. Therefore the elimination of between this and the 
original equation will, in general, give us the singular solution. 

Note 2, If F(r)— 0 is an algebraic equation in r, the 
simplest function of the coefficients the vanishing of which 
represents the condition that the equation should have two 
equal roots is called the discriminant. Thus the discriminant 
of the equation 

^r2+£r+C=0 . . ; (4) 

is 

The equation 4ilC==0 may be called the discriminant 
relation. 

In confirmation of what has been said above about the 
envelope of a family of curves being the locus of a point for 
which the two members of the family passing through it 
coincide, it may be noted that if -4, B, C are functions of a?, 
j/, the envelope of the family of curves (4) is B^— 4^1(7— 0, 
and this equation is also the condition that the quadratic (4) 
should have two equal roots. 

Ex. Solve completely the differential equation 
j)2===4(3“-j), [Lucknow y 

Here 

^ dx 2—y 

The variables are separable, Ir^tegration gives 

where f=\/(3 --y), 

or j^). 

This is the general solution. The singular solution can 
be found by any of the two methods given below. 

Firstmethod, The general solution is 
{^+r) 2 ==fy*(3 --^y) . 

quadratic in the parameter <?, Hence the 

envelope is 

==. 0 , 

i.e., y(3-j;)=0. 
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Now J^==0 gives ^ =0. Substitution in the differential 
equation shows that these values ofj and p do not satisfy it. 
Hence is not a solution. 

Again 3 — gives ^'=:0. Substitution shows that 
these values of y and p satisfy the differential equation. 
Hence the singular solution isjp’—S. 

Second method. The given differential equation is a 
quadratic in So the ^-discriminant relation can be written 

down at once. It is 

144(2 

Now 2 — j =0 gives p =:0. Substitution in the differential 
equation shows that these values ofy and / do not satisfy it. 
Hence 2— jy==0 is not a solution.* 

Again, 3 — j =0 gives ^^0. Substitution shows that these 
values of and p do satisfy the differential equation. Hence 
the singular solution is j~3. 

Examples 

Find the general and singular solutions of 

1. {y-pxY-^^a^p^Q, 2. Zxy=^2px^--2p\ 

3. p'^-^xyp-^^y'^^O. [Patna, 1947] 

4. (y—px)^(l-{-p^)=a^pK 

5 . y^px+x-y/p^a, 

6. Find the complete primitive and singular solu-* 
tion of 

y===px-i’\^(i^+a^p^). 

Interpret your results geometrically. [Banaras, 1956] 

7. Investigate for singular solutions 

4x(x-^1)(x^2)P^-(3x^-^^^ 

8. Find the general and singular solutions of 

y^’^2p:>y+p^(x^--l}=^ {[Zudnow,^ *59] 

♦For the geometrical meaning of the various loci 
Miller; A First Course in Differential Equations, p. 31. 
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12’3. Geometrical problems. Many ^geo- 
metrical problems give rise to differential equations. 
An example will make the procedure to be adopted 
in solving such problems clear. 

Ex. Find the curves in which the polar subnormal is 
of constant length. 

Let the length of the polar subnormal be g. Then, 
since the polar subnormal is Igiven by the expression rfr/rffl, 
we must have 

which is the differential equation of the required curves. 
Solving it, we get 

r==fl(0+r), 

where c is an arbitrary constant. This is the polar equation 
of the required curves. 


Examples 

1. Find the Gartesian equation of the curve whose 
subtangent is constant. 

2. Find the curve in which the polar subtangent is 
•constant. 

3. Find the curve in which the subnormal is equal 
4o the abscissa. 

4. Show that the parabola is the only curve in which 

ihe subnormal is constant. [\Pelh%^ 1950] 

5. Find the differential equation of the family ol curves 
which cut a family of coaxal circles at a constant angle. 

6. Find the Gartesian equation of the curve in which 

rthe perpendicular from the foot of the ordinate on the 
tangentis of constant length. 1950] 

7. Find the curves for which the sum of the recipro- 

cals of the radius vector and the polar subtangent is 
•constant. [Agra^ 1956] 
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8. Show that the curve in which the angle between 

the tangent and the radius vector at every point is one-half 
of the vectorial angle is a cardioid. ^^58] 

9. Find the curve which is such that the portion of the 
jf-axis cut off between the origin and the tangent at any 
point, is proportional to the ordinate of the point. \peL^ ’62] 

10. The slope of a curve at any point is the reciprocal 
of twice the ordinate at that point. The curve also passes 
through the point (4, 3) . Find the equation to the curve. 

{Mdhra,m^ 

11. The tangent at a point P of a curve meets the axis 
of j at M and the paraEel through P to the axis ofj meets 
the axis of x at JV'. 0 is the origin. If the area of the tri- 
angle MON is constant, show that the curve is a hyperbola. 

{Lucknow^ 1960] 

12. Show that the curve for which the radius of curvature 
varies as the square of the perpendicular upon the normal 
belongs to the class whose pedal equation is 

r^-p^=pjk+ll2k^+Ae^^P, 
k being a given constant and A arbitrary. 

13. By integrating twice, or otherwise, find the primi- 
tive of 

Hence, or otherwise, obtain the «th derivative of tan~^* 
at *==0. 

^ 12*4. Trajectories. A curve which cuts 
every member of a given feimily of curves in accord- 
ance with some given law is called a trajectory of 
the given family of curves. We shall consider only 
the case when the given law is that the angle at 
which the curve cuts every member is constant. 

If a curve cuts every member of a given family 
of curves at right angles, it is csll& A zxi orthogonal 
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trajectory. The orthogonal trajectories of a given 
family of curves themselves forma familiy of curves. 
Their differential equation is easy to find if the 
differential equation of the original family of curves 
is known. For, let the given femily of curves have 
the equation 

f{x,y,dy[dx)=0, . . . (1) 

and suppose that JS, T are the current coordinates 
of any point on an orthogonal trajectory of (1). 

At the point where a member of (1) cuts the 
orthogonal trajectory, we must have 

X=x, 



dX dy[dx' 

Substituting in (1), we get 

f{X,r,-dX[dr)=0, 

which is the required differential equation of the 
orthogonal trajectories. 

Thus to obtain the differential equation of the ortho- 
gonal trajectories, we have simply to write —dxjdyfor dyjdx 
in the differential equation of the original family of curves. 

Similarly, since the tangent to a curve makes 
with the radius vector an angle <f>, where 
taxi <f>=rdd I dr, 

the tangent to the orthogonal trajectory must make 
with the radius vector an angle 0 jwhere 
tan 0=R dOjdR, 

{R, @) being any point on the trajectory. But 


Hence (r dd[ dr) (Rd& jdR) = — 1 . 
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It follows that the differential equation of the 
orthogonal trajectories is obtained from the differential 
equation (in polar coordinates) of a given family of 
curves by writing 


1 dr 
r dd 


for 



i.e. 



for 


dr 

W 


If the trajectories cut the given family of curves, whose 
differential equation is 

f(x,y,dyldx)=0, 

at the constant angle a, instead of at right angles, the 
difference between 


and tan-a(g) 

must be a, i,e., 

dTjdX—tana rfr/iX+tana 

di~i+{dridX)t3ina* l-(ir/<fZ) tana* 

according as the trajectories make the angle a on one 
side or the other of the curve. 


Hence the two differential equations of the trajecto- 
ries are obtained by substituting for dyjdx in the differential 
equation of the given family of curves, the expressions 
dyidx—tzxia - dy[dx+t 2 ina 
l -\-{<fyldx)ta.na 1— tan a 

respectively. 

To obtain the trajectories themselves, their 
differential equation obtained by any of the above 
methods must be integrated. When only the 
ordinary equation of the original family of curves is 
known, its differential equation must first be found 
by differentiation and elimination of the parameter# 
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Ex. Find the orthogonal trajectories of the cardioids 
f = 2^(1 —cos 0), a being the parameter. 1960] 

Differentiating r=?^(l — cos0), 

^we get drjdd —a sin 0. 

Eliminating a, we have cos 0)/sin0. 

Hence the orthogonal trajectories are given by the 
equation 

I dr —cos 6 
r dd^ sinO 

Separating the variables and integrating, we have 
fdr ^ C {l-cose)dd 
J r ~ J sin 6 ’ 

•or logr ==— log tanP+logsin^+log^> 

i,e.., r sin Bj tan =2c cos^ 

Hence r=^;(l+cos6) 

ts the required family of orthogonal trajectories. 

Examples 

•Find the equation of the family of curves that is 
orthogonal to 

1. iVihram.^l 2 . j^{x^-a^)l3x. 

3. aA?2i4-j>2=sl. 4, xy^k^. [DrfAi, 1962] 

5. Show that the orthogonal trajectories of the family 
ofconics 

y^—‘X^+4:py—2cx^0 

consist of a family of cubics with the common asymptote 

»+j^==0. lP,S,P.,U.P.,t9m 

6. Find the differential equation satisfied by the system 

of parabolas 5 and show that the orthogonal tra- 

jectories of the system belong to the system itself. IDelhi, *60] 

7. Find the orthogonal trajectories of the system of 

curves,; ' ' ■ 

w 


SI 
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8. Prove that the families of curves given by the? 
equations 

where and b are arbitrary parameters, intersect at righti 
angles. 

Find the orthogonal trajectories of 

9. rd=^a^ 10. r=^a6. \BamraSy'4:V]\ 

11. 12. r=a{l+cosnd), 

13. ^dP‘ sin nd. 14. sin n6 IBamras, ’59] ? 

Find the equation of the family of oblique trajectories » 
which cut 

15. A family of concentric circles at 30®. 

16. The straight lines j ==;? 2 a? at 45®. 

17. The circles touching the ;v-axis at the origin at 60®. . 

12*5. Other applications. DifFerential 
equations are of great utility in many problems of '• 
mechanics and physics. Such problems, however, 
are not considered here, as the student is sure to 
Study them in connection with their respective 
sul^'ects. 

Examples ON Chapter XII 

1. Find the differential equation of all circles in the- 
{x,y) plane. 

2. Find the differential equation of a system of con- - 

focal and coaxal parabolas. [Travancore, 1958] 

_3. Show that the differential equation of all hyperbolas • 
passing through the origin and having their asymptotes - 
parallel to the coordinate axes is 




4. Prove that, through any point {x,y) for whichj-. 
x:^0, there passes exactly one curve satisfying the differ^ 
ential equation dyjdx^kylx^ 
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where A is a given constant. Prove that, if ^>0, all these 
curves pass through the origin. Prove that, if A<0, the 
only one of the curves which passes through the origin is 
the^r-axis. 

5. Find the curves in which the subtangent varies as 

the abscissa. IRajasthaity 1957J 

6. Find the equation of the curve for which the polar 

subnormal varies as the radius vector. [Delhi^ 1962] 

7. Find the curves for which the Cartesian subnormal 

varies as the square of the radius vector. [Bihar , 1956] 

8. Find the polar equation of the curves in which the 
length of arc is proportional to the vectorial angle. 

9. Find the equation to the family of curves in which 
the length of the tangent between the point of contact and 
the A;-axis is of constant length equal to a. [Nagpur^ 1956] 

10. Obtain the Cartesian equation of the curve which 
possesses the property that the rectangle contained by the 
radius vector and the perpendicular drawn from the origin 
to the tangent is a constant (=P) ; given that the curve 
cuts the ;v-axis at a distance k from the origin. 

11. Find the curves in which the projection of the 
radius of curvature on the axis oiy has a constant value a* 

12. The tangent at any point P of a curve meets the 
AT-axis at <2.. If is on the positive side of the origin 0 
and 0P«=0!2., show that the family of curves having this 
property are parabolas whose common axis is the ;v-axis. 

Find the equation of the family of orthogonal trajec<- 
tories. [Allakabadyl9^9\ 

13. The normal at any point P of a curve cuts the Ar-axis 
in Gy and JV* is the foot of the ordinate of P. If JVC varies 
as the square of the radius vector from the origin, find the 
differential equation to the curve, and solve it, [AUd.y ^60] 

14. Solve and examine for singular solution 

[Gujaraty 1957] 
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13. Solve 

and obtain the singular solution. [Lucknow^ 1962] 

16. Find the general and singular solutions of 

2^— 8j&®=0. 

1 7. Find the orthogonal trajectories of a family of circles 
which touch a given line at a given point. {Gorakhpur^ ^60] 

18. A system of rectangular hyperbolas pass through 
the fixed points (±< 2 , .0) and have the origin as centre; show 
that the orthogonal trajectories are given by 

{x^+y^)^:==z2a^(x^-y^)^C. lUtkd, Eons., ^6} 

19. Show that the system of confocal conics 

is self-orthogonal. ILucknoWi 1962] 

20. Find the orthogonal trajectories of the family of 

semicubical parabplas ay^=x^i where a is a variable para- 
meter. [D^ZAi, 1959] 

21. Find the differential equation of the family of 

curves given by the equation where A is 

a parameter. Obtain the differential equation of its 
orthogonal trajectories and solve it. [Lucknow ^ 1944] 

22. Prove that the orthogonal trajectories of the curves 

A cos 6 

are the curves B^r sin^ 6, 

23. Show that the orthogonal trajectories of 

x^/aP''{y^lb^^c 

are 

where r and ri are variable parameters. 

Examine the cases ^=1, and n=2. 

24. Find the trajectories orthogonal to j>^.=tan a; - f-r, and 
illustrate the families of curves in a sketch. 

25. Find the equation of the system of orthogonal 
trajectories of a system of confocal and coaxal parabolas 

r=:2<z/(l+cos9). [Poona, 1960] 
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CHAPTER XIII 

LINEAR EQUATIONS WITH CONSTANT 
COEFFICIENTS 

13*1. Defboitions. We have already defined 
a linear differential equation as an equation in which 
the dependent variable j and its differential co- 
efficients occur only in the first degree. If, further, 
the coefficient of y and those of its differential 
coefficients are constants, the equation is said to be 
a linear differential equation with constant coefii- 
cients. The form of such an equation, therefore, is 

+••• + 0 .-)” 


■d, ( 1 ) 


where (2, is any function of x 

Consider first the equation in which the second 
member, viz. is zero : 






-...+a„J'=0. (2> 


Substitution will show at once that the follow- 
ing properties are true for this equation: 

(i) Ifj)’=/i(^) is a solution, then ^(«), 
where c is an arbitrary constant, is also a solution. 

(ii) If y=d'M> » J>’=/nW are 

solutions, then, 

y W W “H* • • “H^n./nW > 

where <?!, Cg, are arbitrary constants, is also a 
solution. 
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Now if the n functions axe 

linearly independent,* the solution 

% j^i W W 

which contains n arbitrary constants, must be the 
general solution of the equation under considera- 
tion, which is of the ^th order. (If/iW>/ 2 (^) > - ‘ ^ 
are not linearly independent, some of the terms 
can be combined and the number of arbitrary 
constants left will be less than n.) 

Next consider equation (I), in which the left- 
hand member is the same as in equation (2), but 
the right-hand member is different from zero. 
Substitution shows at once that if ^i/i(*v3 + 
^ 2 / 2 W +••• +^n/nW ^ solution of (2 ) 5 and ^(x) is 
any particular solution of (1), then 

*If we can find constants •..? such that 

^i/iW +^2/2W +-‘*+^n/nW=0, 

then the functions /iWs linearly independ- 

ent, for we can express any one of them linearly in terms 
of the others. Thus 

If, on the other|hand, no set of constants b^ 

exists such that 

^i/iW +^ 2/2 W 

we say that the functions ( at), (at), ... sltc linearly independ^ 
entn We add the adverb ‘linearly’ because two functions 
of a: are never independent of each other in the general 
sense. Take, for example, sin a? and x\ Given at® we can 
find X and therefore sin AT. Hence sin at can be expressed 
as a function of at®; in fact, sinA:i~sin{(A;®)^^^}, the real 
cube root being taken. But sin a? and at® are linearly inde- 
pendent. On the other hand, a;^— a;®, A?® +x® and ^^+2 a^ 
are not linearly independent^ because a;® + 2x®““|(Ar®'-“A?®) 
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I “l“^nynW 

j -jis also a solution of (1). 

i If /iWj/aWj ••• linearly independent, this 

j must be the most general solution, as it contains ,j 

’the full number of arbitrary constants. 

Thus the general solution of (1) consists of 
i i two. parts, one of which contains n arbitrary con- 
•stants and is a solution of the equation obtained 
from (1) by putting the second member equal to 
zero, and the other contains no arbitrary constants. 

!: The former is called the complementary function and 

I the latter the particular integral. 

\ 


1 13*2. Second member zero. Roots of 
the auxiliary equation all different. Assume, 
tentatively, that v?*"* is a solution of equation (2) 
of the previous article. Substitution shows that 
we must have 

Hence e"** will be a solution of (2) if m is a 
root of the algebraic equation 

which is called the 

If the roots of this are « 2 > and 

they are all different, e"*!’', ... are all different 

I and linearly independent. So the general solution 
of (2) in the case is 
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Ex. Solve the differential equation 

^ — 3^—4^ =0 . ICalcutta^ I960} 

The auxiliary equation is m^“3m—4=0, 

Le,, (m— 4 )(» 24 - 1 ) ?=0.^ 

The roots are —1 and 4. Hence the required solution is 

Examples 


1. Show by actual substitution that 

(i) is a solution of the differential equation 
d^y 




(ii) is not a solution, 

(iii) (T^ is a solution, 

(iv) is also a solution, 

(v) is not a solution of the equation 

dH 


but (vi) sin X is a solution, 

(vii) sin A? is also a solution, 

(viii) sin*;!;, is also a solution, 

(ix) x is not a solution. 

What is the general solution of d^yldx^--y^mix ? 
Which part of it is the complementary function and which 
the particular integral ? 


Solve 

2. g+3|+2^-0. 
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^+5^ + 4j-=0. 
^ Ox ^ 

dx^ dx^~^ dx 



-6^=0. 


.13|+ 12^-0. 


-3*+2«-0. 


•15j)>=0. 


given that when f=0, *=0 and dx/dt=f). 

13*3. Tbe symbol D. There is a special 
convenience in using the symbols D and /)" for 
d , d”- 

respectively in the treatment of linear differential 
equations with constant coefficients. In the first 
place, j)> may be written only once, when there are 
a number of terms involving Dy, D^_y, by 
making use of brackets. Thus the equation (2) of 
§ 13*1 may be written as 

(i)’' + . . . + o„_ijD 

Again, as will be proved below, D can be 
treated as an algebraical symbol in several respects. 
This greatly fecilitates the solution of the differen- 
tial equation. 

The meaning of an expression like 

{D-oMD-fl)y 

is that it represents {D —a) (JOfy —fyi}, 

i.e., DiDy—^ — 
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Thus (D -1) (D =(i) -1) 

=(i)-l)(3«3*-2^3x) 

=D(3e^-2e®^) -(3«3^-2«3x). 

Similarly in 

(D — aj) (D — aa) (D — og) . . . (D — 
we must begin with the factor which is next to j, 
find the result of performing the operation indica- 
ted by it, then take the next factor, perform the 
operation indicated by it, and so on. 

We shall prove now that the factors D— Oj, 
jD— ttg, ... can be written in any order, and the 
final result will be the same, provided a^, a^, ... are 
constants; moreover, if when 

factorised is equal to {D — a.-^{P — a^...{D — a„), 
the final value of 

(D — aj) (i) — ttg) . . . (D — a„)jv, 

when the operations indicated by the factors have 
been performed, will be the same as that of 

(D" +•• .+«„):>'• 

To prove this, we notice that the symbol D 
obviously obeys all the fundamental laws of 
algebra; for 

{D^-{-D^)y==D^y-]rIfiy 

as well as 

the Distributive Law; 
the Commutative law ; 
and the Index Law; 

except that the Commutative Law is not true 
with respect to variables. 
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Thus 




In fact, jci) has no meaning; and although and 

yDz both have meanings, they are not equal ify and -S are 
functions of X Fox D{yz)=jiI)z+zDy. 

It follows that we are justified in breaking up 
in the expression 

into factors and in taking the factors in any order ^ 
provided a^, tZg, are constants', for each step can 

be justified by one or more of the above laws, 
exactly as in algebra. 

Let now + . . . be deno- 

ted hy f(J>) and let ffD) be a factor of/(jD), so 
that f{I)) =fiiD) fffi) . We notice that if is a 
solution of the difierential equation 

then it is also a solution of the differential equation 

for, by what we have established above, 

my^MD)m)y, 

which shows that if fi{D)y is zero, th.en f{D)y also 
must be zero. So ifo solve f(D)y=0 we can con- 
sider each factor separately and if we can thus get n 
independent solutions, we can infer the general 
solution by what has been shown in § 13‘1. 

For example, the solution of (Z)— ?n)j>=0 is evidently 
re"*'*. Hence the solution of 


•• ■ ■ , ■ V"T — — — ' 

i 
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•i . . . 

where the factors are all different, IS 
as before. 

13*4. Auxiliary equation having equal 
roots* If the auxiliary equation has two equal 
roots, say Wi=?W 2 , the solution of the differential 
equation /(D)j)>=0 obtained in § 13-2 reduces to 

(<?i + • • • + 

which has only «— 1 arbitrary constants, because 
Cjd-Cg is equivalent to one arbitrary constant only. 

To obtain the general solution, we notice that 
in this case the algebraical equation /(Z)) =0 has 
two roots equal to rUi, so that if we can get the 
general solution of the differential equation 

. . . (1) 

we can obtain the general solution of /(!))__)' =0. 

Put in (1). Then it reduces to 

{D — m-^v=0, 

dv 
or 

Separating the variables, and integrating, 
log »=Cq-1-%a:, or>=re’"i% 
i.e., (D — 

This is a linear differential equation (§ 10‘5). 

The solution is 

—Q ^ -j-CX. 

Hence the general solution of (1) is 

I ; 
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Consequently the general solution of/(Z)}y=0 
in this case is 

(Ci +CaX)e"‘l* + . .. 

If in any case r roots are equal to the 
general solution of/(i))j=0 will be 

(cj +^2* +CgA:® + . . . + rt* -1- je’"r+i* 

as is easy to see by putting first equal 

to and solving for then putting 
=v^ and solving for and so on. 

E:=. Solve g_g_|+j,_o. 

Here {D^-D^-D+\)y=0, or (D-l)2(i) + l)j=0. 
Hence the solution hj={ci^-{-c^x)^-\-c^(r^. 

13*5. Auxiliary equation having imagi- 
nary roots. We suppose the coefficients «i, ... 

in f{D)y—0 to be all real. Hence if some roots of 
the algebraic equation/(m) =0 are imaginary, they 
will occur in pairs. Let a-±i^ be a pair of imagi- 
nary roots. Then the corresponding solution is 

We can transform this expression into a more 
convenient form. We have 

{co5^}( — isin^x) 

=e“*{(ci+ca) cosj8a:+(zri— ic2)sinj8A:} 

cos q-udlg sin 

by an obvious change in the ^bitrary constants. 






/f ' -I 
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_ Hence the general solution of /(D)j)>=0 when 
Jr (?») =0 has a pair of imaginary roots is 

Cje®* cos (^^+^ 2 ) +. . . 

If there are two pairs of imaginary roots, a±z8 
)db«ej the general solution of f{I^y =0 is ’ 

^i^“*cos +C3e'y*cos (€^+4:4) 

and so on. 

; If, however, /(m) =0 has two equal pairs of 
iitoginaiy roots, say a and a —i^ occur twice 
the general solution may be written as ^ 

+^ 2 ^) COS^JV + (tg 4-<;4*) sin 
as can be easily seen by simplifying 

and soon. 

Note 1. «***(% cos sin can also be written as 

Ci^^sin(Px+C2) 

by an obvious change in the arbitrary constants. 

h ^ the auxhiary equation 

involves surds, say it is a±-^p, where j8 is positive, then the 
corresponding term in the C.F. can simUarly be written as 

Gie«*cosli (x V^+Ca), or Cje^^sinh (xVP+C^). 

Ex. 1. Solve (Z> 24 -l)(D_i)j;_o. 

/Ehe solution is jr=rcji cosAT+Cj sin ;r+rj«K. 

Ex. 2. Solve C^2+D+l)a(D_2)j>=0. 

Since_ m2+m+l=0 has the roots ni=:l{—±i^ 3 y 
solution of the given differential equation is ' 

y=e ’'^H(^i+C2^)cos(jA;y'3)+(r5+r4A:)sin(|x\/3)}4-rje2*. 
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Examples 

Solve 


1. 



2. 



3. 



4. 



5. 

o 

II 

1 

1 


6. 

^_2*+2^_2|:+^-0. 
dx*‘ dx^ dx^ dx 


7. 

(jD4+8jD2+16)j;)=0. 


8. 

o 

11 

+ 

lAgra, 1! 

9. 

g±(‘*J’=o- 


10. 

^ +>'=0, given j =2 for x==0, j=- 

-2 for a:=^i 

13 

>6. The particular integral. 

Let 


< 2 , ... ( 1 ) 

denote some function of which when operated 
upon by /(D) gives Q,* Then this function of x is 
evidently a particular solution of the differential 
equation 


AD)y=(i, 


■ ■ ( 2 ) 
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! 


i 


for the substitution in (2) of (1) for j will satisfy 
the equation. We shall generally write ^ 

for TJTwfZ for the sake of convenience. 

fi-Dn 

Now the above definition of shows 

that 


i.e.,f(D) and {f(JD)}-^ are inverse operations. In 
particular 

i-e., £{!>-* a}=a. 

so that 

However, in finding we need not add 

any arbitrary constant, for we want only a parti- 
cular integral. In fact we shall find in every case 
that the part in {f(JD)}~^Q, which involves an 
arbitrary constant is already included in the com- 
plementary function and its inclusion in the 
particular integral also will not make the solution 
different or more general. We may take for 
the simplest function of a; which when 
operated upon hy f{D) will give Q,. 



The definition of {/(D)}"^ shows that if 

f(,D)v=Q,, . . . (1) 

then P={/(D)}-Va. ... (2) 

To the student it may appear that we infer this by 
dividing by /(£>). But this is wrong, because /(D) is not a 
number; it is an operator, i.e., it indicates that certain 
operations like diflferentiation, multiplication, addition, etc., 
are to be performed in a certain order on the quantity 
which follows it. We know that (2) is true, because we 
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see that if we operate on both sides with /{D) , the left-hand 
side gives f(D)v and the right-hand side gives, by definition, 
and these are equal by (1) . 

We have seen above lhat if the co^cients in 
are constants, as we suppose to be the case, 
we can subject/(i),) \nf[D)y to any of the process- 
es of algebra, and, in particular, factorise, /(D) and 
take the factors in any order. It follows from the 
deWtion of {/(D)}“’^(^ that we can subject the 
,/(D)in 

d 


m 

also to any of the algebraic processes, and, in 
particular, factorise/(D) and arrange the factors in 
any order, without affecting the value of the 
expression. 

We shall now find the value of (D— a)“^ Q.* 
Put (D—a)~’-Q.=z'- 

Then, by definition, 

dv f. 

i.e.. ^-<^’=0., 

which is a linear differential equation (§ 10’5) . The 
:solution is 




J 


Now c can be taken to be zero, for we want 
‘Only a particular solution. Hence we may take that 
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We are now in a position to evaluate 
Let, on factorisation 

Then, since 

(D — oj) (I> — ca) (D — 03) . . . (D — a = (2, > 

it follows from the definition, that 

(i) - aa) (D — ag) . . . (D — a 

=(D-a33-VQ, 

ddx. 

Therefore {D — 


=(i) I 


and so on. 

Hence we shall get finally 

dx...dx. 

This is the required particular integral. 

This method is applicable even when the factors of 
/(£)) are not all different. 

The alternative method of finding the particular in-^- 
tegral given immediately below is generally easier. There 
are, moreover, special methods for finding the particular 
integral for special forms of Q, which are easier still. These* 
also are considered below. 

13«7. The particiilar integral* Alternative 
method# Let {/(D)}~^j regarded as an algebraical 
function ofD be resolved into partial fractions; say 

L_ "^1 _L. f 
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It is assumed that a^, ... are all different, so that 

there is no quadratic denominator. It will be 
shown now that 




D 


D 


fiP} li-» — Oi ■ dJ — Ga 

where the right-hand side means 


( 2 ) 


To prove (2), we must show that the result of 
operating on the right-hand side by /(D) gives us Q^. 


Consider first the first term. We have 


since is merely a constant, 
=^(Z) --aJ(Z) -a2)..,(i) 

by §13-3, 

=Ai(D — Gg) ...(D — gJ (D—oj) 

by § 13-3, 

=Ai(D — Ga) (£> — Gg) . . . (D — G„) Q, , by § 1 3 -6. 

Next consider the second term. We have, as 
in the case Of the first term, 

— Az(.D—aj)(I>— Os) >..(_!>— ajd; 


and so on. 
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Adding up these results, we see that 

={^^(i)-<.,)(D-«3)...(D-aO}a. (3) 

Now, by § 13 - 3 , we can simplify SAi{D -—a^ ... 
(jD — aj by treating D as an algebraic symbol, 
since oj, ag, . . . and Aj, A^, . . . are constants. After 
simplification we shall find that 

iZ4i(Z) — og) (D — og) . . . (Z) — aj 
is equal to 1, because this is the numerator when 
the partial firactions on the right-hand side in (1) 
are brought to a common denominator. 

Hence (3) becomes 

showing that (2) is valid. 

This is the method which has to be employed when none 
of the special methods which follow is applicable, If/(D) 
has imaginary factors, the terms in the particular integral 
corresponding to these should be combined into a real result. 
If /(D) has repeated factors, some of the partial fractions 
will have non-linear denominators. The corresponding parts 
of the particular integral should then be found by applying 
§ 13 - 6 . 

Ex. Solve ^+fl^===rsec [AlMaiady 1960] 

The auxiliary equation is or m=^ia. 

Hence the C.F. is cos ax-j-C2 sin ax, 

TheP.I.=^^secaxi=j^-^-r^j^^^secax 

_ U 1 1 ) 

~2ia ID 
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Now 

1 


- sec ax =5' 


f fi-4ax ' r, 

^ dx==^e^A 

cosax J 


cos ax---i sm ax 


D^ia" Jcosa;^ J cosaa: 

=-5to{Ar 4-t( 1 /a) log cos ax}. 

1 


dx 


Similarly sec ax {x —i ( 1 ja) log cos ax}. 


Subtracting and dividing by 2ia, we find that the P.I. 


|a; sin (log cos ^a;) cos ezArl, 


1 


Hence the general solution is 
cos ax+C 2 sin ax -{-{x sin ax) I a+ {cos ax log cos ax) ja^. 


13*8. Special methods, {f (D)}-^ e'^^ We 
notice that 






Multiplying these equations by 1, 
respectively and adding, 

f{D)€^=^=f{a)^^. ... ( 1 ) 

This suggests that probably 


_ ax 

f(15J® “f(SJ 


-ax 

“ » 


provided /(a)7^0. That the proposition is really 
true we can easily verify. For this it is only neces- 
sary to show that the result of operating on the 
right-hand side with /(£)) will give us 


Now /(!)) ■ because 


M' 

lif{a) is a constant, 
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by (l)j =«“% 

which proves the proposition. 

If/(a)=0, we can apply § 13-84. 

E,. Solve g+5|.+6,=.». 

The auxiliary equation is 

or (m+2)(m+3) =0. 

Hence the solution is 

Examples 

Solve 

1 . 2 +|+.>’=«~"- 1960 ] 

3. g-3|+2j>=.«. [Sagar,m^ 

4. ^ +31^+240j>=272e“*. [^anariir, Geo/>^jicr, 1957] 

1957] 

6. Obtain the complete solution of the differential 

equation 

g-7^6,=.», 

and determine the constants so that _y=0 when at =0. 

1955] 





i)4sinaA;=(— ^ 

sin iZAT = ( — <22^ " sin flAT. 

Hence f{P^)s,max=f{--aF)smax: (1) 

This suggests that probably 

1 . 1 . 

^smax=j— ^smax, (2) 

provided /(—a 2 ^ 9 £: 0 . 

To see if (his is ^hue, we operate on the right- 
hand side with /(Z> 2 j; We get ^ 

since \Jf^ — aPj is a constant, 


{/( — . sin aa;}, by ( 1 ) , 

=sinaAr. 

Hence (2) is true. 

If/(i)) contains odd powers ofZ) also, it can 
be put in the form/i(i)2) -\-Df^{p^), 

ilJ] ™ ” = Mp‘) +i)Mt)‘) ” 

_ 1 ■ . . 

d-D/aC ~a^) § 13-6 and 

eqn. (2) above, 
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\p^ *"“)}> 

and 1/ ~?jD) are inverse operations, 

=(^ |^2T_^2J[)2 sina;ij | 

the value of which can be found easily by differen- 
tiation. The case ofcoscA! can be treated similarly. 
We shall find that 

1 

cosas;=7; ^ cos ax. 




Ex. Solve (Z) 2 — 3Z)+2)j)'==sin 3a:. \JMagpur, 1949] 

Since D2_3D+2=(I>-l)(D-2), 
so the G.F.=Ci 6 ^+f 2 «**. 


The P.I.= 


;sin 3 A:= 


-9 -31) +2 


sin Sat 


"i) 2 -lD+ 2 ' 

==-(3-D-7) pp^p-^sin3x 

=lJo(3i)— 7) sin 3x=jj0(9 cos 3x— 7sin 3x) . 
Hence the general solution is 

j=Cie*+rje**4-lJ0(9cos 3*— 7sin 3 a:). 


13*82. {f(D)}“^sinax, exceptional case. 

IfjD®*-4-<z^iS a factorof f{D), the substitution of 
for as required by the above method will make 
the denominator of the particular integral zero. 
Hence the above method feils in such cases. We 
have to apply § 13*7. 
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Thus, if /(D) =(D 2 +fl^) ^(D), to evaluate {f{D)yHmax 
we can determine (D^+a'^)’“Hinax first and then apply 
the operator {^(D)}"“^ to the result* 


, 313:1 ax s=s .y - — — sm ax 

D2 (D +za) {D—id) 



^iaXD—ia D-\-ia) 


But 

1 . 

'r v— 

D—ta 


-tax ( fiiax a--iax\ 


. r . . Cp-tax 

— sm axt=^^ sin ax dx ^ - 

w J J 2i 

piax r piax f p—^iax\ 

o- , 1 . e~^=‘ ( 

“'■>'5+5“““ — -ar {— wl' 


rr 1 • 1 fCOSaAT 

5i+?«“»*=2i;i-r— -srI 

X cosax J sin (2^ 

Also, if the differential equation is {D^-{-a'^)y==smax, 
the complementary function is sin ^+^2 cos law, showing 
that the term {ll 4 a^) sinax in the P. I. found above can 
be absorbed in the term risin a;v of the G.F. Hence we 
may write simply 


We can show similarly that ^ ^ ^ ^ ^ ; 

55 ^,cosax=|.smax. 

[A little consideration will show that the terms omitted 
above can be omitted even when the di^erential equation is 
^(D)(D 3 +a 2 )^=!sinfl;if, for { 1 /^(D)} sin flyif will give rise only 
to terms of the type r cos or rsin aA;,-yrhere c is some con- 
stant, and both these are absorbable in the C.F.] 

18 IG 


\-h 


rr 




1 ! 
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Ebc. Solve 

The G.F. is Ci+^jsin^zAr+^gCOsflx 

The PJ. isi.^j^sin<w=i^^:^~^)bytheabove, 

‘ _ X sin ax cos a x 

2a^ • 

Hence the complete solution is 

y 4-^2 sin ax cos ax — (at sin ax) j 2 a^^ 

the last term in the P.L being omitted, as it can be absorbed 
in theC.F. 


Examples 


.Solve 

3* +>==cos2Ar, 


2 . 


dx^ 

S+|+.-»in2. 


•^* ^ — 8^+9j>=40sin5*. 


iUtkal, 1956] 
lAligarh, 1960] 
IJBombay, 1947] 
[P.5.C., U.P., 1957] 
IJVa^ur, 1953] 
[Jiagpur, 1956] 


7. Find the integral of the equation 

d^x , „ dx 

d-Sn cos o +»*®* cos nt, 

which is such that when <=0, *=0 and dxldt—0, [Delhi, 1960] 




S. ^+^==cos2Ar+sin2A:. 
d^y 


10. ^ 


_ _4j,==^_l_sin 2x 


\Sagar, 1960 ] 
Uammu, 1951 ] 


13*83. ^f(D)}-ix”‘, where m is a positive 
integer. Consider first (D— By § 13-6, 


D—d 




x'^er^ m{m — l)y^ V" 


}. (1) 


~1F^ - 


by repeatedly integrating by parts. 

But if we expand lf(D—a) in powers of D 
we get ’ 

1 .n 1 

ylTl. .Jm, 

D—a ~ a{\~Dja) 

a\:^ +— 

— _lLm I ot ( w — 1 ) a ^-8 

at a a2 + — 

, w(w— 1) ...2.1) 

T" a”* }’ 

which is the same as (1). 
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Now we have shown in § 13-7 that we can 
breakup 

1 • 1 r. 

y{D) 

into its partial fractions and consider eadx partial 
fraction separately, and we have shown above that 
we can expand each partial fraction in powers of 
D. We know also that the expansion of 
in powers of D will be the same whether we fhst 
break it into its partial fractions and then expand 
each term, or we expand it otherwise. Hence to 
evaluate we can expand in 

powers of D by any method we like and operate 
upon a;™ with the expansion obtained. As all the 
differential coefficients of a:® of an order higher 
than m are zero, the particular integral will con- 
sist of a finitehumber of terms only. 

Ex. Solve 

Since D^-D^-6D=D(D+2){D~3), 
the G.F.=Ci+Ca«- 2 *+C 3 «®’'. 

D — 6) 

=-SZ)-i (1 (1 +x®) 

= constant, which can 
be omitted since the G.F. contains an arbitrary constant. 

Hence the complete solution is 
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Solve 


I. g-4g+5|-2_0. 

3 . y"’ —y' -.y J^y=X. 

4. g+2|+2,«. 


iSagar, 1954] 


IJifagpur, 1952] 


5 * 6 . g_ 4 j+ 4 ^=^*. 


dx^ 

‘ 2 - g+ 2 »+S-'“+*-+- 


[^%^rAj 1958] 

[^^, 1959 ] 

[Boro(la, 1959] 


13*84. {f(D)}-^e‘“ V, where V is any fimo> 

tion of X. By successive ^ffercntiation we see that 
D(e«* 7 ) +a} F, 

D 2 (e«F)=«“^(I>+fl) 2 F,... 

Therefore/(i))(«“*F) >=^*/(-D+a)F* • • (1) 

This sugg^ts that probatdy 

1 ■ r titr 1 


TTBl 


(e^^V); 




Wf 5 T 


V. 
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unear with constant coefficients 


■ whether this is true, operate on the 

right-hand side with /(D). We Lve 

. - 1 




Fj since /(Z) -fa) and {/(i)-fa)}"^ are inverse 
oparations, showing that me above proposition 
is true* 

, proposition enables us to find (/ri)))-V* 
when /[a) is zero, as in Ex. 2 worked out below. 

^Occasionally it is more convenient to find the 
r.l. corresponding to cosax or sin ax or to expres- 
sions mvolving these functions, by regarding cos ax 
or t sin ax as the real or the imaginary part of 
as in Ex. 4. worked out below. 


^.1. Solve (Z)2^2i)-|-5)^=««sinx [Banda, 195^] 

auxiliary equation are l±A/n— 5) 
i.e., 1±2«. Hence the C.F.=«*(cj sin 2x-{^^ cos 2x1. ’ 

1 .... 1 

-2(£>-h2)-l-5®^“* 


The P.I. 


■JDa- 




r23C . 


-2D+5 

1 


sinji:=<?23c. 


{D+2Y 


=-sinx.=e®*- 


1 


r smx 


— ‘'-“i -f.22>+5 ' 

2) sin x= — ^|^®*(cosx — 2sinx). 

Hence the general solution is 

sin 2x-f r, cos 2a:) -^^(cos x-2sinx). 
Ex. 2. Solve (D2-fD_2)j>— g*. 

Since i)2+D_2==,p+2)(D-l),theC.F.is 


f 

i 


I 





By themethod of § 13*8, the P J>===- p -q ^- - ^ == which is 

meaningless. But if we regard as the product of and 
1, and apply the method of the present article, we get 

4) { 


{D-\){p+2) 
= 4 . ^ 


{D- 




- 1 =^^£>““1 


\ ^ D+l^l 

Hence the general solution is 

This method will succeed even if the factor which be- 
comes zero occurs more than once in the denominator, as in 
the following example. 

Ex. 3. Solve (i)+2)(D-l)^j^==«^. 

The G.F. is 


The 


1 


D+2 
1 








Hence the general solution is 

Note. If in^ the last example we take the general value 
of D-® 1, which is where a, b, c are 

rary constants, or if we take any particular value of this 
other than we would not get a more general solution 
of the differential equation, because the terms involving 
a, by c are included in the complementary function. 

Ex. 4. Solvey'+u2jy==sinaA;. \ [Banarq^, 1956] 

We have already solved this example in § 13-82. The 
following is a shorter method. 

^ sin =coeff. of i in the value of 




(cosfl^+tsinfl*), i.e., of 
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UCNEAR, WITH CONSTAISHT COEFFICJENTS 


Bnt ^ Mr ^ 1 ,w\ 

“5^ (i "'■“*)> tys 13-8, 

by §13-84, 

Hence, equating the imaginary parts, 

1 . * 

«*=- 2^cos <w, 

so that the solution of the differential equation is 

^>=^1 sin cos <w-(Ar/ 2 a) cos <nt. 

[Note that the above shows at once, on equating the real 

parts, that -gq-^ cos av=£ sin 0*.] 


3. 

4. 

5. 

6 . 


'dx' 


“2 -4, cos X. 


Examples 

Solve 

1. (D^^3D+2)j:^xe^. 

2. —4^ +J=eaxsin 2x. 

dx»' 
dh 

^-y=«*cosAr. 
dH ^ dy 

d^y 

<&«■ 

7. (2)a— 3Z)+2)j=e*, if, =3 and 


-2|+.=^. 


IKa^r, 1954] 

[P.5.C., 17.P., 1956] 

I960] 

[jBaBUfaj, I960] 

ICdeutta, 1954] 
-D)’ =3 when *=0, 
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8. (23®— l)_)>=cosh*cos;if. 

. dH dH dv 

19541 — 77 , 


13 * 85 . {f (I>)}~^xV, where V is an^ 

of X. By Leibnitz’s theorem 

Z)'‘(a;F) =a:D" F+bD"-! F 

^.D^v+[^ir)v, 

showing that f{D)xV=xf{D) V-{-f'{£>) V. 
This suggests that probably 


where 


F is a symbolic method of writing 


dDf(D) 
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^ ' ^^"^NEAR, WITH CONSTANT COEFFICIENTS 

We can e^ily see that this is true, for operating 
on the right-hand side by/p) we get 

['/(k 

by (1), 


^xV. 


We can show similarly that 


_n^l) 


.dDf{D)\ 


’ I Irr . 

2P7(5)j ^+-— 


^^°ve/omiula is not very convenient in practice. 
k^!?.oa“u partici^ integral corresponding to 
S 13 84 should be applied. In evaluating the particular 
ntegr^ corresponding to sin a* or cos ca:, it is fre- 
quently more convenient to replace sin ax or cos ax by the 

SnTSLi”' “P* '>“= 

Ex. 1. Solve {D^-\-2D-\-\)y=x cos x. [Baroda, 1959} 
The Q.F. is evidently {cx-{-c^)e~^. 

TheP.I.=-— i— xcos* 


“*i)s_|_2£)-|_i nosx— ,2(i)-[-l) 


(j92-b2Z)4-iys 


~^2D cos x 
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{f{D)r^xV 279 

=|*sin cos A;=iA; sinx— I sin*+J COS*. 

Hence the general solution is 

1 ) sin cos *. 

Ex. 2. Solve ^+2^ 4-^==*® cos*. {Vikram, ’QV] 

The auxiliary equation is (m^+l)*— 0 . 

Hence the C.F. is (ci+ra*) sin *+(^8+^4*) cos*. 

TheP.I. = 


(i>2+l) 






Similarly 


^ (i>a+ 2 ii >)2 

—Igix - 1 4.2 

_4D2(1 _^£2))2* 

;^a(l 

= — + iD-i -| + . . ,)*® 

= — fAr2) terms inx\ x^* 

i*V*-*— (:A**-ii**-|*'*) 


(DS+1)« 


+ terms in x^. 


By addition, the P.I , required 


J(^ 5 X^gosa;— jA;®sin a:-— |A; 2 cosA:)+tenm included 

in the G.F* 

Hence the^ g^^ 

sinA: 4 -(%+^ 4 ^^ 

+^(9;e2 --.^) cos A?* 

AlitERNATiVE^^^^M Another method of finding 

the P.I. is to find the Pd. corresponding to x^e^^ as above 
and take the real part. (Compare with the method used 
in § 13-84, Ex. 4.) 
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Solve 


UNEAR, ■WTTH CONSTANT COEFFICIENTS 
Examples 


2 

q . 


1946] 
[CiJ/aiB, I960] 
2£ [-^ligarA, 1945] 

4. (■D^+l)®^=24A;cos2r, 

§^“ 2 ?^ conditions ^= 0 , j.=G, i)j,== 0 , i) 2 y^ 0 . 


r 


[^flKaroy, 1958] 


Examples on Chapter XIII 


I + C'* ^ = 0 . 




3. (K* + 2 D 3 4-3 £>2 _j_ 2 £) 4. 1 jj, 

// 4 iT J'Sa. 




d*j> 

=■ g+ 4 -“^-<“- 

7. Sg+I-H,-.,... 

8. (2i)4*l)^j===4^“^^2^ 

9- 2-J'=cosh*. [£an., 54] 10. g:_3|4-2j=l0.,in 


[M^rpur, 1953] 
[Madras, 1950] 


EXAMPLES 


d^y 


{Vikram, 1961] 


14. — +2^+10v+37sin3A:=0; and find the value 
dx^ dx ^ 

of jp when at— Jtt if it is given that j=?3 and when 


\BanaraSy\95%\ 


>=• S-' 4 +>^>- 

18. (D-l) 2 (I> 24 -l) 2 jy=siii 2 jA;+e*. 

dx^ dx ^ ^ 


\Panjaby 1954] 
[Gorakhpur i 1960] 

[Banaras, 1957] 


20. (i)®---^i))jp=12^^+8 sm [Bamras^ I9bl'\ 

21. (i)^4-jD2+l) [Gorakhpur^ I960] 

22- S+^S+4+-'-'"- [?»>», 1945] 


23. I)^— 3I>v+2jp===coshx and verify the solution you 

obtain. [First party Allahahady\9iS\ 

24. ^ C/.P.j iSfiO]*- 


d^y 

25 . -~^-^=:A;sinA;. 

27. ^_4^4-4v=8A:2e2*sm2jc. 

dx^ dx 


[Lucknow, 1957] 
iP.S.C., U.P., 1952] 
[Allahabad, I960] 


li 
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282 miscellaneous DIFF. EQUATIONS 

28. Solve the equation 
d^y 

given that dyjdx^^Q when an«|^ =</ when *=:0. 

[£flnar<w, 1959J 


29. If 


a)==0. 


x=a-\-{a'—a) cos {V (g/3)0- [.SaKarcj, 1960] 

30. Find the solution of the equation 

^-v=l 

vanishes when ^=0 and tends to a finite limit as 

['dl/aAaJai, 1960] 


CHAPTER XIV 

MISCELLANEOUS DIFFERENTIAL 
eqtqatiqns 

j J®®“®SeneoTas linear equations. A 

differential equation of the form 

nd'^y . ■‘1 , d^-'^y dv 

* ( 1 ) 

where a^, . . a are constant and O, is a funo 
tion ol Af, IS called a homogeneous Jmear Merenlm 
equation. 

1. By taking a new independent variable 
where ■’ 

4:=^log X, 




homogeneous LINEAR EaUATIONS ZW 

the homogeneous linear equation becomes a linear 
•equation with constant codfiicients. For 
dy _dy dt \_)- ^ 
lx~Jz‘dx~xdz’ 


and 

Similarly 


(1 

-L{^- 

dj)>\ 

\a: dz) 


dz) 


f 3^+2 f); etc. 

ch^ x^\dz^ dz^ dz) 


WritingD for djdzy the above equations become 
x(dyldx)—Dy. 
x^{d^yjdx^)=D{D--i)y, 
x^d^yldi^) =D{D -1){D -2) J ; etc. 

We can, in fact, prove by mathematical induc- 
tion that 

( 2 ) 

The substitution of these values of x{dyjdx)y 
x\d^yldx^) , etc., will evidently give us a linear differ- 
ential equation with constant coefficients, which 
can be solved by the methods of the last chapter. 

2. There is, however, another method which 
is easier. Let 9 denote the operator 

d 


so that dy mtwas x^f 

6H means x-i(x etc. 
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MISaELLANEO0S DIFF. EQUATIONS 


Now the symbol jD used above stands for 

I d . d 

I 

, so that the operator 0 is equivalent to the operator 

i; D, the only difference being that 6 can be applied ' 

I to functions of x directly, but D can be applied 

' only after transforming them into fimctions of z~ 

Hence equation (2) can be written as 

x”^=9(9-l){9-2)...(«-n+l)y. 

Let now the differential equation (1) be trans- 
formed by this relation, so that we get, say, the 
I equation 

. . . (3) 

It is easy to showj as in the case of the linear 
equation with constant coefficients, that the 
general solution of (3) is the sum of any particular 
solution of (3) and ‘the general solution of 

fm=o. . . .-( 4 ) 

To solve this last equation, assume tentatively 
thatj)'=Jc"*. Substitution gives at once the result 
that a;"* is a solution of (4) if w is a root of the 
auxiUcay equation 

; /(m)=0. ... (5) 

1 If %, m^, ..., are the roots of (5), and no 

two of diem are equal, the general solution of (4) 
is easily seen to be 

This is the complenmttary function in the solu- 
tion of equation (3). 




HOMOGENEOUS LINEAR EQJJArnONS 
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3. The particular integral (3), written as 

• • • (Q 

is some function of x which when operated upon 
by/(0) gives d. 

It can be shown, just as in the case of linear 
equations with constant coefficients, that the 
operator 0 satisfies the laws of algebra, and may 
be treated like an algebraical quantity in/’(fl) pro* 
vided the coefficients are constants. Further, we 
can prove with the help of this property that if 
f{d) can be broken into factors (?— Oi, aj, ...', 

6—a^, say, then (6). will be equal to 

-(5:^4))}]. m 

4. As an alternative, may be broken 

up into partial fractions, say 

•Oj}, ^2/(0-— dg), AJ{9 ^etn)> 
then it can be shown, exactly as in the last chapter, 
that is equal to 


+•••+7 




If 

H/ 


i, 

ill. 


5 . Now if A— then id—.a)v=Q,) 


i.e., x-r — av=0, or -r. — v——, 

’ dx dx X X* 

which is a linear difierential equation of the first 
order (§ 10‘5). 

The inte^ating factor is i.e., x~^, and 

the solution is . 






286 


MISGELLANEOtrS DIFF. EQUATIONS 


tt'.; 



This enables us to write down the values of (7) 
and (8) in terms of integrals. 


6. In case is some power of x, say x' 
may guess that 

1 m I _ m 


we 


( 10 ) 


{(_$) ~£{tn) ’ • 

since f{d)x'^ —f{myx”^. By operating on the right- 
hand side with/(0) we can see at once that formula 
(10). is correct. This furnishes us with a short 
method of finding the particular integral in such 


cases. 


7. In case the auxiliary equation (5) has f 
;roots each equal to the corresponding part of 
the solution of (4). can be inferred firom what we 
know about the solution of the linear equation with 
constant coefficients which results on using the 
substitution (2), and is equal to 

x”*i{ri+C2logx-t-...+^r (logx)''"^}. 

8. Similarly, if two roots of (5) arc imaginary 
and equal to a±ij3, the corresponding part of the 
solution is 

(cjcos (jSlogA:) -f-CaSin (jSlogx)}. 

Ex. Solve (xW^—3xD+4:)y=:2x\ where JD=i/<&r. 

lUtkal, im] 

Since* xD=9, and xW^=0(S—l), the difFerential equa- 
tion can be written as {0(6— 1) —35+4};'=2 a;*, 

or • (e^-4e-i-4)y=2xK 

•The student should carefully note that the equation 
xD=0 mpans merely that the operator xD is epmaUnt to the 
operator 0; or in other words, ifjy is any function of *, that 
x3jr=0y. 





HOMOGENEOUS LINEAR EQUATIONS 2o7 

The auxiliary equation is 4m',+4=0, which has two 
roots each equal to 2. Hence the complementary function is 
x^{c^+c^\ogx). 


The short method given above (formula 10) fails, for 
0—^2 becomes zero when 9 is put equal to 2. The method 
of breaking up {/(^)}"‘^ into partial fractions also fails,, because 
there is a repeated root. But formula (9) gives 

1 r 

dx—x^\ogx 

Therefore, applying formula (9) once more, 


^x"^ x'^log X dx 
=i^^(logA;)2. 

Hence the general solution of the given differential 
equation is 

j;==rA:2(ri+r2logA?) +(A:logAr)^ 

Examples 

Solve 

1 . x'^D^y+5xDj’\-Ay^Q, 

3. 

4^f \Baroday\^bS\ 


IRajasthariy 1962] 


\BamTasy 1951] 


\psnianiay ’60] 
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; ' 8. {Bombay^ 

i| , 9. a;®^—2a;^+2j»c=*-^ • [JVa^j!i«r, 1954] 

h' 10. {xm^Jr2.xD)y=\ogx. 

f; ^ 11. A:a^+7A:^+13j>=log^f. {Delhi, 

|| 1 \2. x?^+Zx^^-\-x^^-\-y=x-\-\ogx. {Ban. Geoph.,'Q0l 

I' 13. («*/)* — xD-\-ll)y=x\o%x. {Delhi, 1960] 

|| I 14. 3j)=A:2logeX____.'^’] {Banda, lQ59i\ 



14*2. Simiiltaaeous linear differential equa- 
tions with constant coefficients. If Af and^ are 
functions of t, we can determine x and j when two 
differential equations in x,y and ^ are given. We 
shall consider here only equations which are linear 
and have constant coefficients. IfD denotes 
such equations can be written in the form 

■ • (j) 

Fmx+Pmy~K[t)- ■ ■ ( 2 ) 

Similarly, if there are three dependent variables 
x,y, z, which are all functions of t, there should be 
three differential equations; and so on. The 
method of solution for three or more dependent 
variables will be evident from that used below for 
the case of two variables. 

To solve equations (1) and (2), we shall obtain 
first an equation which contains only x. For this, 
operate on (1) with FgCi)), on (2) with A('^) and 
subtract. We get 


I 


SIMULTANEOUS EQUATIONS 


This is a linear differential equation with con- 
stant coefficients wliich can be solved by the method 
of the last chapter. Let the solution be 

x=tls{t). 

The substitution of this value of a; in (1) or (2) 
will give an equation from which can be deter- 
mined. If, however, y is determined by an inde- 
pendent elimination, as in the case of Af, the values of 
« and jj) will have to be substituted in equation (1) 
or (2), and the arbitrary constants in, say, j adjust- 
ed (i.e., expressed in terms of the arbitrary constants 
in the value of x), so that the equation may be 
satisfied. 


Ex. Solve 1+^=1. 

These equations can be written as 

Equation (1) gives D%—JD^=L . 

Adding (2) and (S), 4-^=2. 

Hence A?==riCos^+^2sinf+(l4-A^)""^2, 
or x^CxCost+c^sini+Z. 

Substitution in (1) gives^==— risin^+^acosf--#. 



Examples 

Solve the simultaneous equations 

1 . ~^7x-y=0, ^^+2x+5y=0. 

2. 2j>=2cosf— 7sm#, 

^ — ^+2at=4cosf— 3sint. 
dtdt 


[JWiKfrar, 1942] 


[Baroda, 1959] 
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MISCELLANEOirs BIFF, EQUATIONS 

tBaro&, ’60] 

4. Dx=2y,Dy=2z,Dt—2x,'wh.tTeD=dldt. 

[Aligarh, 1Q51] 




14*3. l^uations o£ the farm d^/dx®=£(y). 

Such equations can be solved by multiplying both 
sides by 2dyldx and integrating with respect to x 
The multiplication gives 


<)dy ^ 
^ dx' dx^ 


= 2 / 0 )|. 


Integration with respect to x gives 

(I)='+2M^)|*='+2//W4v. 

By extracting the square root of both sides, separa- 
ting the variables and integrating, we shall get the 
value of y in terms of a?. 


Ex, A particle moves in a straight line Oi^, starting 
from rest at A, with an acceleration towards 0 equal to jtt 
times the distance of the particle from 0. Find the time 
it will take to arrive at 0. 


Let P be the position of the particle at any time t after 
its start. Let OP^x. Then the equation of motion is 




there^ being a negative sign before /aa? because the accelera- 
tion is towards 0, i.e., in the negative direction. 

Multiplying by 2<fe/^rand integrating, we have 
{dxj dt) * = — [xx^ -j-r. 


• . ( 2 ) 
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Now the particle starts at A, So, if OA^a^ik& velo- 
city when A; ==a. Substitution of these values in 

(2) gives 

0 “ — 

which detemaines z:. With this value of (2) becomes 
{dxjdt )^=^ — ♦ ♦ • 
or dxldt==-'±:\/ 

Evidently we must choose the negative sign before the 
radical, because the velocity is towards 0, and therefore 
negative. 

Separating the variables and integrating, 

=ci-sm-i {xla) . (4) 

We know that A? when f==0. Hence 0 =^i*— 'll!. 

With this vd^ becomes 

^y^ju,==s|7r— sin"^ 

Hence the value of ^ when a;== 0 is given by 
i.e., the particle will arrive at 0 in time 


Examples 


2. A particle, whose mass is is acted upon by a 
force mii{x+a^xr^) towards the origin; if it starts from rest 
at a distance zz, show that it will arrive at the origin in time 

hrlVl^’ 


L A point moves in a straight line towards a centre 
of force /x/(mstance) ®, starting from rest at a distance zz from 
the centre of force; show that the time of reaching a point 
distant i from the centre of force is (zz/v'/^) 
that its velocity then is 



AmWERS TO THE EXAMPLES 

Page 7 

1 . 2 . 

f- / -2cos*-3sinx 4. 5sin;t+2tan;^-10;y. 

5. 10*/log,10+3.x+i*4. 6. 2tan-i;c+3a*/loga. 

7. 6sin-iAr+3tanA;. 8. secAr+ScotA;. 

-f cosecA;+Af. 10. Ar+^2/2!+;tf«/3 !+.... 

■v/l*. i'W^+iiAr^+JcArS+iv. 12. — a/^+51ogA;+CA:. 

13. Alogx—Zjx—ljxK 14. 

15. AT— ISatI— ^at-®. 16. fA;’>"®+|iw®/®+2a®A!®^®-j-2A®/2. 

Pages 11-12 

1. M i(A:+2)S 4(2 a;+3)«, ^,(3a;~2)« -^(2_3^)« 
\ax+bYIAa. 2 . -\l2x\ -Il2{x+Z)\ 

-1/6(3a;+ 4)2, l/6(8-3Ar)2,-l/25(a-l-iA:)2, ll2b{a-bx)K 
f®'®^M(®;+4)3/2,i(2Ar+3)®^ -^(3-2 a;)s/2, 

. (2/3i)(a+iA:^*/*. 

- , . , (2/5a)(ax~bY'K 

5. logAf,log(A;+l), JIog(2*+l), -Iog(l-^), 

j; T OV 1 ■— C‘*^l0g(3 ^M?). 

6. i«®* i«®*+.3, a®*/31oga,a4*-fi/41oga, 

icos2Ar, -2cosjAf, -m-icoswAr, -«cos(Ar/m), 

8 . sin Jsm-i2Ar, Jsin-i (2A:-l), ^sin-i (3Ar-2), 

Q o* ,, , . a-isin-i (a*+i). 


It Jf“^^’“*‘'°*^*»^*^“2Ar, isin(3A:+4), Jtan(7*+2). 
. ilog(9A;+l), 2sin Ja:, Jtan 3a:, ^sec3A:, isec2A:. 
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12. icosli2*, a~'-sinh (a*+fc), Jtanh (3x— '7), 

i'^cotih (a— i*). 

13. — 2 cos 2*— § cos 3 a:. 14. 5a*/log a+|asin (5*+2). 

15. 

16. — 3 sin J (a— *) — 3 cos J (a +*) • 

Page 13 

1 . |a*®/loga, — ^cosa:*. 

2. ■itan-i*M(l+«2)3« K2+^^®)®^®- 

3. (aa+;t*)"+i/2(K+l), (l/2a)tan-i(A:Vfl). 

5. (l/nJ) log (a+iA:") , n-^log (4+a:") , — (2/j6)V (2—*!’) . 

6. ■Jsia®A:,'J(logA:)®, — Icos®*. 

7. ^tan®Ar, — Jcot®*, J(sin”iA:)®. 

8. — cosecAT, scca;, — cosec"~^A:/(n— 1). 

9. tanP+’-A;/(/i+l), — |(cot-J-A:)®, Ksec-^A:)®. 

10. i(l+logA:)®, 

11 . (a+Jsin*)l’+V6C^+l), — (a— 6tanAt)^+Vi(?+l)> 

(a+6sin“®A:)"^+V^(j»+l). 

12. I sin“^ a:®, f tan“® *®, f sin"® (x®/-v/3) » SVS tan"® (Ac®‘v/f ) • 

13. sec"®A!, ^sec~®A:®; Jsec"®^A:®. 

14. (1/2V2) sin-®(V2A:®), (3/2^2) tan"®(V2*®), 

^^sec® (ac®/2). 

15. i(sin-® At) *, J(tan"® a:)®, ^(sec~® At)*, |(vers"® a:)®. 

Page 15 

1. log(A:®4-l), log(A:®+3At+2), ilog(aAt^+2JAr+c), 

an"® log (A:’*+fi). 

2. log (e*+l) , log (e*+e-*) , log (IO^+a;®®) . 

3. — log(l+cotAt),logtan"®Af, — logcos"®Ai:. 

4. loglogAt, — 6"®log(a+JcosAf), 

|(i— o)~®log (acos®At+^ sin*At). 

5. — tan"®cosAt, — (1/aJ) tan"®{(i/a)cosA:}, 

— 6"® cos (a+i log*). 
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6# -“sin"“^(a“^cosJv), tan(L+logA?), 

— 1 /(m;— 1 ) ( 1 +log 

% ^arctanx - 2 cos — a^^ccosxyiog^, -(1 +a?2)~i/2. 

8, — icos^A;^, 

Page 17 


1 

t'l 

'i 

H 


1. iA?^log (jc^le ) , —log ixe) jx^ log / (w 4- 1 ) ^* 

2* 1), sinhx. 

3. X sin x-i-cos x^tt'^x sin nx+rr^ cos nx^ 

ar^ (logsin ax ^ ax cot ax).. 

4* xtan“ix— |log (1 +^ 2 ), A:cot“^Ar'+ilog (1 +a:2), 

A;sin“^ a:+V(1 

5« (2— x2)cosA;+2A?sinA?, |(a; 2— |)sin2Ar+iA:cos2x, 

m’^^e^^(m^x^--2mx+2). 

6. A(logx)2— 2A?log x+2Xi [(log x)^l(n*+l) 


— 21ogAf/(n.+l)^+2/(n+l)^]> 

?• (sin Af{+cos A ;)5 |;e^5c ^2sin a; — cos a;), 

^^^^(2 sin 2 a:+ 3 cos 2 a?) . 

Page 20 


1. log{(*-2)/(A>-l)}, Jlog{(^-l)(;^+ 3 ) 3 }, 

W(^+ 2 )}- 

2. ilog{(A:— 3 )/(a?+1)}, Jlog{(x— 2)2(a?+3)3}, 

ilog{(x-2)/(A?+2)}*. 

3. i sin 2x— I sin 4Ar, Jat— J sin 2a:, ^ cos 3a:— | cos x. 


4. — ^ cos 6 a:+| cos 2a:, Ja?+ J sin 2 a:, | sin x+^^^sin 3 a:. 

Page 26 

1. 2 log tan iA:+3 log tan (jTTtfjA:). 

2. I log tan (^tt+Ja:^) +7a:. 3* J log tan (Jtt+I+x)* 

4* ar^logtnn{i{ax+b)}. 5. J sinh“i (^x^) . 

6* cosh“^ (-Ja;®) . 

7. I sin x^ (4 — sin^ x) 4^ sin^^ (J sin x ) . 

8. jA;2y'(A;^4-9)4‘|sinh*"i (-Jx^), 

9. ^A?%/ (a:* — 1) — J cosh*"^ a:®. 
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10 . Jsec*\/(sec®*+l) +|sinh-isecA;. 

Pages 29-30 


1. 

A- 2. 

2. 

3. 

1^* 

4. 

J-Tr. 

5. 

log 

6. 

1-1/V2. 7. 

Jtt. 

8. 

§7T. 

9. 

Ki- 

-cos 

a®). 

to. 

i(l+log2)®- 

■i- 

11. 

Itt. 

12. 



13. 

Jlog(l+2/\/3). 

14. 

sin loge 3. 

15. 

i(«®. 

-1) 

16. 

s- 


17. 

8 

ITS^- 


18. 

0. 


Pages 34-36 








1. 

J (tan-® At)®. 

2. 

log tan“®Af. 


3. logsin 

log; 

4. 

j„-igmsin-®K. 

5. 

-|/(**+3). 

' { 

6. log log 

sin . 


7. 

9. 

11 . 

13. 

15. 


8 . 

10 . 


I log tan X. 


log ( 1 — e-*). 


{alb) log{e*/ {b-\-c^)). 

J log tan ( 2 A:!+iw) . 12. —x cos A;-|-sin x. 

J(a: 2 + 1 ) tan"^* — Jx 14. A:tanx+logcosx 

i(sm X cosh At —cos x sinh a:) . 


.16. —x^) — i.sinri« sinriAi.. 


17. 

19. 

20 . 
21 . 
22 . 

24. 

25. 

28. 

30. 

32. 

34. 

36. 

38. 

41. 

44. 


(a:— tan~^A;) 1 ^/( 1 4 -*®) • 18. ;c— (sin“^A!:)>v/ (1 —at®) . 

Ja;® log *>— J a:®. 

(—»4-l)-iAr>*+^{log*—l/(— «+!)}• 

(a:®— 2A:+2)e*. 

ie»«(x*-SA:M-|). 23 . i;c®{(log*)®-|logAt+f}. 

(6Ar/a® — A;®/a)|cos ax + (Sx^Ja^ — 6/a*) sin ax. 

J«*®(a:®— 1 ). 

— J(tan-®- x) ® +x tan-i jf — J log ( 1 +a;®) . 27. x tan ix. 

log{(*-2)^Af+l)}. 29. log{(;f-3)®/(A!-2)}. 

J(a®— S®)“®log{(A:®— a®)/(Ar®— i®)}. 31. — 14-21oge2. 

33. _2 sin Af — log tan (i^T+|A;). __ 

35. 


ilogelf 

log{(«*-l)/(«’^+l)}. 

e’f/®. 37. 

—2^/2 cos(^a:+^)* 39. 
«*/(1+a;). 42. 

X tan“®A:— i log (1 +a:®). 


J cos a:— . 5 ^ cos 5a;. 
^«®*^sin (4 a;— tan-® I). 

(i) i7r,(ii) 1 — Jw, (iii) 1 - 

iA;*/(I+A;®)®. 
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45* If%=the given integral, 

4S. (i)|,(ii)<e-~l). 47. 2/ 

Page 40 

1. A:+log{(A;— 1 )/(a;+1)}. 

2. iA;+^log(A:— 1)— |log(^+2)+|Jlog(2*+3), 

3. TVog(A;+3)+T^log(A:— 2)— Jlog(A:+l). 

4. i log (at+I) —4 log (Af+2) +1 log (a;+3). 

5. Jlog (at— l)+^log (3a:— 1)— I log (3a:— 2). 

6. 4Ac3+;t2+9«-^log(A:,-l)-fflog(i^+2)+Wlog(*-3). 

7. I!alog(x—a)l(a~b){a—c). 

8. Ar+i?(a— fl)(a— ^)(a— c) log (a:— a)/(a— j9)(a— y). 

Page 42 

1 . |log{(x-l)/(x+2)}-i(x-l)-i. 

2. log {(x-2)l{x+l)}+i(x+l)-^-^{x<+l)~\ 

3. ix-^+:r^+2x-^+21og{l-lIx). 

4. log{A:/(A:+l)}+l/(jf+l). 

5. 41og(A:~2)-31og(A:-l)-2(;c-2)-i-5(*-2)-2. 

6. i(A;+2)-i-|(^-l)-i-3Vlog{(;c-l)/(;r+2)}. 

Pages 47-48 

1. (2/^23) tan-i{(4A:+l)/V23}. 

2. i tan-^ {|(a;+1)}. 

3. flog (2 a: 3-2*+3) +iV5 tan'i {(2«-l)/V5}. 

4. § log (3a:3+2a:+1) — VV2 tan-i {(3a:+1) j\/2}. 

5 . §-\/ 3 it . ®* tV51oge{(3-hv/5)/2}— logj2. 

7. tf log|— fglogf — ^^log2 — bIjjtt. 8. «r, 

9. Jlog (x— 1) — J log ( a:34-a:+1) 

-(1/V3) taa-i{(2*4-l)A/3}. 

10. J log{(A:+l)3/(;.*+l)}-|(;.4.1)-i. 

11. § log (*+l) log (a:*— AC+1) 4-4\/3 tan~i{(2A:— 1)/V3}. 

12. log{(l-l-Af)®/(l+A(*)}— tan”^Af. 
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Page 52 

i'*(*^+l)"®+§A;(A;2+l)~i+§ 

2. ^(4;^2+2)-i+iv'2tan-i(V2). 

3. (2Ar+l)/3(^f2+A;+l)+|V3tan-i{(2;e+l)/V3}. 

4. (*-3)/4(A;2+2^+3)+|v'2tan-H(A:+l)/v'2}. 

5. ilog{(x^+l)l(x+l)^}+i(x-l)l{x^+l). 

7« ^tan ^x ^\/3 tan.~^ (^f/-Y/3) . . 

8. ib^—a^)-^{ar^tz.rr^(xla)—b-^tan-'^(xlb)}. 

9. Vitan-i{(ic2-l)/V2}. 

10. ilog{(A! 2 -^+l)/(:v 2 +^_^l)j. ^11. tan-i(jc.-l/*). 

12 . (:-s/2/8a)log{(x^—^2ax-\-a^)l(x^-\-^2ax-\-a^)} 

+('v/2/4a) tan“^{(*2— a2)/y'2a*}. 

13. (l/6v'14) tan~i{(A:^— 3)/A:-y/14} 

-(1/6^2) tan-i{(;«a+3)/ArV2)}. 

14. ilog{(«a+l)/(;t2+3)}. 

15. i(*^+l)“^4-i(-**+l)~^+ilog{A:a/(A:a-f-l)J. 

16. -I log {a:®/ (1+^®)}. 

17. Jloge2. 18. ■Jloge|+iV2tan-i(^V'2). 

Page 53 

1- ilog{(^-3)/(x+2)}. 2. ^log{A:(*-2)®(A:+3)a}. 

3. «/(l— **). 4. i(*— l)“^+iIog(A;— 2)— ^log(*— 1) 

“aio log +4) + jfgg ton-^ ( J*) . 

5. i(l-*)~^-ilog(;«-l)-i(**+l)-Hilog(*a4-l) 

+itan-aiP. 

6. iv'2tan-i(*/v'2)-^log{(;«-l)/(A:+l)}. 

7. — Jtaii-iA;+Jlog{(*— 1 )/(a;+1)}. 

8. i-v/21og{(;va_|^2*+l)/(;t2-V'2;f+l)} 

+1^/2 tati-i^(*a-l)/AV2}. 

9. l/a^x+ia-Hog{{X‘—a)^(x’^+a^)jx*}, 

10. (l/«) log{A:"/(;f'*+l)}. 
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11. (-l/VS) tan-1 {v'3/(1+2a:*)}. 

12. -ilog(l+;r2+;r*)-|V3tan-i{(l+2x2)/v'3}. 

13. fHlog{(*»-l)2/(^«+^+l)}+iV3tan-i{(2^«+l)/v/3}. 

14. (3x-4)/4(*-l) *+§log (*-l) (x+1) 

-^log {x^-x+1) +JV3 tan-i{(2«-l)/V3}. 

15. -|(2*2+x+2)-i+#5W15taix-i{(4^+l)/V15} 

4-7(4«+l)/60(2A:2-+;e+2). 

16. -l{x^+a^)-^{l+xla)-Sxj8a^ix^+a^) 

—(3j8a*)tanr^(xja). 

17. -^Jf^/2t^in-^ix|^/2)-lx{x^+2)-^-ix{x^*+-2)-\ 

18. logei-fs- 19- iV21og(-v/2-l)+iV2^- 

20. iV21og(v'2+l)+iV2^. 21. logef. 

22. Jlog,2-|logel-loge3. 

Page 55 


1. f5(3;c2~20;c+200)V(j«+5). 2. 2(V«— tan-iV*)* 

3. ^5(5*3+6^2+8a!+16)v'('*— !)• 

4. |(a:+12)(;c-3)*/8. 

5. fi‘~2f»+6i+4v'3log{(#-V3)/(#+V3)}, 

where i =\/(#+2) . 


6. -\/(a:®— a*)— atan-i-v/(^V®®—l)' 

7. ilog[{V(l+**)-l}/{V(l+^)+l}]- 

8. |J®— 4t®4-8f— 8 log (l+i)j where is=A;i/*. 

9. — where 

10. Ilog^f. 


Page 58 

1. sinh-i{(;c+l)/V2}. 2. sin-i{(2A:+l)/V5}. 

3. f/2sinh-i{(4*+3)/v'23}. 

4. i(4;c+3)V'(2;«*4-3«+4) 

+lfV2 log {*+|+V(**+S*+2)}. 

5. i(4;e+3)v'(4-3^-2;t2) +tJV2 sin-i{(4A;4-3)/V41)}. 

6. ^/(x^+x+l)-isinh-^{i2x+l)|^/3}. 

7. 2-v/(*®+3*+l)+2cosh-i{(2A:.4-3)/v'5}. 
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8. ^(2A;®+3)®/®+|Ar'\/(2A:*+3)+|-v/2 sinh“^ (Ar-\/§). 

9. |(8A:2-6x+l)V(^*+^+l)-|^sinh-i{(2Ar+l)/V3}. 

10. i7r(^-a)a. 

Pages 60-61 

1. ^,(4a;-5)v'(2*^-«+2) 

+H V2 log {x-i+ 

2. ^x-\/{x^-\-4;)—sinhr^^x. 

3. — ^x-\/(3—x^)—^sm~^(xl‘\/3). 

4. i(2;e+5)V(*2+x+l)+¥smh-i{(2^+l)/v'3}. 

5. ■|(A:a.-2)V(A:2+l)+3siiih-ia;. 6. 0. 

Page 62 

1. 1^2 sinh-i {(1 +x) /(I -*)}. 

2. sin-i {(3 x+1)/V'5(a:+ 1)}. 3. iV2 sm-i{V2/(*+l)}. 

4. —s/{x-{-a)la\/'{x—a). 

5. iV2[sinh-i {(H-x)/(l -;«)}+sinh-i {(1 -x)/(l +x)}]. 

6. i(l+;c)i«(2-A;)(l-x)-w 

7. sin“^{(x-l-3)/-\/5(x+l)}+cos~^{(2— x)/x'\/5}. 

Page65 

1. sm~^x— v/(l — X®). 2. cosh~® x+'v/Cx*— 1). 

3. x+^x®+logx-l-i(x+2)'v/(l+x®)+Jsinh-®x 

— sinh“® (1/x). 

4. (ix-l)-v/(l— **)— 

5. |[x®— xV'Cx®— 1) -l-cosh~® x]. 

6. (1/2^33) log[{xVlH-V(3*®-12)}/{xVl 1-V(3x»- 12)>] 

7. ^5log[{V(x®+9)-V'5}/{(x®+9)-l-V5>3 

+'^5 tan-i {xv'5/2V{x*+9}}. 

8. iV21og [{xV2vf -/(x®-l)>/{xV2-v/(x^-l)}]. 


Pages 70-71 

2. ¥«(1+*®)*'®(4*®-3). 

3. (a+ix'‘)i>+i{(^+l)ix"-a}/n5s(^-l-l)(^+2). 



answers 


+JV3tan-i{(2u+i)/V3},whereM=*- (1+*) • 

5. 2-’/* tan-i (2-^/* u) +2"^^'* log 

8 . Ax( 8 A;*+ 26 a 2 A: 2 + 33 a‘)v'(*®+'*®)+ 1 ^^®®“^~^ 

- 9. r'^-eTTa*. ' 1®* {m+2)lm—{2m+l)alm-ii 

_^m-i (2ax— where J,n=J^*"V i2ax—x'^) dx'; Jwa®. 
11. ^jTra*. 12. If given integral, the red- 

uction formulae are 

(m+n+l)irn,n===^’""Hl 


Page 72 

1 . x/aV(«*+i***)- 

3. -xlh^'s/iaH^—b^)- _ 

5. logKx^-l+VC^^+l)}/*]- 

6. isec-i*+V(*^-l)/2**- 

Pages 72-73 

1 . log [{V(*+«) 

if a>6;{2/-v/(^“'^)}l^”^’’^ 6>«. 

2 . (i-§V 2 )^*'*- 

3. 4 log C{V(1 +^) -1}/ V«] V(1 +*) • 

4. ( 3 — a:)V(3— 2a;— A:*)-|- 9sin-i{J(l+A:)}. 

5 . ^J{x^-\-b^)+asinlDr^{xlb). 

6. 2{a—b)-'^ ‘\/{{b—x)l{xr-a)}: 7. -V'{{1 -as) /(!+*)}• 

8, —^(I+I/a:*). 9. asih-i 'V/(*M)-1-V(®*~*®)’ 

10 . i{(l+*)®''®-*®^®}- - 
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12. 21og{-v/(A:— a)-t-v'(»;— ^)}- 

13. c osh-H[2xr}-a :izk}UM=i^ — V { (g — ^) / (g — ^)} cosh-^ 

[{2 (c — 6) (c — a) + (a -1-6 — 2c) (« +4}/ (“ — ^) (* +0 ] • 

15. ^/(^+x+lL)-^sin^'{^^ 

-sinh-mi-x)I^Sil+x)}. 

17. 22n-2{(n-l)!}V(2n-l)! 

18. b{np-{-m) jx'’"'~^(a-\-bx''^)P dx 

ia+bx^)P+^ — a(jB-n) Ja:"’-"-! {a+bx'^)P dx; 

-^(1 -A;®)2>^(5jc«-f 6 a:8+9). 

19. q'^(_n\)l{p-^l){p + l+g){p+l+2q)...(p+l+nq). 

Pages 82-B3 

1* -“COSAr+fcos^-V"— J cos^a:. 

2. sinAJ—sin^Ar+f sin®A?— ^sin’A:. 

3. Jcos*^a:— J cos^A*. 

4. — 4cos’^*a;(^— - 3p^cos‘^ AT+y^cos^Ar). 

5* 3 X ( 1 — J sin^ a;) . 6. log tan 0+^ tan^ 6. 

?• Jsec^Af—- secAT. 8. 2 tan’"^^^Af(tan^A?— -J)* 

9. isin2Ar* 

10. ^yA; — sin a: cos a: (3 +2 sin^ a: +1 sin^ a:) . 

11. JsinA:(— cos’A:+^cos®A;4-/iCOs®A;+^gCOSA?) +ixfiff a;, 

12. J cos Af (sin® a; — I sin* A? — I sin a:) A? . 

13. (128-^71 14. (37r-8)/32. 15. 

16. f Af4"5sin2Ar+^^sin4A; 17. 18. Tspif 

20. ^7ra\ 22. 24. 

26. A:V12(Ar2+4)»/2; 27. 2~-i7r. ---- 

28. |{sin(m+M)A?}/(m+«)+Hs^^(^““^)^}/(^“‘^)* 

29. (2sin6A?4-3sin4Af+6sin2Af+12Ar). 

Page 85 

1. |tan* Ar+logcos Ar. 2. J tan* a:— tan a? +-^. 

3. — J cot*A?+cotA:+A:. 4. — J cot^ Af+lcot^Ar+logsin a? 


iloge 2 ^i. 


cosec cot 6+ Jlog tan ^d. 
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7. — foot |0(cosec‘^ 1^+2). 8. l/y^2+ilogtan|7r. 

8* jAr(l tan (|7 t+| tan““^ 

10. 3£\a«{67'\/2 + 151ogtan|7r}. 

Pages 89-90 

1. |tan'"^(|ftan|.Y). 2. |tan"‘^{^tan (Ia;— jTr)}. 

7. ilogg2. 8. (l/V'2) tan‘‘^{(tanA;)/'\/2}y 

9. I tan"^ (2 tan A?j . 

10. {l/av^(«2— 'i2)}tan~^{^2tanA:/-\/(<2^-“i^)}. 

11m x/b—^alb) j dxl{a-\-bcosx). Now apply § 4*3. 

12. --“2V(l.~sij^.^)~V21<^gtan 

13. —1/2(1 +2 tan a:) . 14. (1 jab) tan“^ {(5/<2) tan 

15. (di^+J^)'*^^2iogtan J{Af+tan'“^ (i/a)}. 

16. J|.x+^log(3sinA?+4cos at). 

18. {a0+ilog(acos0-f'ism 0 )}/(a 24 -i 2 ^. 

19. ilog{(l+cosA)sinA;/(l+2cosAr)2}. 

20. ^log{(34“2cosA:)2sin|A;sec^ J a;}. 

21. |logtan|A;+tan|Ar+Jtan^|A*. 

22. Arcosa+sinalogsin (^— a). 

23. — (i— sm^ {\/(l— ^/i) cos.r} if «<i. 

24. — 2 i "'2 {log ((z cos jf) 4-a/(^ +i cos a?)}, 25. 

Pages 92«93 

1* (J— Ja;^) cos2A?+|Arsin2^. 2. Jat^*— |A: sin2A:— |cos2Ar. 

4. *77^2(1 +|7r2). 5. f^ir«-157T2-120. 

I'^®‘^{(1/ \/i3) cos (Sat— tan^^f ) + (3/\/5) cos (at— tan*"^ |)} 

7. i/S^^{3(l+a2)*’'^^2sin(j(._OOt“^<35) 

— (a2+9)'"^^^sin (Sat— cot“^§fl)}. 

8. |^^{A?(cosA:+sinAf)— cosa). 1®* If* 

Pages 95-97 

1. — jAT+ilog (^^ — l)+^log(^3^+3). 

2. —1/(1+^^). 3. AT— log(^’^ — 1)— 1/(^ — 1). 


answers 


303 


4. 

5. 

6 . 
8 . 

11 . 

12 . 

13. 

15. 

17. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 
30. 

32. 

33. 

34. 

35. 

36. 

37. 

39. 

40. 

42. 

43. 

44. 


J«tn tan x [l/m4-{i/y'(^8_|.4^j |2 tan-iA; 

-tan-i (2/m)}]. 


7. «*(A?-l)/g^l). 


«=^/(a:+2). 

J=^(«+l)/(x+2). 10. xlog{{+^Z'2x+2X2^x.\y' 

log^-(l+l/^)log(l+x). 14. 

t{Iog(secA:+tanA:)}2. Ig, 

^J-JxS/l!+Jx8/2!-|xV3!+... . ^ 

??w— Im^xS/SI+Jm^x'/S!— ... . 
log a; + 1 /2(3 !)a; 2 - 1/4(5 !)x4-|-. . . . 

(tz+Ar) tan-V(A:/a)— v/(a;e). 
log 

J sec ^ cosliAf-j- J sech a; tanh *. 
ismAJcoshAf+JcosAfsinhA:. 29. coshArtanix 

/ tanh"Ar &e=tanh"-iA;/(l -n) +J tanhn-2 x' dx. 
ft — 1/(1 +a;)} tan-iAr+ Jlog {(1 4-;(:)a/(l 
— J (cos log AT +2 sin log a:) /a; 2. 

—(cos-1 at) / 2A*+iv'(l/«®—l). 

A;sin-iA;/v'(l - a;*) +^ log (1 -AT®). 

A;(sin-i a;) 2 +2\/( I — Afi) sin-1 a; — 2.V. 

-2sinh-V(cosA?). 38. (at+I) tan-VAr-y'*. 

J sin 2 a: log (1 +tanA:) -fl log sin (aa-)- Jtt) ~\ x . 

loglogtanx 41. -2 cosec a^Csm (;.+a)/sin4 

cosa cos 1 (cos X sec a) — sinacosh-i (sin x cosec a). 

(J24 i;2)-i/2 sinh-i{v'(i2 4-c2) tan ^/^(a* 4.^2)}. 

i" , ' 
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Pages 97-100 

1. — J cos® cos® .v— ^ cos’ x. 2. ^ sin 4a;. 

3. 2(J— Jsin®*) sin®/®Af. 

4. tanAr— 2 cotA;— 4 cot®x. 

5. ®fg. 6. ifgAT. 7. gfjf’J’- 8. 

9. ^g(iAr-i)/a®. 10. 4"-i{(«-l)!}®/(2K-l)!fl®» 

11- 12. -J+Jloge2. 

14. — § sin X cos x/(l +2 cos x) ® 

— Jv'SlogIcos (ix+j7r)/cos (|x— |ir)}. 

15. ix®+5\x’+T^^|gX»+... . 

16. cosec (< 2 — log {sin (Ar---^z)/sin (jv—i)}. 

17. 2a;.— 3 tan*“^(l+tan“^|Ar). 

18. (?^+61og (1+sin^)— 2(fl— ^?)/(l+tan|^). 

19. x(ap+bq)l{a^+b^) 

+{(_aq— bp) j{a^+b^)} log {asinx+b cos xj* 

20. Itt. 21. (?4~~^sin2^)/(l— where-v/(l— tan^6 

=V(1+^) tan|!/. 

24. ^Tjr — ^ 77 ^. 25. (sin x —x cos a;) / (a; sin ;c+cos a;) . 


26. a(a®+i3®+y®)/{(a®+j8®+y®)2-4iS®y®}. 

28. 

e* tan |x. 

29. /„,„=(! 

Pages 104-105 

,)/(m+B). 

32. 

Z’+iCx). 

1. I. 2. 

3. |. 

4. 

ir®/2a6. 

5. Itt. 10. 

Pages 110-111 

11. ^TT logj 2. 

14. 

TT logj 2. 

1. 2. e*. 3. 

sin sins. 4. 

COS^— GOS^. 

3. 2{'\/b-—\/a). 6. 

lla-llb. 7. 

h 


8. logs 2. 9. §. 10. 

iAT. 11. 

(2A) !/(2*'it!)®. 

12. ^TT. 13. 

jloge2. 15. 

|tan 1. 

16. 4/e 18. 

Pages 117-119 

e~^. 



2. (2n)!w/(2".n!)®. 

7. 
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9. i7rloge2. 11. 2/a. 13 . 

15. ft. 16. Itt+I. 18. 

Pages 119-124 
1 . 

2. log{^+V(^-^l)}-^iV3tan“H{2V(^-l)+W3]- 

3. A? cos""^ (I/at) — cosh“^ 4. ^^+log(^^ — 1). 

5* 1) +ft^’^{cos(2A?— 2tan*^ 2) 

— \/5a; cos (2 a?— tan^^2)}. 


6. A?tanA?+logcosA?— J a:^. 7. I/a:— tan (I/at). 

8. — I log tan (Jit +a?). 9. 2'\/(sin“’^A?). 

10. (l/\/13) <?2^cos (3 a:+^7t— tan^^l^). " 

11 . 2 sinh”^ (I sin |a?) . 

12 . -v'(4A?-A;2)+3sin“i(jA?-i). 

13. Ja;^ tan-^A?— ^A?2+^log (1+^2). 

14. 15. _2/y'(sin a:). 

16. f(5+taii2^)V(tan^), 17. (,1+4 /a*)*«(1-6/a*). 

18. A;/cy'(aA®+c). 19. 1^/2 sin~^{A;\/2/(l+^®)}. 

20 . — e*cot|A:. 21 . log (tan * tan |a:). 

22 . Jlog {(l+sinAf)/(2— sinA;)}. 

24. (— a:*+12a;*— 24) cosA;4-(4Af®— 24a:) sin*. 

25. {a^--P)-^'’‘i{a-bcose)d9; 
2(a*-i*)-i«tan-V{(«-6)/(a+*)}; 

{1/i (a* -S2)S/2}[2 (a*-*®) tan- V{(« -*)/(« +*)} 

+6^(0*— 6®) —a* cos”^ (i/a)]. 

26. i4=J/(n-l)(i2-aa) ; 5=-(2B-3)a/(n-l)(i2_a2) ; 
C=(«-2)/(n-l)(ia-a2). 

2a(aa-ja)-»«tan-i [V{(a-i)/(«+i)} tan 4 a:] 

— ismA:/(a*— i®)(a+icosA:) if a>i; or 
-2a(i2-a»)-s« tanh-i [v'{(i -fl)/(i+a)} tan I*] 

4-isia*/(i®— a®) (^■+icosA:) if i>a. 
28. 4r. 30. — cotA:log(cosA:4-V‘^°s2A:)— cot*— a: 

+00560*^/(0082*). 
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32. 

33. Icosechalog {(1 4-cosha+sinha)/(l +cosha-sinha)}. 
36« cA-^-aC^ibBp ov 3^^=^ AC* 

38. V^^”+^r(in+l)/2r(|n+f). 39. 5rloge2. 

41. If the given integral be denoted by /„, then 
4==-{l/(2«+l)};t2n(l _a-s)i/2+{2„/(2„+1)}4_j; 
i-l-l- ■••{(2«-l)/(2«)}j7r. 44. -igj. 

48. 2it{a-*^/{a^—b^))lbK 54, 

Pages 131-132 

1. 2. c^sinh(a/f). 3. 4 log (i/e) —a log (a/e). 

4. i-n-. 8. TTub. 10. ^^b'’/^a-^/K 

11. 7 TaK 12. |a2. 14 . 4^2. 15. 

16. 17. 1(9^3 -j-4„)a2. 19. fwai. 

Pages 135-136 

1. ia* log (^/a) . 2. i/* (tan |a+ J tanS la) . 

3. a2(ea"^-e2»"“)/4m. 4 . 

5* ('I'’>-+3'v/3)/(2ir-3.v/3). 6. |7r(aHi'^). 

7. 8. |7ra2. 

9. IItt. 10. |w. 14. 1^2. 16. (7r-l)a2. 

Page 139 

2. 3'\/3a*/2. 

Pages 142-143 

2. 0‘1982. 3. 7'78. 4. 0’84. 5. 710 sq.ft. 7. 0‘82. 

Pagesl43-146 

2. Swa*. 4. |a2(4-jr). 7. ^a®. 9. 

12. ^,w(a*+i3). 16. 17. (15-v/3/16-l77)a2. 

18. (97r4-16)/(97r-16). 21. |a2(3.^3_4)_ 33 . 

Pages 149-151 

1. <i{V2+Iog(l +v'2)}. 2. /(Ji) -/(a), where 

/W =Iog W{1 +V(I +7'=“)}] +V(1 +7-^) . 

4. V(*®+i)+ilog{*+v'(A:*+i)}+iloge2;l-48. 
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6. log («+e~^). 9. 8a, 11. 4a(cos |a— cos |j3). 

12. 8a. 13. /(r,/a)— /(ri/a),where/(0)= '• 

KMI +log {®+V(l +«*“)}]• 

14. m. 15. 768ir. 16. 8a. 

17 . /( ^a) — /( 0i) , where/( 8) =a[v'(3 +sec2 0) 

-V3 logCVCl +3cos*»0) +v'3cose)]. 

Pages 153-154 

5. The evolute of y^=4iax is 27aj>^=A:{x—2a)^. 

6 . i=4asinjy!r. 

Pages 154-157 

5. 

15. jM^a{9'\/(l ■i'siiih—^0}, ^==S-l-taii“^ 

16 . ^=a{tan^sec^+log(tan^-!-sec 0)}. 

Pages 162-164 

2. iTA*(a-JA). 4. 27rah^. 5. 

6. (2fl-J/3a){6a26-68_3aV(«®-^®)-3«®sm-HW}- 

11 . 4:7f,4:iT^. 12 . i^jJ^ira®. 

Page 166 

3. ^i^*fi5ira*(125v'10+l)- 4. ffl-a® (2^2-1). 

5. 87r(H-4fl-/3v'3). 

Pages 169-170 

1. 6v'2fj’®a®5 where a=semi-major axis. 2. 8v'2wa®/15. 

4 . J^fl-®a®. 5 . (i) (4a/37j-, 4a/3flr); (ii) (2a/7r, 2a/iT), 

where a ==radius of the circle. 

Pages 170-174 

2. 3. 2rf(loge2-|). 5. IS^- 

6. 1536ir/5 cu. in. 8. 90ir. 11. f. 

13. ff®,27r®. 16. 20. 

22. :^,ffa®{(3/V2) log (1 +V2) -IK ’r®aW2. 

26. wa®{3\/2— log(l+V2)}* 

27. ,ra*[V6-l -(1/V2) log{(24-V3)/(l +V2)}]. 
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28. 48v'2ffay5. 29. 33. Volume and 

surface between x=a and x=h are c{F(b\~F(d) \ and 

35. f TTfl*. 

Pages 181*182 

1 . ^=Hf(l+ 2 iV(l+i*) 

— log {t+'v/(l +t 2 )}]/[iy'(l +f 2 ) _f.Iog , 

^=|a{(l +i2)3/2_lj^|-;y^ +Iog{t+-v/(l +t2)}]. 

i^x—a(y—a)ls, Ti=ij>+^axls, where j is the length of 
txic 3.rc* 

i=%a{sma)la, rj=0; where the angle subtended at the 
centre by the arc is 2a and the axis of* is the middle 
radius. 

|=Sa(sin»a)/(a-sinacosa),^=0, where the symbols 
meaning as in the previous example; 

i=hr,v=i'^- 7. $=^b. 8. 


2 . 

3. 

4. 


5. 

6 . 
9. 

12 . 

14. 


?=i«(37r-8)/(4-ir). 10. 
fai /3 =^r)b^f3 — ^33/352/3. 

I = 50 a/ 63 . 15 . 


■a. 


13. $ 

i=^k. 


11 . i=iiTa\/2. 

=§alm^y rj:=z2alm, 

1 ^* 


Pages 184-185 

1. f ==s|(length of vcrtic^^^ 

At middle point of median which bisects the horizon- 


2 . 


3. 

4. 

5. 

6 . 
8 . 

10. 


tal base. 
f=|(depth of base). 

^=a|-(3Aa2 +2Aa^i + V)/(2A2 +^i) * 

f=i{3ir(a3+4i3) +32ab}l{4a+3^b).. 7. ^=h+amh. 

f— ^(35A3— 42flA+15a3)/(5^_3a)^ Tjvhere fl= 

T. j . flatus rectum. 

Its depth is II times that of the centre. 
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Pages 189-190 

1. where 2c is the equatorial diameter. 

2. iakM. 3. IMaK 

4. Ma^{l + J cos 2a— (3/4a) sin 2a}, where 2a is the angle 
subtended by the arc at the centre. 

5. 6. where a=length of rod. 

Pages 190-192 

1. At 2a/n- from centre. 

2. (0,Sa). 3. (n+l)(i"+2-a"+2)/(«+2)(*"+^-fl”+^). 

4. Ja(7+31oge2),^5a(21+161oge2). 

6. Mid. pt. of radius perp. to base. 

7. If p=^/a, mass=4a®, |=|a, ij='^air. 8. $=§a. 

9. Depth of G.P. ==(<i2+rfA+pss) /(rf+P) . 

10. ^ if length of each side =2a. 11. ^Ma^. 

12 . (i) |=,,=|a, (ii) i MiR^+r^). 

15. JMa® footMbs. 17. §MaK 

20. W{b—ib^la^) inch-tons. 

21. 122.2". 100(3i-"-2i-")/(l-n) foot-lbs.; 

122 . 400(1 -^/2|^/3) foot-lbs. 

Page 199 

1 . xy^ceS-^. 2 . log{x{l—y)^}—c+lx^—ij>^—2j>. 

3. y—x=c(l+^). 4. y=se{l—ay){x+a). 

5 . tana:tanj)>=c. 6. y-\-^{x—2a)‘\/{a-{-x)=c. 

7. y sin j =x^ log x -fc. 8. =e* -h-jA:* +«. 

Page 201 


jf\Ma 2 . 


14. iikf(f?2+r2). 
17. fMa2. 


log{A(;(l —yY} —c+ix^—iy^—2y. 
4. y=c{l—ay){x-\-a). 

6. y +1 {x—2a)‘y^ (a+x) =c. 

8 . ey=e=^+i}^+c. 


1. log{y-x)=c+xj{y-x). 

2. earctan(s/x)y'(;^2q_j,,a)==C. 

3. cx^=y+'\/ix^+y'^}. 4, 

5. c(a:— ^) 2 '' 2 (* 2 -j-j^-j^a)i/« 

exp [(l/yS) tan“^{ 

6 . x^+y^=ex. 


310 


ANSWERS 


7. 2*^(A:+_y)-2-f log (x+y) —c. 8 . xly+\og {xy) =c. 

9. x{^x^-ir!<y+y^)=c. 10. a;®— j)*=c(*a+j)2)®, 

11. J2. xycos{ylx)=e. 

Page 204 

1. taa-i{(2^+l)/(2Af+l)}=log{V(^s+j2^Ar+J+J)}. 

2. a:)®. 

3. taa-i{(j;-2)/(A;-3)}+Iog[V{(j'-2)®+(Ar-3)2}]=0. 

4. x+y+^=ce^ix-iy)^ 5 ^ 4 a ;+8 j >+5= c «*<*-25>. 

6. f(2^+3j')— j^log(14A;+21^+22)=A:+c. 

7. x-{-2y— 5 =c{2x—y)^. 

8 . §{x^+y^)+2xy—5{x+y)—c. 

Pages 206>207 

1. xy=y^+^x^+2x+c. 

2. j>=c(A;+a)»+J(A;+fl)8. 

3. =«•"*/ (m+a)+te^*. 

4. ye^=c—e’^fx-}-^e’^x~^dx. 

5. y=ce^^—m(nx-{-l)lrfi—gln. 

6 . J'\/(l+A:2)=c+JIogtan(Jtan-iA;). Another form is 

=f+ilog [{V(i +*®) -1}^]. 

7. _y=c(l 'A.®)— y/(l — a;®). 

8. (Ara+l)j)=|Ar®+(?. 9. (A;-l)j);=A:*(A;»-Ar-c). 

10. Afj>=c— tan'^x 

11. a;^=c + (2— a;®) cosAr4-2ArsinA-. 

12. j’— (l-f-siiiAr). 13. j'=cosA.'-j-<rsecx 

14. (I4-a:*)j( =<?+sin;v, 

15 . (J-fj) tan® I at =:^+2 tan ^x—x, 

16. y~ta.nx+c^tanx. 17. j'=ccosA;+sinx 

18 . =tfA; 4-Af log tan A'. 

19. A;=r«-arctany-{-tan-ij)— 1. 

20 . x=y-aB+ce-y/a\ 21. 
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23. 

25. 4^=a;*+3. 


2. x=y{l-j-c\/x). 

5 . e-**/s=(c+cosA;)j. 


22. (x—2y^)y^=e. 

24. 3(H-Ar*»)j»=4A;». 

Page 209 

1 . ^log(c/») =1. 

3. o>=(l-j)V(l-«®)- 

4. (logeA;+f*)j'=l. 

6. l/;^=c— /A;"^sinA:<i»;. 

7. V( 1 +*®) 

8 . {x+l)^f-=ix«+^x^+ix*+c. 

9. _ji~* =ce** + 1 J’~**’^*=2jt+c. 

11. ^“®=— 1 +(<^+*) C 0 t('jA:+j 7 r). 

12. ;c®_)i~®=3sinA:+c, 13. CA:^®+jA;®j®=i. 

14. y~^e^=c—x^. 15. ji~^=ccosA;+sinj^. 

Pages 211-212 

1. )gi{ax-{-bj) =c. 2. x^+j>^+2a^tan~'^(x/y)=c. 

3. x^—3axy-\-y^=c. 4. (eJ+l) sin«=c. 

5. 2 (a: 4-7) +sin2A:H-sin27— 4sinosin*sinj==c. 

6. _;i(A;+logA;) + a:cosj'=c. 7, x+j>e’‘^=e. 

8. ax^+2hyi-\-by^-\-2gx+2£)!-\-c=0. 

Page 217 

1 . x^—y — 1 — xcosy=cx. 2. nx^y — 0f-|-2«*=O. 

3. lxY+'iogix!y)—'^l^=(^’ 

4. \ogYly)—l[xy—c. 5. cycosxy—x. 

6. x^{3-{-y'^)-rx^=c. 7. 6;v3)’+3A:*y®— A*=f. 

8. e«n4*y-i^®+iy-tVjf+i-^s}=^- 

9. 3a:^*+6^®+2>i*=c. 10. jfy(l+2:ic)’) =c. 


11 . a:®j))® 4 - 4 A:®ji)®=c. 

Page 218 

1. j>®-l-xlogcArc=0. 

3. x\ogy=e^{x — 1) -\-c. 
5. cx^-\-2xe~^=\. 


12 . 4 *»^y^ 2 -|*-»/y/«=c, 

2. y^ =3;c®— 6«— *®+ce“*-f 4. 
4. sinj =(«*+«) (I +a;). 

6 . ji=tanf(*+j')+c. 
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7. y^aidin“'^{{x-\-y)la)^c, 

8 . 4x+y+l^2 t^n(2x+c). 

9. ey =ssc exp ( — 1 . 

10* [c+taxr'^ (yl^)}- 


Pages 218-221 

2* x+y=ce^'’y* 3. y^=x(x+c). 

4. y^(^x+ce^)=l, 5. €x=^e^^, 

6. j);=A;sinh(A;+^). 7. a:— 2^+ilog(^^+J^^) 

8« 9* — 1/ 

10. j;(l+A;2)=stan~^A;— 11. \o^{xjy)--\lxy^€. 

12. (a:+^) ^ -\-x^+c. 13. (;if2 a ( jrS — ==£ 

14. j/(l ==jA;--|sin2A:+d?, 15. 

16. Ar(A;y +cos^) ==^. 17. ^tan^A*. 

18. 6A;y —21xy^ +3j?^log j — i?. 

19. — ^2^ 5=^. 

20. lly^{l^x^):=.c-ll(l-X^)-log{l--X^), 

21. {b--a)log{{x-{y)^--ab}==2{x-y)-]-c. 

22. rcosAT+sinAT. 23. xe^'^^^^'^y =iditctdLny+c, 

24. <zlog[(A?— fl)/(A:— j^+<z)}i==2j;4'^. 

25. yil+V^)Kl-V^)^x+P^^^ 

26. ^*+j'2=c(«4-J’). 27. 3 j>2=-2a:2«-i/*“+c«*. 

28. 29. 

30. A;^®+4A;®jv®==e?, 31. j^=sin;!C--^cosA?+<?* 

32. :y-{y^—3y^x^+x+c, 

33. 

34. y{l-\-x)e'“^=xe'‘"^-^c, 35. 2tanjj?=^^*5c^+'^^“l* 

36. 37. tanj»^==^(l— 

38. x=cey—y—2. 39. ;v+^— 41og (2;v4'3j+7) =<?. 

40. 41. 16A:^=4;t^log;v— 

42. 
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46. ==cos x—2 cos* *. 47. x* +6a:*j* =c. 

48. (*+j>'+l)®+c^=0. 49. {2x+j>-\-l)ix-{-j)‘=c- 

50m y’ ta.nx=ce~y. 

Pages 223-224 

1. (j — 3 a; + c) ( jc +* +c) =0. 

2 . {yyx—\-{-ce-^){2)^-\-x^-{-c){jf-\-x^-\-c)=^. 

3. (x®— 

4. {y-c){xyycy-\){y-ce^'^)^- 5. j(l±cosA;)=tf. 

6. (^+A;+l-ce>=)(2;>+A:*-c)=0. 

7. {y—x-\-c){xyyc)=0. 

8. lj-x+c){x^+y^-c^)=0. 9. (j-ca:*)(ja®-c) bo- 

rage 226 

1 . _);= 3 a :— alog (|— 

2. i log ip^lx^-plx+l) +(1/^/3) tan-* {i2p-x)jX'y/3) 

=log (ylx) , with the given relation. 

3. cosiW{l-c^+2cx-x^)-y}li€-x)’\^c-x. 

4. A;=&logj!i+ 2 c/» +^ with the given relation. 

5 . x==alog{y+‘\/{y^—(i^)}-yc- ®* }y=cye^x. 

7. with the given relation. 


8. (2x—b)c=y^—ac^- 

Page 228 

1. y=cx—ac(e—l). 

3. c— log (cx—y). 

5. xc^—yc+a—0. 

7. j))*==CAr+ic®. 


9. logj=CA:+c*. 

2. y=cx-\-{\-\-e^Y'^m 
4. (j— c*)(c— 1)— c. 

6. (c+1) (j’*— «c*) 4-cA*=0. 
8. j>®=ca:*+c®. 


Page 229 

1. ji=rA;+c®. 

2. *=(log/»—/»4-c)(^—l)-*, with the given relation. 
4. sin-* (j/a;) =:±log ca:. 
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5. with the given relation. 

6 . €^j^-\-2cx=^1. 7 . x^-\~y^=cx* 

8 . y^=:cx^--bcl{ac-\-l). 

9 . 

10 . with the given relation. 

11 . (j?— a’ 2 )(j; 2 -l" 3 A: 2 ---^)=== 0 . 

12. sinh^ (tf+^) =0. 

13. y=4cc{€xy+l), 14. y=2c'\/x-+f{c^), 

15. xp=:^p^+c^ with the given relation. 

16 . ;v+2^— 2 with the given relation. 

17. (j);+^)2+(Ar-^fl)2=rl. 

18. yil^p^) ^ith the given relation. 

19. y^cx--ac^l{c-\-l), 

20 . (<; —j;)(l+/>) 2=1, with the given relation. 

21 . 4 ‘^^* 22 . (y —cx) 2/(1 +^ 2 ^ =^ 2 ^ 

23. {cx---y)^==c^---l ; x^--y^===l. 

2^. x=^i2c+3p^-2p^)l2('p-iy;y^{2cp^+^^^ 

Page 233 

1 . ^*y'+;z^==0. 2 . j2 =a:2+2^ 

3^ yy[*j^y^:=zQ, 5. 

6 . The graph consists of the system of circles A:24-y=a2, 
where a is arbitrary. 7. ^ir-~j=tanh x* 

Page240 

1 . {^y^cxYyah==^Ql^xy^a^^ 

2. 3. 2^=4a?s. 

4. +^2) > ;if2/3^j;2/3^— ^ 

5* y=cxyac|(c-^l);^/x+^^ 

6 . j?==irji?+v^(i2+a%®) ; Ar2/a2yy/J2™ The complete 
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priniitive is a system of straight lines, each membci 

touching the ellipse - 

7. (j> -hr) *==■*(* — 1)(* — 2) ; jc==0, a;=15 a;=2. 

8. {y—cxY=m^+c% y'^-\-nfix^=nfi- 

Pages 241-242 


1, yzzsk^^t 2» l/r—^^-j-r- x^—y^ r^* 

5. yi—x^—2xy{dyldx—tana)l(l+tanadyldx)YrC—0. 

6. j)>/a=cosh (;r/a-hr). Ijy—k ae®. 

9 * y =C 0 “'^^^ ^ y‘*~x-\~b^ 

13. !(«ri tan-ix-hr 2 ; 0 when is even, and 

r_n(n-i)/2 1) ! when nis odd. 


Pages 245-246 

1. x^+2y^=c^. 

3. yi=ce^^+y^. 

6. y=yp'^+2xp. 

9. r2=fV®. 

11. (Iogr)is-h0^=c®. 

13, r"=c" cos n0. 

15 . 

17. *2+j.2+rV3A:-l-rj’=0- 

Pages 246-248 


2. 2a:*=2j(!— 1 

4« 

7. (A:»«-hrS/2)2=9aj),2. 

10 . 

12. r"*==c(l — cosn0). 

14. j'"cosn6=c”. 

16. {x^->ry^Yl^=ce^'^-'^'-y‘«\ 


1. D»y+D^yiDyY=3Dy{D^y)K 2. 2AfJ5j)=j. 

5. 6. r=reK 

7. x^+y^—Ae’^'^>^—xlk—ll2k^. 8. r=A:sin (e-hr). 

9.c±;r=alogtan{Jsin“’-(j'/a)}-l-(a*—J^)^^®- 
10. x^--y^=kK 11« j»=alogsec(x/a+r)+i- 

12. y^=‘4:c(x+e). 

13. yy'=k{x^-\-y^),X^+Y=^^~^l^~^l^^- 

14. c®* — cxy -|-ffl® =0, xy® =4a®. 
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15. — 2c);2 — +4Ary =0, j; =0 and ^ +4 a; =0. 

16 . y^=={x-{-c)^, y=Q. 17 , Circles with centres on 
the given line and passing through the given point. 

20 . 2 A: 2 + 3 y=c 2 . 21 . xy'{x^+y^-l)=y(x^+js+i). 

{x^+y^){x+yy’)=x-yy'; (x^+y^)^-2(x^-y^)=c. ’ 

24 . 4 j)i + 2 « 4 -sin 2 ;v=r. 25 . r= 2 ^/(l — cos 0 ). 

Pages 252-253 


1 . ae^-\-b(r^— \%m XI —\smx. 

2 . y=C'ye~^-\-C2e^^^. 3 . y=c-^e^^-\-c^e*^. 

4. y=c^er^-\-c^e-*^. 5. 

6. y=c-if--3^cz^xj^c^g-ix^ 7. j;=cie='-l-rij«»*+c3e65c. 

8. x=0. 

Page 259 


1 . y={ci+c^)e^. 2 . y={,Cj_+CiX)e'^=‘. 

3 . y==Cie-Px cos (qx-\-C2)- 

4 . j>=ri«®*-J-C 2 COs ( 2 A:-t-r 3 ). 

5 . y=Cie^^-{-Cf^e-^f^cos{i-\/3x-{-Ca). 

6. y =fi COS (x 4 -^ 2 ) 4- (f® 4 - v) 

7. J'=(ci 4-«'2^) cos2;ii:4-(cj4-r4A;) sin2A;. 

8. y=Cjf"'^f'i/^ cos {mxl-^2+c^) 


4.(rj«-nix/i^ a COS (??w/-v/2 -f Cj) . 

9. ji =!ffi exp (fix) 4 -C 2 exp ( —fix) ; y =c^ cos (ivc 4 -r 4 ) . 

10. j==2-v/2cos (x4-Jir). 

Page 266 

1. cos (Jx-v/3 4 -^ 2 ) +«"’'• 

2 . y=Cie-P*^cos{qx+C2)+^^/{(p+a)^+q^}. 

3. y=scjeX-{-c^e^x^^eBx^ 

4. ^=rie~“’'4-C3e-t«5f4-Jg|«-x. 

5. y=(ci+c^x)e^>^+e^l(k—l)^. 

6 . j;==c(«*— 
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Pages 270-271 

1 . ^=%cos(«-fff 2 ) — |cos 2 a;. 

2. y =c^g~^ri cos {\^/Zx+c^) -f^cos 2A;-f^sin 2x. 

3. j cosh (V? 4 -C 55 ) +11 cos -|o sin 5^-. 

4. j.=ffi«Xcos(2A:+Ca) +5%cos3A:-.^^sin3Ar. 

5. ^i;|fjj(7cos3A;+9sin3A;). 

®* J’~<^i®^*cosh(-y' 3 ;y+C 2 ) +'^ji^a(8cos2« — 3sin2A:). 

7. a: ==-««-« cos a {sin („isin a)}/(H® sin2a) 

+fflsin«i/(2»® 

8 . J’=<;iCos( 3 «+ff 2 )+J(cos 2 Ar+sin 2 A;). 

9. _j)=Cjcos ( 2 Ar+C 2 ) — Ja: cos 2 a; +-16*. 

10 . ji=Ci« 2 x_j_f^g- 2 x — ^gx — ^sin 2 x. 

Page 273 

1 . J>=Ji+Ca« 2 Xcos(A:+<; 3 )+|x. 

2. J=(^i^"*+fa««*+^A;+^^ 

3. J’=(ci+C2-*^)«*+<;3«“*+x+1. 

4. J’;=Ci«-*cos(Af+Ca)+i(A;— 1). 

5. J'=Cie2*+Cae-2*-Jxa-i. 

6 . j;=(ci+c 2 Ar)«a*+J(«a+ 2 ;t+|). 

7. j =ffi +<;ae~* +<;3e-2* +^x(2a:2 — 9a; +2 1 ) . 

8 . J’=Ci«®*+(c8+<;3a;)<-«— J(2a; 2— 6;c+9). 

9. JI'=fi«-2*+faCOs(2;»+f3)+^(2*-l). 

10 . ^(cosA;+3sin*) — J( 2 *+l), 

11 . J'=ffiCOs( 2 A;+<;,)-J(A;sin 2 *-l). 

12. ^=^^i+(ca+c**)«“*+J^ei«c+jA;(2**— 9;r+24). 

Pages 276-277 

1 . y =cj 3 *+c, 3 a* _ . 

2. y =Ci«** cosh (A;y3 +Cj) — ^2*sin 2x. 

3. ^=<;i«*cos(y3Af+fa)+J«*cos». 

21 IG 
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4 . +C 2 e~* +Ca cos (^+^ 4 ) cos a;. 

5 . 

6. j=lci+Czx)e=^+ix^e^. 7. j*=«*(2-A;)+e®*. 

8 . j; =cie»: +C2e-* +i (2 sinh * sin a; — cosh * cos x) . 

9 . y =!^[ci+x) +^ 2 «* cos (aCs+^s) +:Aj (3sin ac+cosa:) . 

10 . 

11. _y=e“^* (ci+C2 A!— |a:®)+^«®*. 

12. y=^(yi-\-CiX-\-C3X^-^'^x*-\-^x^). 

13. j).=Cie~* +^2®“®* +Cs«®’‘ —TS®*’' ('*' +^5) ' 

^.aA;a_2a -sliSe-* (9 sin 2 a: 4-20 cos 2 a!) . 

15. j =«** (ci+xV 

Page 280 

1. ji=(cj+C 2 A;)e*+i(^cosA;+cosA:— sinA;). 

2. _))=Ci-t-C2e“’^+i^(siJi3:— cosAA)+cosA:+^sinA;. 

3 . jr=<;iCOs(A;+i;2)"“f3:cos2A;+5\(26 9A;®)sin2A:. 

4 . _y=~a:*cosA:+3A:®sinA;. 

5 . _ji=ffj«*+c 2 e"*— K* sinAA+cosA:) +-^gAA«* (2 a;*— 3a;+9). 

Pages 280-282 

1 . yz=Cje-^^+Cier^^. 2 - y—{ci+Czx)e^^. 

3. _j>==(ci+C2*)«"’‘^*cos(W 3) +(®s+®4*')®“*^®si» (iV3)- 

4 . JI=CiCOs( 3 Ar 4 -C 2 ) +C 3 COs( 2 Af+® 4 )’ 

5. _j,fc=ffj«2*+C2«-®’'+^e®*. 

6. J);=Cl^^®*+®2®"“+:&®*• 

7. j(=ffje-w/3+i;**(c2+A:). 

8. y—{ci-{-CiX-\-lx^)r-^'^. 

9 . y=Cje^-^c 2 e~*+^xsinhx. 

10. _)»=Cie*+®2®®^"i"3® ^"I'^cos#. 

11. j;=Cie-*+A:2«®*+ib(cos2Af— 3sin2A:). 
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12 # cos^^+2A^sin/?A;}/(/;^+j&2y2^ 

13. y=^C’iCosax+{c^--\-xl2d)%hiax. 

14 . y ^sc^e'-^ cos {^x+c^ +6 cos 3 a;— sin Sa;, j?=L 

15 . 

16. j; =x(;3^g^V7x/2 cos (fA;+f;2) ^Qg (l^tr+e;^) 4-;tf^+l|X; 

17. jrss^i^^ccQg (^/2x+C2) +i(cos a;— sinA;) +2^7 (9^^ +12 a; 4-2). 

18. j— 

4‘(^6+^6^) cosa;— sinA;+|. 

19. y^(cj^+ix)e^+c^-^+c^e-^^^CQs 

-i(2A;2-2A;+3). 

20. y srsfTi + (c 2 +3x) +c^ cos (a; +(r 5 ) +x^-i-2x sin x, 

21. j==<?'“^^^[(Ja;+(;i) cos (a;<\/3/2) 

+(<?2+^i/3a;) sin (a;V'3/2)] +<73e^^2cos {x‘\/3l2+c^). 

22. J— ^~^(^i+<72^+<;3a;^+^a;3). 

23. y=:(c^-ix)6^+C2e^^+j^e-^. 

24. j^=5^iCOs (A;+^;a) +|5~^+|A;sin a;+a;^— 6 a; 

(2 cos A:;— sin a;). 

25. (a;+£; 4) +|(a; 2 cos a;— 3a; sin x ) . 

26. j;=(^;i+^2‘^)«^— ^^(2 cos A;+A;sin a;). 

27. j? =s(^i+^; 2 a ;+3 sin 2a;— 2A;^ sin 2^— 4Af cos 2a;)^^^. 

28. j>==:^(6aA;2+26Af3+i;A;^+12i/). 30. 1. 

Pages 287-288 

1. J=(<7i+^2logA;)/A;2. 

2. >==^ 1+^2 log A;+|£z(logA;)2. 

3* y—cJx+x{c2+Cslogx)+lx-‘'^l^^ 

4 . j=a^iA;2+tf2^34-i-^* 5. y^Ci-i-c^/x+x^^ 

6 . log a;. 

7/ j>=:^iA;+<72 COs (V31ogA;+^8)+|A?2+J^ log A;. 

8 . y==^CiX+cJx+ixK 9. j>=(7iA;+r2^^+l/6A?. 

10 . y^Ci+cJx+lQxygx)^-^ 
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n. J’=fiCos(logx*+fa)/*®+:^log*-T|j. 

12 . J=^hl>l■i^ei^/xcos(W3iogx+Cs)+lx+logx. 

13. j» cos (log :¥ +C 2 ) +a: log AT, 

14. =Cj/Ar + c,a;S —^A f* log a: 

Pages 289-290 

1 . x=e (cj cos t-\-c^ sin t), 

cos i— (cj— Cj) sin <}, 

2 . Af =3 cos 

J=2sint+Ci(l+^2)e‘^^f-Ci(x/2-l}e-*^K 

3. Ar=3i sin kt+a^ cos At+Oa, y =5^ sin kt+ba cos fe+ig. 

sin cos Af+ffg, where and 

the arbitrary constants are connected by the following 
relations: 

irru:a-nha)laa=>{ma-lca)lba^ 

Iaa+mba+ma-=0,aajl==balm==caln. 

A? =(?!«*' +Cgir-‘ cos (cg +V3«) . 

_y=ci<a'-cg«-t cos (r3-i,7+-v/3«), 
cos (cg+JwHVSi). 



